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Abstract - The paper presents a numerical method for investigating
the motion of supercooled water droplets in airflow using the
Lagrangian approach. The method is employed to compute droplet
trajectories and capture efficiency on solid surfaces under two-phase
flow conditions. Simulations are carried out on canonical
geometries, including a cylinder (2D) and a sphere (3D),
representing typical aircraft components such as sensors or leading
edges. The computed results are compared with available
experimental data and show strong agreement within acceptable
confidence intervals. Furthermore, a novel approach is proposed to
transform discrete droplet impact data into a continuous field
representation of capture efficiency. This enables improved
visualization and analysis of droplet impingement, serving as an
essential step toward accurate simulation of icing processes on
aircraft surfaces. Besides, a droplet seeding method with appropriate
spacing in the Lagrangian framework is proposed to ensure
sufficient accuracy in the calculation of the capture coefficient.

Key words - Lagrangian approach; supercooled water droplet;
droplet motion equations; capture coefficient; ice accretion

1. Introduction

Icing on aircraft remains one of the significant safety
hazards for civil aviation today. Icing occurs when aircraft
fly through clouds containing supercooled particles in sub-
zero temperatures [1]. The ice accumulation on
aerodynamic surfaces reduces lift and increases drag [2]
but can also change the shape of the wing and create
adverse vibration phenomena, leading to aerodynamic
instability [3]. In addition, ice also distorts signals from
sensors such as pitot tubes or angle-of-attack vanes,
leading to the risk of losing flight control [4-6]. Therefore,
accurately predicting the location and density of water
droplet impacts on the surface is key to optimizing sensor
placement and designing effective anti-icing systems.

Over the past three decades, many models have been
developed to simulate the motion and adhesion of water
droplets to aircraft surfaces. The two primary widely used
methods are Eulerian and Lagrangian [7]. The Eulerian
approach considers the droplet phase a continuum and solves
conservation equations for liquid water content and its
velocity on a fixed grid [8-9]. This method is suitable for
large-scale problems. However, it often lacks accuracy in
predicting the trajectories of individual droplets, especially in
the case of large droplet sizes or low concentrations, or when
the cloud contains many particles of different sizes [10].

Tém tit - Bai bio trinh bay phuong phép sé khao sat chuyén
dong cua cac giot nudc siéu lanh trong dong khong khi sur dung
tiép can Lagrange. Phuong phap dugc 4p dung dé tinh toan quy
dao va hé sé bam cua giot nudc 1én bé mat vat thé trong didu
kién dong chay hai pha. M6 phéng duogc thuc hi¢n trén hinh
hoc co ban gdém hinh tru (2D) va hinh ciu (3D), dai dién cho
cac thanh phﬁn cua thiét bi bay nhu cam bién, hodc mép trudc
canh. Két qua dugc so sanh véi thuc nghiém cho tha”iy sy tuong
ddng cao. Ngoai ra, bai bio dé xuit mot phwong phap mai dé
chuyén dir liéu va cham roi rac ctia cac giot thanh truong lién
tuc mé ta hé sb bam, gitip nang cao kha ning truc quan va phan
tich hién tugng bam giot — mdt budc quan trong trong md
phong qua trinh dong bing trén bé mit. Bén canh d6, mot
phuong phap gieo hat vdi khoang cach hop 1y trong khong gian
cling dugc dé xuit nhim dam bao du do chinh xéac khi tinh toan
hé s6 bam bé mat.

Tir khoa - Tiép can Lagrange; hat siéu lanh; phuong trinh hat
nudc; hé so bam; dong bang

In contrast, the Lagrangian method tracks individual
droplets by solving the equations of motion according to
Newton’s second law under the influence of aerodynamic
drag, gravity, and other inertial effects [11]. This approach
accurately determines impact locations and capture
coefficient on aircraft surfaces and is the basis of many ice
simulation tools such as LEWICE, TRAJICE2D [12-14].
However, most of these tools still focus on two-
dimensional models which reduces accuracy when applied
to complex three-dimensional geometries [15].

Recent studies have extended the Lagrangian method to
more realistic conditions, including 3D geometries (e.g.,
spheres, realistic wing models), supercooled large droplets
(SLDs) [16-17]. However, a problem exists that collision
data from Lagrangian simulations are inherently discrete,
making it difficult to compare them with continuous data
from experiments quantitatively. The lack of a method to
convert particle impinging data to a continuous scalar field
is a significant gap in this field. In addition, in the Lagrange
method, the trajectory of each particle is tracked from when
the particle is at the free-stream until the particle hits the
surface or moves behind the object. However, how to
choose the position of the particles at infinity to be suitable
and optimal for calculating the trajectory and adhesion
coefficient has not been discussed.
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This study aims to address these gaps by presenting a
fully Lagrangian framework for simulating droplet
impingement on both 2D (cylinder) and 3D (sphere)
bodies. We validate our results against benmark
experimental data, demonstrating that the computed
capture efficiencies fit within experimental confidence
bounds. More importantly, we propose a novel technique
for converting discrete droplet impact data into a
continuous  capture  efficiency field, improving
interpretability, and facilitating comparison with
experimental data, and propose a seeding strategy for
supercooled droplets at the inlet to ensure accurate
calculation of the capture coefficient. So, the key
contributions of this work are as follows:

- Implementation of a high-order Lagrangian droplet
tracking method for 2D and 3D geometries;

- Quantitative comparison of computed capture
efficiency with experimental data;

- Seeding strategy for supercooled droplets at the inlet;

- Development of a method to convert particle impact
data into continuous field representation.

By focusing exclusively on the Lagrangian approach,
this study provides a clear, efficient, and extensible
framework for analyzing droplet impingement in complex
geometries. The results have significance for safer sensor
placement, enhanced ice protection strategies, and future
integration with thermodynamic icing models.

2. Equation of motion of supercooled droplets

The governing equations for the air - water two-phase
flow (air with supercooled water droplets) are derived
under the following assumptions: (i) there is no energy
exchange between the droplets and the air; (ii) the droplets
are small (< 40 pm), remain spherical, and do not deform
while moving through the air. With no energy coupling, the
air acts on the droplets only through aerodynamic drag and
buoyancy (Archimedes force). Therefore, the air—droplet
problem can be solved in a decoupled manner. First, the
airflow is computed to obtain the flow field (velocity,
pressure, temperature, viscosity, etc.) on the grid. Next, this
flow field is used to compute the droplet motion. The
forces on each droplet include three components: drag,

gravity, and buoyancy. The aerodynamic drag force F D on
a supercooled droplet is given by [18]:

= 1 5 oo o

Fp = paU?ACp = 7 pad? |ty — Ul (ta — Ua)Cp (1)
where A = m(d/2)?- is the droplet cross-sectional area;
d — is the droplet diameter (often referred to as MVD -

mean volume diameter); pg, U, — are the air density and air
velocity; and Cp — is the aerodynamic drag coefficient.

The local Reynolds number of droplets is:
Reg = "% i, — iig| @)

Solving p,|U, — U] from the Eq. (2) and substituting
into the Eq. (1):

Fp = 5 ud(lly = Ua)CpReq 3)

where u is the air viscosity at the location of the considered

water droplet.

The gravitational force ﬁg and the Archimedes

buoyancy F g are:

Fy = mag = Qupwd Fy = —Qapad @)
where g =(0,—g,0)— is the gravity vector;
pw = 1000 kg/m3 — is the density of water and

4

3
Q4 =-7nR3 = 2 (2)" is the volume of the supercooled
3 3 2

droplet.

Applying Newton’s second law (sum of forces equals
rate of change of momentum) gives the supercooled droplet
equation of motion:

mdd=213—>md%=ﬁl)+%+ﬁ3 (5)
Inserting Egs. (2) - (4) into Eq. (5) yields:

@ _ 0.75uCpRegq ,— = __ Pa

= MR, i) + g (1-£2) (6)

Equation (6) is the equation of motion for a water
droplet in an airflow. It is general and applies to particles
of any size. For small droplets, the particle is assumed
spherical, the well-known drag coefficient formula CpRe,
developed by Langmuir and Blodgett [18] is used:

CoReq _

=1+ 0.197Re3® + 2.6 Xx 10™*Re3®  (7)
Note that Eq. (7) is valid only for Re; < 1000.

3. Numerical method

The governing equation for the motion of a droplet in

an airflow (Eq. 7) can be expressed in the general form:

dﬁd - - -

T [ Ug), Ugle=o = U
where u, represents the state variable (e.g., velocity vector
of the droplet), t is time, and f(t, ;) encapsulates the
physical forces acting on the particle, including
aerodynamic drag, gravity, and buoyancy.

For time integration, to improve accuracy, Wwe
implemented a second-order scheme based on the
predictor—corrector [19]:

- Predictor step:
g = ug + f (tn, ug)

- Corrector step:
T
Wit =+ [ () + £ (6 +7,80)]

The corresponding local truncation error (LTE) is:
n+1 2

up™t —ul T
Y= -~ = -5 u +0()

demonstrating second-order temporal accuracy, where
halving the time step reduces the error by a factor of
approximately four.

The droplet position was updated via:

xgtt = x] + Tul}

This scheme provides a balanced compromise between
numerical accuracy and computational efficiency, making
it particularly suitable for tracking droplet trajectories in
complex flow fields.
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4. Study of water droplet flow around a cylinder

In both experimental analysis and numerical
simulations, the collection efficiency § serves as a key
parameter for quantifying the ability of a surface to capture
incoming water droplets. For Eulerian-based approach, the
formulation of B is defined as the ratio of the local water
mass flux to the freestream water mass flux [12], as
described in Eq. (8):

Pnln
b= 1 ®)
where p,, is the local droplet density on the surface, v, is
the component of droplet velocity normal to the surface,
and Py, Vo are the corresponding freestream values.

In the Lagrangian approach, droplet trajectories are
tracked individually. Since the droplet field is inherently
discrete, a definition of continuous liquid water content
(LWC) is not possible. Instead, £ is determined from the
deformation of droplet trajectory spacing between the
freestream and the surface [13]:

dy
p== ©)
where, dy is the distance between two closely spaced
trajectories at infinity, and ds is the distance along the
surface of the solid between the two corresponding
trajectories (Figure 1).

_dy
p= ds
dy

Figure 1. Capture coefficient in 2D

Note that when [ =1, the spacing between two
trajectories remains the same at the inlet and on the body
surface. This mean that the liquid water content of droplets
between the two trajectory is conserved. At a certain
position, the capture coefficient becomes zero. This
location is called the “tail”. Above the tail, droplets do not
impinge on the surface at all. The determination of the
capture coefficient (Eq. 9) is a crucial step in the
Lagrangian approach, as it serves as a fundamental
parameter in solving the thermodynamic icing problem.

In this section, a set of the trajectories of water droplets
in the flow around a cylinder was investigated. The air flow
field is described using the potential flow solution [20]:

a R§ « AW
Ve = Vg 1_r_2 CosO; Vg = —Vy 1+r_2 sinf

Initial parameters for air and water droplets are:
cylinder radius Ry, = 0.0508 m; droplet mean volume

diameter MVD =16 um; free-stream velocity
v, =80m/s; liquid water content (droplet desity)
pa = 0.55g/m3; gravity g =9.81m/s? ambient

temperature pressure are t, = 12°C; p,, = 89867 Pa.
These parameters were taken from the experiment in [21].
The results of the calculations of droplets are shown in

Figure 2. Point A marks the “tail”, above which droplets do
not hit the cylinder. The limit angle was found as 40.9195°.

Point B is defined as the “stagnation point”. The droplet
trajectories impinging on the surface are recorded, and
capture coefficients are calculated.

The obtained capture coefficient distribution on the
cylinder is compared with experimental data [21] and with
numerical results using the Euler (FVM) approach. The
comparison is shown in Figure 3. Experimental results are
plotted with black lines. The Lagrangian results are shown
with red circles, and the Euler results with blue triangles.
In the plots, the x-axis is the cylinder surface coordinate
(Oy), and the y-axis is the capture coefficient f.

Figure 2. Trajectories of water droplets in the air flow field
around a cylinder
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Figure 3. Collection coefficient on cylinder

The B values at the stagnation point and at the leading
edge of the cylinder, calculated using the Lagrangian
method, are within the error range of the experimental data.
A noticeable difference appears only in the tail region,
where the results deviate from the experiments. This issue
will be discussed in Section 6 after the analysis of the 3D
cylinder. The B distributions obtained from the Lagrangian
and Euler methods are almost the same. The two-
dimensional Lagrangian approach offers both simplicity
and computational efficiency. It enables rapid
determination of droplet trajectories and allows
straightforward implementation in numerical algorithms.
More importantly, the method has been validated against
experimental data, demonstrating its reliability for
practical applications.

5. Study of water droplet flow around a sphere

The three-dimensional case is considered to be the flow
of water droplets around a sphere with the following
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parameters:  Rgpperq = 0.0752m;  MVD = 18.6 um;
v, = 75m/s; pa = 0.55 g/m3; tew = 7°C;
Pe = 95840 Pa. These parameters were taken from the
experiment in [22].

To obtain the droplet trajectories, the airflow field is
first required. This field is obtained from inviscid flow
around a sphere using the Ansys CFX program. Figures 4
and 5 present the velocity and pressure distributions of the
airflow around the sphere. Based on the air flow field, the
droplet trajectories are then computed. In Section 4, the
formula for the capture coefficient in two-dimensional
space (Eq. 9) was presented. In three-dimensional space,
the formula is slightly different. The capture coefficient in
the Lagrangian approach is expressed as Eqgs (10):

p=>2 (10)
where S, S are the areas of four closely located droplets at
infinity and on the surface of a solid [m?], respectively (see
Figure 6). Formular in Eq. (10) shows the ratio between the
initial area of the droplets far from the body and the final
area of the droplets that actually reach the surface.
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Figure 4. Distribution of the velocity component field along
the Ox axis around the sphere in section z = 0
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Figure 5. Distribution of the pressure field around a sphere in
cross-section z = 0

Figure 6. Picture of four droplet trajectories at infinity and
on the surface of a body
To calculate the capture coefficient £, four closely
spaced droplet trajectories are required. The choice of these
points is important. If the initial area is too small, the

calculation becomes long and inefficient. If the area is too
large, the § may be estimated incorrectly. In this study, the
points are selected based on physical considerations.
Assume that the water field has a liquid water content pg,
the mass of each droplet is given by Eqs (11):

4
mg = pyV = png[Rg

(11)

where pg; = 0.55 gr/m3; and the droplet radius is
R; = 9.3 ym. In a unit volume of 1m?3, the number of
droplets is N3, where N is the number of droplet in each
direction Ox, Oy, Oz (see Figure 6).
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Figure 6. Distribution pattern of water droplets per unit volume

The distance between the two neighboring droplets is

dh =1 with N3=ﬁ—>dh=R3’4—”p—Wzl.83x
N mg 3 pa

1073m. Once the four initial droplet positions are set, the
trajectories are calculated. The capture coefficient on the
sphere surface is then obtained. In Figure 7, the blue lines
represent the trajectories of droplets that do not strike the
sphere surface, while the black lines correspond to the
droplets that impact the surface. Near the sphere surface,
the trajectories are compressed and move closer together,
indicating an increase in droplet density in this region. This
local increase in droplet density directly contributes to the
capture coefficient and explains t

he higher liquid water content on the sphere surface.
From these positions, the capture coefficient is estimated
from Eq. (10).

Figure 7. Droplet trajectories in space
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Figure 8. Capture coefficient on the surface of a sphere
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Figure 8 shows the capture coefficients on the surface
of a sphere. The colored dots are the centers of the areas
formed by four closely spaced droplets hitting the sphere.
These central points are called “particles”.

Figure 9. The arrangement of "particles” in a grid cell
In Figure 9 some “particles” in grid cell is shown. The
average value of the capture coefficient in one grid cell is
calculated by Eqgs (12):
N.
_ X j=11 Bij

ﬂ=—

- (12)
where f;; is the capture coefficient of the j — th particle in
the i — th cell, and N; is the number of particles in that cell.
The value of the capture coefficient at the grid node is
estimated by Eqs (13):

Z:(znlade ﬁiﬂi

K
node
Zi=1 2;

ﬁnode -

(13)

where K,,,4. is the number of cells surrounding the node,

0; is the volume of the i — th cell.
|Beta
Wall
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Figure 10. The capture coefficient 5 at the nodes of
the sphere surface

Figure 10 shows the distribution of capture coefficients
at the grid nodes. The results are compared with
experiments and with the Euler approach. Figure 11 shows
this comparison for the section z = 0. The black lines are
experimental data [22]. The red line with triangles is the
Euler result. The blue line with circles is the Lagrangian
result. The coefficient at the stagnation point agrees well
with the experiment, but the value in the tail region shows
a larger deviation. This difference is related to the flow
behavior. In real flow, unsteady vortices (Karman vortices)
are formed, and the separation points change over time. In
the simulation, however, the air flow is steady and inviscid
(Figures 4 and 5), and no vortex shedding is present.

Because the droplet trajectories are computed from this
steady airfield, the difference in the capture coefficient
between experiment and simulation becomes clear,
especially in the tail region. This highlights the limitation
of the steady inviscid model in capturing unsteady
separation effects, which are important for accurate icing
predictions.

The results in Figure 11 also show that the Lagrangian
method gives values very close to the Euler approach in the
stagnation region. The relative difference is about:

Lag _ pEul
sta, stag
o= g}gﬁ = 4.046%
:Bstag
h Lag - pEul h ffici h
where Bgog, Bstag are the capture coefficients at the

stagnation point from the Lagrangian and Euler methods,
respectively. This small difference confirms the reliability
of the method.

From the obtained results we conclude that the
Lagrangian method performs reliably in three-dimensional
space. It can therefore be applied to evaluate the water field
parameters, including liquid water content p,, and velocity
components (V, ;, V) in all cells and nodes of the grid.

0.6 —
@ —@—@® Lagrange
- exp2
exp1
A—A—aA FVM
- 0.4 —
£
9
o
£
@
o
o -
c
o
k]
o2
°
© 02 —
L B bttt (s St R Sied It At B
-0.12 -0.08 -0.04 0 0.04 0.08 0.12
y (m)

Figure 11. The capture coefficient f§ in the section z=0

6. Conclusion

This study developed a Lagrangian method for
simulating the motion of supercooled droplets and their
capture efficiency on solid surfaces. The method was
validated against experiments in both two-dimensional
(cylinder) and three-dimensional (sphere) cases and show
good agreement with experimental data, especially in the
stagnation region, while some deviations occur in the tail
region due to the steady inviscid flow assumption.

A new interpolation technique was proposed to convert
discrete droplet impact data into a continuous capture
efficiency field. This improves visualization and makes
comparison with experimental results easier. In addition, a
droplet seeding strategy with appropriate spacing was
introduced to ensure accuracy in the calculation of the
capture coefficient.
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Overall, the Lagrangian approach provides a reliable
and efficient tool for predicting droplet trajectories and
capture efficiency in icing studies. It can be applied to
calculate key water field parameters, including liquid water
content and velocity components, across both two- and
three-dimensional geometries. These results highlight the
potential of the method for improving the accuracy of
aircraft icing simulations.
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