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Abstract - Low-resolution analog-to-digital converters (ADCs),
especially 1-bit quantizers, enable power- and cost-efficient
wideband, large-scale MIMO. We study non-coherent fast-fading
channels with probabilistic line-of-sight (LoS) blockage under 1-bit
output quantization. The model randomly switches between
Rayleigh (A = 0) and Rician (A = 1) fading, capturing environments
where the LoS path intermittently appears. Without CSI at either
end, we analyze mutual information and characterize the capacity-
achieving input distribution. We prove that any optimal input
exhibits m/2-rotational symmetry and derive necessary and
sufficient Kuhn-Tucker conditions for optimality. Simulations
show that the optimum tends to a four-point square constellation
whose orientation aligns with the LoS phase when present. These
results quantify the impact of probabilistic LoS on capacity and
guide input design for energy-constrained, dynamically fading
systems.

Key words - 1 bit ADC; blockage model; non-coherent channel;
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1. Introduction

The increasing demand for high data rates in modern
wireless communication systems - particularly in
wideband and large-scale multiple-input multiple output
(MIMO) deployments - has motivated extensive research
into power efficient and cost-effective transceiver
architectures [1, 2]. One promising direction is the use of
low-resolution analog-to-digital converters (ADCs),
especially the extreme case of 1-bit quantization, which
significantly reduces power consumption and hardware
complexity. These advantages make 1-bit ADCs
particularly attractive for massive MIMO base stations and
energy-constrained wireless devices [3]. However, the
severe non-linearity induced by such coarse quantization
poses major challenges in both system design and
performance analysis, requiring new models and signaling
strategies [4, 5].

Information-theoretic tools are critical for quantifying
the performance limits of systems operating with quantized
outputs [6,7]. Understanding channel capacity under
various fading environments and quantization levels is
essential for guiding the design of practical systems. Over
the last decade, substantial information-theoretic progress
has been made for systems using 1-bit and low-bit ADCs
under various fading conditions [8]. For instance, in [9],
the KKT conditions were examined and Dubin’s theorem

on extreme points of convex sets were used to address the
detailed characteristics of optimal inputs for 1-bit ADCs in
Rician fading. Rician model is general enough to represent
small-scale fading in line-of-sight (LOS), non-line-of-sight
(NLOS), as well as mmWave outdoor environment.

In this paper, we extend the study on capacity and
optimal input signaling schemes of 1-bit ADC to a
blockage fading channel, which plays a crucial role in
mmWave communications [10]. The channel model
captures probabilistic line-of-sight (LoS) blockage,
encompassing both Rayleigh fading (non-LoS) and Rician
fading (dominant LoS), thus reflecting the stochastic
nature of wireless propagation in dynamic environments
[10,11]. We adopt a non-coherent fast-fading setting with
no channel state information (CSI) at either the transmitter
or receiver - an assumption relevant to highly mobile
scenarios or systems without CSI feedback [12].

The main contributions of this work can be listed as
follows. First, we conduct a rigorous mutual information
analysis of the mixed fading channel under 1-bit
quantization and establish the existence and structure of the
capacity achieving input distribution [13]. Interestingly,
we find that the optimal input exhibits m/2 rotational
symmetry - a pattern consistently observed in low
resolution quantized systems [14]. Second, we derive
necessary and sufficient conditions for input optimality
using the Kuhn-Tucker conditions (KTC) framework [15],
providing theoretical insight into signal design under non-
linear constraints. Finally, we present extensive numerical
simulations illustrating the geometry of the optimal input
distribution. Results show a clear tendency toward a
square-grid four-point constellation, whose orientation
aligns with the LoS component when present, highlighting
the significant impact of probabilistic LoS dynamics on
both capacity and signal structure in energy-efficient
wireless systems with 1-bit quantization [16].

The remainder of the paper is organized as follows.
Section II presents the system model with the quantization
and conditional probability functions. Section III
investigates the mutual information formulation, while
Section IV explores the structure of the optimal input and
derives optimality conditions using KTC theory. Section V
reports numerical results. Section VI concludes the paper.
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2. System model
2.1. Channel Model

First, we verify the discrete memoryless channel
framework as in [17], in which, the output is the
unquantized received signal Z. Then, the output of 1-bit
ADC Y is obtained by quantizing the received signal.

Z =AmX)+ GX + N (1)
Y = Q) )

The symbol X represents a random variable with
complex values, while m denotes a fixed complex-valued
scaling factor. Both G and N are modeled as circularly
symmetric complex Gaussian variables with zero mean,
drawn independently and identically, and uncorrelated
with the transmitted signal, with the corresponding
variances E{|a|?} = y2and E{|n|?} = No. In this work, we
consider a mixed fading channel model with probabilistic
line-of-sight (LoS) blockage, in which the model switches
between Rayleigh fading (when A = 0) and Rician fading
(when A = 1), capturing practical scenarios where the LoS
path may appear or disappear randomly due to
environmental dynamics. This is illustrated in Fig. 1, where
the factor A is a Bernoulli random variable modeling
blockage with probability of blockage ps. The operator Q(.)
represents the low-resolution ADCs at the receiver and the
quantized output is Y. The transmitted signal adheres to a
power constraint, specifically ensuring that its average
squared magnitude does not exceed a given threshold as
such: E{|x|?} < P.

| Rayleigh
fading

Blockage Model
A~ Bernoulli(p)

— Y —IN ADC out- 7

1bitADC

=~ @D

Rician
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Figure 1. The blockage model
2.2. Quantization
The receiving signal Z is composed of in-phase and
quadrature components, each quantized independently
using identical 1-bit ADCs with zero thresholds. The real
and imaginary outputs are denoted as Yrand Y;. Hence, the
complex output Y can be expressed as,
Y =Y + jY; = sign(Zg) + jsign(Z)) 3)
Since this quantization is 1-bit ADC, Y has four distinct
values Y € {(1 +j),(-1 +)),(=1 = j),(1 = j)}. In this paper,
we denote Y, where ¢ € {RI} is the real or imaginary
components of Y.
2.3. Conditional Probability Functions
When X=xand A = 1, the variable Z follows a complex
Gaussian distribution characterized by a mean of mx and
variance ¢ = %(y2 |x|? + Ng), thus we have

_ Iz—mxl2
e YZxIZ+Ng . 4)

. _ 1
pz = pZ|A,X(Z|1:X) = P02 Ng)

On the other hand, when A = 0, the distribution of Z

remains complex Gaussian but with a zero mean and a
. . 1
modified variance o = - (Y?|x]2 + Ny),

|z|2

1 e YKZNo,  (5)

0 —
Pz = Pzjax(z]0,x) = T(v2[x[2+Ng)

As a result, the conditional distribution of Z when X is
known can be described by the weighted combination as
follows

pzix(zlx) = ppp? + (1 = pp)p;. (6)

It is possible to decouple the real and imaginary parts
of the received signal R as

Pyix (z]x) = p—Bexp _L
! m(Y2|x|? + Ny) m(Y2|x|2 + No)

¥ RN g ool
: o (-

m(y? IXI2 + No)>

1-pg

T2 K%+ No) 2IXI2 + No))

_t=ps (o H
PO+ Ng) 0\ TG KT+ Ng)
= PePogPz; + (1 — p)Pzepy (7
Since the output signal y in 1-bit quantized channel is
circular symmetry, we can examine one quadrant and
generalize the results for other quadrants in the complex
plane. By considering the positive quadrant y; = 1 + j we
have the probability Y = y, given X=xis

pY|X(Y1|X) = f PZ|X(Z|X) dz
ZE€Qq

= f f PePeePy, + (1 — pp)p;,pz,dzgdz
ZR20+Y2;20

Ps V2(—mpxg + myx;)
= +ta- pB)Q<— JVPIXP + N, >
ﬁ(_meR—mel)
X Q (— W) N

Here @Q(x) denotes the standard complementary
Gaussian ~ function, defined by the integral

0 2
Q (\/%_n fx exp (— u?) du is the well-known complementary

Gaussian distribution function, which is a widely
recognized function in probability theory and
communications, commonly called the @Q—function. Now,
let denote

— MRXR+myxy
Xy =——1 — 9
) = IR ©)
x, = TTEETT (10)

Im|
Notice that x? + x7 = |x|?. Substituting back to (9) we
obtain

Pr|x (y11)

L V2|m|x, V2|mlx,
=% TA-Pee (y2|x|2 T No) ¢ <y2|x|2 T No>
()

For simplicity, we denote W; = pyx(y;|x) for
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i € {1,2,3,4}. The conditional probabilities for 2 <i <4 can
also be derived using the same approach as

Wy =22+ (1-pp)Q (o) @ (o). (12)

y2Ix|12+Ng Y2Ix|2+Ng

From (12), it is straightforward that
W (x) = Wiy (xeI™2), (13)

where W, (x) = W, (x) if i = 4. (13) then results in the
following expression

L W) logW i(x) = Sy W, (xe? ) logW,(xe?) (14)

3. Mutual information and Channel capacity

First, we assume an input random variable X with a
distribution represented by Fy(x). For simplicity, we will
use Fy(x)and Fy interchangeably to refer to this
distribution throughout the work. The mutual information
between X and Y, denoted as I(X;Y) = I(Fy) and expressed
as a function of the input distribution Fy is defined by the
integral below.

14

1F) = [, il 10g 228, (). 1)

Alternatively, mutual information can be expressed as
the difference between the output entropy and the
conditional entropy:

I(X;Y)=1(FX)=HFX(Y)_HFX(le)' (16)

Then, the output entropy HAY) is defined by the
following integral expression:

Hp (Y) = — [ 2 Wi () logp (yilx) dFy (x) 7)
Moreover, the conditional entropy term Hg, (Y|X) in
eq. (16) can be written as:

Hg, (Y|X) = —f SE LW (x)logW,(x) dFy(x) (18)
where the output probability p(yi;Fx), 1 <i<4,is
p(ilFy) = [, Wi(x) dFy (x). (19)

Channel capacity C is defined as the maximum
achievable mutual information across all input
distributions that meet the given power constraint (2). Let
Q denote the set of all valid input distributions for X that
satisfy the power constraint. Then, the channel capacity is
expressed as:

C = supl(Fy).

4. Characterization of the Optimal Input Distribution

(20)

4.1. Existence and Symmetry of Optimal Inputs
Theorem 1: Given any input distribution Fg, we can
construct a new distribution Fy defined by:
= i(F,% (x) + Fi(xe/™?) + F{(xe'™) +
Fi (xe3™/2)) 1)
This new distribution is /2 — rotationally symmetric
and preserves the same conditional entropy -circular
symmetric distribution Hp, (Y|X), while increasing or
maximizing the output entropy H g, (Y]X).

Proof: From (18), the conditional entropy when the
input distribution is F, can be calculated as,

4
) = - | 2. Wi loah 6) ()

fz W, (x)logW;(x)

Xd(FX(x)+F)%(xejﬂ/2)+F1(xejn)+ Fl(xe]31-[/2)

Ci=1
1 4
[ wlxe 7)o eimi7) ary (xein)
4 Ci=

4
L _ ) )
_Z (o)™ (xel™ ¢ (xel™
4-’;;WL(’C€ )long(xe )dFX(xe )

4
1 / j .
T4 f Z W;(xe/3™/2)logW;(xe/?™/?) dF} (xel3™/2)
c im1

(22)
Next, utilize Fy, we have:

p(y1lFx) = J;:W1(x) dFx(x)
1 1 .
= — - TL’/
B LWl(x) dF)%(x)+4 LWl(x) dFi(xel™/?)
+1 fW(x) dFl(xef”)Jr1 fW(x) dFg (xe’3m/?)
4 c 1 X 4 c 1 X

1 1
=7 [mearie + [w. arie
+5 [ Wa () dFEG) + 5 [ Wa(x) dFE()
== [LdF}(o) =1 (23)

Since the output distribution is uniform, it follows that
Fy achieves the maximum possible output entropy. Based
on Theorem 1, we can restrict our attention to circularly
symmetric input distributions Fyin Q, as they suffice for
optimality. The mutual information for circular symmetric
input can be written as:

I(Fx) =log(4) — HFX Y1x)
=log(4) + [, Lz Wi(x)logW,(x) dFx (x). (24)
4.2. The Kuhn-Tucker Condition (KTC)

This section aims to derive the KTC, a necessary and
sufficient criterion for determining when a circularly
symmetric input distribution is optimal.

Lemma 1. A distribution Fy satisfies the power
constraint P and is optimal if and only if there exists a non-
negative u > 0 such that

> Wi)logW(x) — u(lx|? = P) + log (4)
i=1
—-C<0,vx € C. (25)
Equality occurs when x lies within the support of the
optimal distribution Fy.
4.3. Phase of mass points of Optimal input

In order to examine the phase of mass points of optimal
input, we fix the mass points’ amplitude and analyze the
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phase by Lagrange multiplier.

Denote F*y is an optimal solution. Given that P > 0, at
least one mass point x* € supp(F*y) that satisfies |x*|* >
0 [x*| > 0. Applying the KTC, it achieves

4
= Y W GogW, () + (x| ~ P)
i=1
+C — log(4) =0, (26)

Denoting A = |x*|? and the set S, containing all pair
of points (X1,X2) € R* such that X2 +xZ=A We
further define function K(x4,X,) on Sy as follows

4
K(x,%) = = ) Wi, x)logWix;, %)

i=1
+u(A—P)+C — log(4)

(27)
From the KTC, we have
K(x4,%,) =2 0,Vx €S, (28)
K(x*1,x*2) = 0 (29)
Therefore,
(XI' X;) = arg min(xl,xz)eA
= Yo Wix1, x3)log Wi (x1, X3) (30)

The constraint (x1,x2) € Sis equivalent to x2 + x3 = A.
Hence, we have the Lagrangian

4
Lk ko 2) = = ) Wilsi, x:)logWi(xi,x3)

=1
+A(xZ + x5 — A)

(€1)
. - __V2m| S
For simplicity, we denote 3 = N For (x7,x3) to
0

qualify as a minimizer, the following condition must hold:

leL(Xl,Xz,A) =0 (32)
Vi, L(x1,%2,4) = 0, (33)
which is equivalent to
e_BZX%/Z
22x, — (1 — T
1—( pe)B T

PB 1 (1-pp)Q(~Bx1)Q(Bx2)

4

[Q(ﬁ x2)log ( B+ (1-pp)@(Bx1)Q(Bx2)

PB4 (1-pp)Q(~Bx1)Q(~Bx2)
— 4 =
Q( ,sz)log ( pTB"'(l—pB)Q(BXQQ(—ﬁXz) 0, (34)

e~B*x3/2

2%, — (1 — Ps)ﬁﬁ

PE+(1-pp)Q(-Bx2)Q(Fx1)
BB+ (1-pp)Q(Bx2)Q(Bx1)

[Q (Bx1)log (

=0.

’TTB+(1—pB)Q(—ﬁx2>Q(—ﬁx1>>] (35)

—LBx;)lo
Q=hx) g(%(l—m)@(ﬁxﬁ@(—ﬁxl)

Solving the eqgs. (34-35) shall help us identify the phase
property, and as a result, the exact location of the optimal
mass points. While the analytical solution of the phases is
beyond the scope of this work, we believe that the approach
in [9] can be used to find the exact phases. Instead, in the
following, as an illustrative example, we shall rely on
numerical search using the KTC to obtain these phases and
validate them using (34-35).

5. Numerical results

In this section, we resort to a numerical method to
validate the theoretical analysis concerning capacity-
achieving input distributions for 1-bit quantized non-
coherent blockage fading channels, with probability of
blockage ps= 0.2. Note that to obtain the optimal signals,
we can use a traditional gradient descent-based method to
search for the optimal input and verify it with the KTC. As
an alternative, eqs. (34-35) can be used to search and
validate the optimal phases of the optimal rotated QPSK
signal.

In Figure 2, we plot the KTC at SNR =1 dB. It can be
seen that the KTC surface exhibits a smooth, symmetric
shape with four clear optimal points forming a square
constellation aligned with the LoS phase. These four
phases can be verified to be the solutions of (34) and (35).
This confirms that even under high noise, the capacity
achieving input maintains n/2-rotational symmetry,
validating the robustness of the analytically derived rotated
QPSK structure.

[
”E}'}‘! ] i
Y
i
lm i
““,‘\IVWM »

Figure 3. The KTC with SNR= 10

Figure 3 reveals sharper and more structured KTC
surfaces at SNR = 10 dB, reflecting the stronger influence
of the deterministic LoS component and the need for
precise constellation alignment. The optimal points
become more concentrated, clearly demonstrating that the
rotation angle of the four-point input must match the LoS
phase to maximize mutual information.
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Together, Figures 2 and 3 confirm that the optimal
input reduces to a rotated QPSK constellation with four
equally powered mass points placed on a square grid,
aligned with the LoS direction. This structure, derived
analytically through KTC analysis and the Gaussian Q-
function, adapts to channel conditions without requiring
CSI, making it well-suited for practical low-resolution
MIMO systems such as those in mmWave applications.

In the end, these results reinforce the theoretical basis
for phase-aligned rotated QPSK as the optimal signaling
strategy in 1-bit quantized non-coherent Rician fading
channels.

6. Conclusions

This paper investigated the capacity and input design of
1-bit quantized, noncoherent wireless systems over a
blockage-mixed Rician and Rayleigh fading channel. We
demonstrated that the capacity-achieving input is a rotated
QPSK constellation with z/2-rotational symmetry,
optimally aligned with the LoS phase when present. Both
theoretical analysis and simulations confirm the robustness
and efficiency of this design, offering practical insights for
energyconstrained systems without CSI.
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