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Abstract - Limit theorems play an important role in probability
theory and have numerous applications in statistics. Among them,
the weak and strong laws of large numbers established by
Kolmogorov and Marcinkiewicz—Zygmund for sequences of
independent and identically distributed random variables are
classical results of fundamental significance. These results have
attracted considerable attention and have been extended in various
directions under more general settings. In this paper, we further
develop these classical results for sequences of pairwise
independent random variables. The assumption of identical
distribution is replaced by a weaker condition, in which the random
variables are stochastically dominated by another random variable
with a heavy-tailed distribution. Based on this setting, we establish
limit theorems for weighted sums of random variables, thereby
extending the applicability of the laws of large numbers to more
general conditions. By applying these results, we investigate the
convergence for a nonparametric regression estimator.
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1. Introduction

The Kolmogorov and Marcinkiewicz—Zygmund laws
of large numbers, originally formulated for sequences of
independent and identically distributed random variables,
have attracted considerable attention and have been
extended by many authors. Sung [1] extended these results
to sequences of pairwise independent and identically
distributed random variables. Dung [2] established laws of
large numbers for sequences of weighted sums of
independent random variables with infinite moments. The
works of Xuan [3] and Chau [4] further investigated laws
of large numbers for pairwise independent random
variables with heavy-tailed distributions. More recently,
Tu [5] also established laws of large numbers for sequences
of pairwise independent randomly bounded random
variables under finite moment conditions.

Let {X,;;n = 1} be a sequence of random variables
defined on a fixed probability space (Q,F,P) and let
{a,;1<i<nmn>=1} be a triangular array of real
numbers. In many applications of statistics, one is
interested in weighted sums of the following form:

n

Sn = Z am-X i
i=1
Therefore, the study of the convergence of sequences

of weighted sums of random variables is of great
significance in practical applications. In this paper, we

establish the weak law of large numbers and the strong law
of large numbers for sequences of weighted sums of
pairwise independent random variables that are
stochastically dominated by a random variable with a
heavy-tailed distribution. Our results extend those of Xuan
et al. [3] and are applied to the convergence analysis of a
nonparametric regression estimator.

For two sequences of positive real numbers {a,;; n = 1}
and {b,;n = 1}, we use the notation a,, = b, to indicate
that 0 <liminfa,/b, <limsupa,/b, <. The
notation a, = o(b,) means that 111_{1; a,/b, =0 and

a, ~ b, isused when lim a,/b,, = 1. These notations are
n—oo

also applied to positive real-valued functions f(x) and
g(x). The indicator function of a set A is denoted by I(4).
Throughout the paper, the symbol C denotes a generic
positive constant (0 < C < o0), whose value may vary
from one occurrence to another.

Definition 1. A4 sequence of random variables
{X,,n =1} is called pairwise independent if any two
random variables X;, X;, i # J, are independent.

Definition 2. 4 sequence of random variables {X,,n =
1} is said to be stochastically dominated by a random
variable X if for every t > 0 one has:

sup P(1X,| > t) < P(|X| > ¢t).
n

Definition 3. Let a > 0. A positive measurable function
f (x) defined on the interval [a; ) is called slowly varying
at infinity if
f(tx)
f@®
For x > 0, we denote log™ (x) = max{1, In(x)}, where
In(x) is the natural logarithm. Clearly, the functions
log* (x) and log™ (log™* (x)) are slowly varying at infinity.
Furthermore, the product of two slowly varying functions
is also slowly varying.

— last — oo forevery x > 0.

Definition 4. 4 sequence of random variables {X,,n =
1} is said to converge in probability to a random variable
X if for every € > 0,

lim P(|X, — X| >¢€) = 0.
n—oo

P
We denote this by X,, — X asn — oo.

A sequence of random variables {X,,n = 1} is said to
converge almost surely to a random variable X if

p (w: lim X, (@) = X(w)) -1
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We denote this by X,, = X (a.s.) asn — oo,

In the proofs of the main results of this paper, we shall
make use of the following lemmas:

Lemma 1. [1] Let {X,,, n = 1} be a sequence of random
variables and define S, = Y=, X;. Let {b,,n = 1} be a
sequence of positive numbers increasing to infinity such
that

bZn
0< bn T 4+ and b_ = 0(1)

n

If
+oo
1P S b
2. >P(maxisi > eb,) < +eo,
n=1

for every € > 0, then S, /b, — 0 (a.s.).

Lemma 2. [5] Let p,q>0. If {X,n=1} is a
sequence of random variables that is stochastically
dominated by a random variable X with E(|X|P) < +oo,
then for every n = 1 and x > 0, the following inequalities
hold:

i) E(1Xn|TI{|1X5] < x})
< E(IX[{X] < x}) + x9P(|1X] > x).

ii) E(IX,91{|X,] > x}) < E(IX|9I{|X]| > x}) under
the assumption that q < p.

Lemma 3. [2] Let 1 <r < 2 and let X be a random
variable. Suppose that P(|X| > x) = x7"l(x), where 1(x)
is a slowly varying function at infinity. Then, for any x > 0,

) E(XI(X] > x)) = x1T1(x);

i) E(IX121(1X] < x)) = x2771(x).

Lemma 4 (Markov’s inequality, [6]). Let v > 0 and
assume that E(|X|") < oo. Then, for any x > 0,

E(IX]")
xr

Lemma 5. [6] Let v > 0. Suppose that E(|X]|") < o
and E(|Y|") < o. Then,

E(IX+YD" < GEUXI) + E(YIT],
where C, is a positive constant depending only on r.
Lemma 6. [7] Let 1 < p < 2 and let {X,,n = 1} be a

sequence of pairwise independent random variables with
E(X,) = 0and E|X,|P < oo foralln = 1. Then,

P(X|>x) <

n 14
E ZX' (— —)zEX
2% > p+p 1X;1P,
=1
and
k 14
E max ZXL-
1sksn |4
i=1

< (ann)Z ZE|X|”
“\\In2/) 2—-p p

Lemma 7 (Proposition 1.3.6 in [8]) If I(x) is a slowly
varying function and a > 0, then

x*l(x) = +o0 and x *I(x) - 0 asx - +oo.

Lemma 8 (Proposition 1.5.10 in [8]) If L(x) is a slowly
varying function and a < —1, then fxoo t*1(t)dt converges
and

xa+1l(x)
J. (Dt

Lemma 9 (Theorem 1.54 in [8]) A (positive,

measurable) function l(x) is slowly varying if and only if,

for every a > 0, there exists a non-decreasing function
¢ (x) and non-increasing function Y (x) with

x*U(x) ~ p(x), x *I(x) ~YP(x) asx » oo,

2. Main results

Theorem 1. Let 1<r<2, 0<p<r, and let
{X,,n = 1} be a sequence of pairwise independent random
variables with mean zero that are stochastically dominated
by a random variable X satisfying P(1X| > x) = x7"1(x),
where l(x) is a slowly varying function at infinity. Suppose
that {a,;;1 < i <n,n =1} is a triangular array of real

numbers such that
n

Z a?; = 0(n).

i=1

Then,

- —a—1 as x - oo,

n
P
Z a,iX;i— 0 asn — oo,
i=1
Proof: Foreveryn = 1and 1 < i < n, we define

Yo = XJA(1X:] < n/P); Zp = X 1(1X;] > n'/P);
n n

Sp = Z Ani[Yni — E(Vp)]; Sy = Z Ani[Zn;
i=1 i=1

Clearly, for every n > 1 one has
n

Xi = Yni + an', am-Xl- = Sn + ST’I.
i=1
Forany ¢ > 0 andn > 1, we have

n
> sn””)

ZaniXi
enl/p enl/p
< P<|Sn| > T) +P(|S,’1| >T) =0+ 1,

i=1
It suffices to show that
I, >0 and I, - 0 asn — oo,

nl/p

- E(Zni)]-

g

By Markov’s inequality,
enl/p ent/P\?
I, = P<|Sn| > > )S E(|Sn|2)/< > >
n

4 2 2
= gzn—z/pz B[V — E(Yni))

i=1
n

4 2 2
227w 2, O (Fni)

i=1
n

4
= o D akE (IKPI(X] < 0/P)),

i=1

IA
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Applying Lemmas 2, 3, and 7 together with the

assumptions of the theorem, we obtain
n

4
L < gzn—wz a2, (E(XPI{1X] < nV/P}) + n?/PP(1X| > nV/P)) Then,

i=1
= 5 (BQXPHIX) < 0/0)) 4 2P (1) > 7))
=% nZ/P [(n2/2)* 7 1(n/P) + n2/PP(IX] > n'/7)|
Cl(nl/p) Cn
= i Tz P >0
Cl(nt/® C
% n("l/”) "I(n1/7)

< Cn'"/Pl(n'/P) > 0, khin — oo,

Obviously, foreveryn > 1

ilaml < (nilamz)

i=1 i=1
Note that by Lemmas 7 and 8, for any q € (0,7)

1/2

< Cn.

E|X|7 = —f Ix|9dP(1X]| > x)
0
= qf Ix|971P(|X] > x)dx
0

< Cf [x]97" 1 (x)dx < oo.
0

Therefore, similarly, by Markov’s inequality and
Lemmas 2, 3, and 7, we also have
enl/p
2 )

1/p
) < E(I&QI)/(

2 n
< oE (Z | @i (Zni — E(zm-m)

i=1

n
C
<—— ElayZyl
enl/p nini
i=1

n
c
= 5 Q. Eloniti (11 > 1)

i=1

&n
L, =P (IS’nI >

n
c
= mz lan |E(IX1I{1X| > n'/?})

e () ni7)

¢ 1(n'/?) ,
= W — 0 khin — oo,

The theorem is proved. |

Theorem 2. Let 1<r<2, 0<p<r, and let
{X,;n=1} be a sequence of pairwise independent
random variables with mean zero that are stochastically
dominated by a random variable X satisfying P(|X| >
x) = x"T1(x), where l(x) is a slowly varying function at
infinity. Suppose that {a,;1<i<nn=1} is a
triangular array of real numbers such that

n

Z ;= 0(n).

i=1

n

Zam-XL- - 0 (a.s.) as n - oo,

i=1

Proof: Forn > 1 and 1 < i < n, define Yy,;, Z,; as in

the proof of Theorem 1. For 1<k<n, set
Snk = Z?:l ani[ym E(Ym)] and S k - ic 1 am[Zni -
E(Z,;)]. By Lemma 1, it suffices to show that for every
>0,

1
Ji=) | max

n=1

1
nl/p

k

Z aniX;

i=1

> snl/p> < oo,

To prove this, it is enough to show that for every € > 0

[ee]

1
ZnP(maxlSnkl > snl/p/Z) <o

1<ksn

Ji:
n=1
and

5

Applying Holder s inequality, for every n > 1

n n 1-1/r n 1/r
Z|ani| < (Z 1> (Zlani|r> <Cn.
i=1 i=1 i=1

Note that by Lemma 9, for any a > 1 and sufficiently
large n, the function f(x) = x~*[(x) can be considered as
a non-increasing function in [n; 4+o0). Thus, Lemma 8

implies that
z k1K)

z 1(k)
S

<C. n—a+1l( ) —

' 1/p )
lréllfs)gllSnkI >en'/P/2) < oo,

x7%l(x)dx = J-oox'“l(x)dx
Cl(n)

ne- 1°
Consider J;. Clearly, for n large enough
In?(2n) < CIn%(n). By Markov’s inequality and Lemmas
2 and 6, we obtain

[oe]
r

2
hi = ) e E (max sl

n=1

C(In2n)? .
sz o Z|am| B(Yoi = EYrul")

n=1
(ann)2 . .
<cy Z|am| BVl

(In2n
CZ 1+r/37 ZlamlrE(lx |TI{|X | < nl/P})

<c Z(ln 2n)? P(IX| > n'/?)
n=1
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Z (ln2 ) E(XITI{1X] < n/7})

< Cz (ln Zn)2 L(n'/?)
z (In2n Z E(IXI"I{(k — DVP < |X|
< )

> (Inn)? L
/p
scz L)
n=1°° n
(Inn)?
C — 7 ZE(leTI{(k—l)l/p < |1X]
n=1 k=1

< k)

- (Inn)?
nr/p

¥y (nr/z E(IXI"1{(k -

< k7))

1(n!/P)

DYP < |X|

C (In k)2
kr/p 1

n)2

E(IXI"H{(k - DYP < |X| < kV/P})

+

8 o
= [
QL'-M S

IA

I(n 1/p)

n=1

> (Ink)?
+cz e E(XIPIXITPI{Ge = DV
k=1
< IX] < k7))

> (Inn)?
scz L)

+C Z(ln 02 E(XIPH{(k — 1)V < |X] < kV/P})
=1

Z(ln L) + CEQRP 102 (L 14D,

By Lemma 7, for sufficiently small § > 0 such that
(r —&)/p > 1 and for sufficiently large n,, we have

- (Inn)? - (Inn)? 5
Z 7 l(P) < Z (")
n=ng n=ng

(Inn)?

= /oo <%

n=ng

On the other hand, for sufficiently large x,

xPIn2(1+ x) P(|X] > x) < CxP"In?(1 + x) I(x)
and hence, by Lemma 7,

li_{gxp In?(1 + x) P(|X| > x) = 0.

Since In?(x)I(x) is also slowly varying, by applying
Lemmas 8, it follows that for any sufficiently large

constant A > 0,
E(XIPIn*(1 + |X]) I(1X] > A))

—J- xPIn?(1 + x) dP(|X| > x)
A

APIn?2(1+ A P(|X| > A) +
fmxp‘l In(1 + x) (p In(1+x) + Z—X) P(]X| > x)dx
4 1+x
< APIn%(1 + A) P(IX] > A)
+Cf xP71In%(1 + x) P(|X| > x)dx
4
< APIn%(1 + A) P(IX] > A)
+Cf xP71 " In2(x) I(x)dx < oo.
A
Therefore, J; < . Next, we shall prove that |, < oo,

By Markov’s inequality together with Lemmas 2 and 3,

[ee]

< 2
)2 % ) v B (max il

n=1

(o] n
2
< Dz ), Ellan(Za

n
1
i ), EaniZu)

—E(Z))D

M

IA
)

IA
)
-

|ani | E(X: | I(1Xi] > n/P))

S
-
+
=
~
=

IA

lan | E(IXII(1X| > n'/P))

1
¢ Z n1+1/p
n=1 i=

e s ) 1)

Tl=1
1
< szl(nl/p) < oo,
n=1

This completes the proof. |

Corollary: Let 1 <r < 2,0 <p <randlet{X,,n >
1} be a sequence of pairwise independent random
variables with mean zero that are stochastically dominated
by a random variable X satisfying P(|1X| > x) = x7"1(x),
where L(x) is a slowly varying function at infinity. Then,

[y

IA

1
nl/PZXi - 0(a.s.) as n - o,
i=1
3. Application
Consider the regression model:
i = fO) + &5, 1 <0<, (D)

where x,,; are known fixed designed points in the compact set
A € R™, f(x) is an unknown regression function defined on
the set 4, &,; are random errors. The nonparametric regression
estimator for the model is defined by

fn(x) = Z Wi (%) Yni,
i=1
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where W,,;(x) = W;(x, Xp1, Xnz, -, Xnn) are the weight
functions. For any x € A, assume that the weight functions
W,i(x) satisfy the following conditions as n — oo:

(4D Y W) ~ 1| = o(D),
i=1

(42) | ) W) | = 0D,

i=1

(43)
D W @I o) = FI Ut = x1 > @) = 0(1),

for any a > 0.

By similar arguments to those used in the proof of
Theorem 4.2 in [3], together with an application of
Theorems 1 and 2, we obtain the following result.

Theorem 3. Let 1 <r <2, 0 <p <r. In the model
(1), assume that for n = 1, {e,;, 1 < i < n} is a sequence
of pairwise independent random variables with mean zero
that are stochastically dominated by a random variable &
satisfying P(le| > x) = x7"l(x), where 1(x) is a slowly
varying function at infinity. Denote the set of all continuity
points of the function f(x) by C(f).

) If

n

Z W2(x) = 0(n'"2/P),asn - o,
i=1

then for any x € C(f)

o) — F(x) asn - o,

i) If
n
Z Wi (x) = 0(n'™"/P),asn - oo,
i=1

then for any x € C(f)

fu(x) — f(x) (a.s.) asn — co.

4. Conclusion

This paper establishes limit theorems, including the
weak and strong laws of large numbers, for sequences of
weighted sums of pairwise independent random variables
that are stochastically dominated by a heavy-tailed random
variable. These results extend the classical Marcinkiewicz—
Zygmund theorems by replacing the identical distribution
assumption with a stochastic domination condition.
Moreover, the results generalize those of Xuan et al. [3] to
the class of pairwise independent random variables with
heavy-tailed distributions. They can be applied to study the
convergence of weighted sums of random variables, such
as a nonparametric regression estimator widely used in
statistics and data science.
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