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Abstract — The bearing capacity and failure behavior of strip
footings on two-layered soils are examined under concentric and
eccentric loading using the Rigid Plastic Finite Element Method
(RPFEM). The soil system consists of a sand layer overlying
weak clay. A parametric study evaluates the effects of sand
thickness D, internal friction angle ¢, and clay cohesion ¢, on
ultimate capacity. Results show that increasing D significantly
improves capacity compared with untreated clay, although the
improvement becomes limited beyond a critical thickness Do.
This threshold increases with higher ¢ and decreases with larger
cu. Under eccentric loading, capacity decreases as eccentricity e
increases, and a critical value eo is identified, beyond which
failure is mainly governed by the sand layer. Based on numerical
results, design charts are developed for practical evaluation of
layered soil foundations over a wide range of D, ¢, cu, and e,
supporting engineering design and verification of shallow
foundations in layered ground conditions.

Key words — Ultimate bearing capacity; Strip footing; Two-layer
soils; Centric loading; Eccentric loading; RPFEM.

1. Introduction

The ultimate bearing capacity of strip footings is
traditionally estimated using classical solutions developed
for homogeneous ground conditions [1]. In reality, natural
deposits are typically stratified, reflecting complex
geological formation processes rather than ideal uniformity
[2]. This discrepancy is particularly important for shallow
foundations constructed on soft clay, where inadequate
bearing capacity is frequently encountered. To address this
limitation, various ground improvement methods have
been proposed. Among them, replacing a portion of the
upper soft clay with granular material is considered an
efficient and cost-effective technique. Such treatment
results in a layered system, where a sand layer overlies a
relatively weak clay deposit of considerable thickness.

Previous investigations, including limit analysis [3—7]
and laboratory testing [8—11], have demonstrated that the
performance of strip footings on sand-over-clay systems is
governed by both the thickness and strength properties of
the sand layer. Reported failure patterns vary, with some
mechanisms extending into the underlying clay [12, 13],
while others remain restricted within the sand layer [14,
15]. However, the transition between these modes has not
been clearly defined in terms of a threshold thickness.
Moreover, the quantitative role of the sand internal friction
angle remains insufficiently addressed. In addition, most

existing studies consider only centrally applied loads,
leaving the effect of load eccentricity on layered
foundations inadequately explored.

This study examines the bearing capacity and failure
characteristics of strip footings placed on a sand layer over
weak clay using the Rigid Plastic Finite Element Method
(RPFEM). This approach has been widely utilized in
ultimate limit state analyses in geotechnical engineering
[16—18], showing strong reliability in estimating collapse
loads and associated failure patterns [19-21]. The main
objective is to clarify the governing mechanisms and
quantify the effects of key controlling parameters in
layered soil systems. The influence of sand layer thickness,
internal friction angle, and load eccentricity is
systematically explored.

The findings reveal a critical sand thickness, beyond
which failure is confined within the sand layer and the
contribution of the underlying clay becomes negligible.
The internal friction angle of sand is identified as the
primary factor governing improvement in bearing capacity.
Furthermore, the effect of load eccentricity is clarified, and
a threshold eccentricity is determined at which the failure
mechanism resembles that of a homogeneous sandy
foundation. Based on these results, design charts from
RPFEM are proposed to facilitate practical foundation
design on improved layered soils.

2. RPFEM-based analysis of bearing capacity in strip
footings

2.1. Soil constitutive model in rigid—plastic analysis

The Tamura et al. [17] rigid—plastic model with a
Drucker—Prager yield function is adopted.

flo)=al +J, -b=0 (1)

where, /; is the first invariant of the stress tensor oy, given
by I;=tr( 5;), with tensile stress taken as positive. The second
invariant of the deviatoric stress tensor is defined as

1
J, —Esl,js‘.j. The parameters a and b denote the material
constants determined from the soil cohesion (¢) and
internal friction angle (¢) under plane strain conditions.
The strain rate ¢ follows rigid—plastic behavior and satisfies
the volumetric constraint related to soil dilatancy.
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The volumetric and deviatoric strain rates are
represented by £, and e, respectively. The parameter 7

h(é)=¢ - é=é -ne=0 @)

introduced in Eq. (2). The volumetric constraint parameter
n does not introduce non-associated behavior. Instead, it
controls the admissible relationship between volumetric
and deviatoric plastic strain rates within the associated
framework. For sand, # governs the dilatancy implied by
normality, while for undrained clay it enforces plastic
incompressibility. Since collapse load depends on the
kinematically admissible plastic flow field, # directly
influences the predicted ultimate bearing capacity.

The constitutive formulation proposed by Hoshina et al.
[23] incorporates strain-rate effects through a penalty-
based approach. Within this framework, the stress—strain
rate relation is derived in conjunction with the Drucker—
Prager yield criterion and can be written as:

LE:'FK(E}_-}’]é)[I-S—aE:J (3)
Ba*+05 é ! Ba*+05 ¢

where I denotes the unit tensor, and x is the penalty
parameter. When implemented within a finite element
framework, this formulation is consistent with the upper
bound theorem in plasticity and corresponds to the
RPFEM. A notable feature is that stress evaluation does not
require the elastic modulus. For clayey soils, the model can
be applied by adopting a Tresca-type yield condition
instead of the Drucker—Prager criterion. Under this
assumption, the formulation remains applicable to
problems involving collapse behavior at the ultimate limit
state. Further details regarding rigid body motion can be
found in [24-26].

o=

3. Bearing capacity of strip footings under centric
loading on sand over clay

3.1. Effect of sand layer thickness on strip footing
bearing capacity

The influence of sand layer thickness on the ultimate
bearing capacity of a strip footing in a layered soil system
is investigated. The model consists of a sand layer, defined
by its friction angle ¢ and unit weight vy, placed above a soft
clay layer with undrained shear strength c,. This type of
ground profile is frequently observed in practice, where
sand replacement is adopted to improve the performance of
shallow foundations constructed on weak clay deposits.

e |V
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b sy 4

Sand layer (¢, )

Clay layer (c )

A A

Figure 1. Boundary condition of strip footing on
two-layers using RPFEM

The numerical model of the strip footing adopted in this
study is illustrated in Figure 1. The analysis was carried out
using RPFEM under plane strain conditions. The footing,
with width B, is located at the surface of the sand layer. The
sand thickness is represented by D, while the underlying
clay layer is treated as sufficiently deep to avoid any
influence of the lower boundary on the failure mechanism.
In addition, the computational domain is chosen large
enough to reduce boundary effects on the predicted
response.

In the numerical analysis, the soil domain is modeled
using rigid—plastic finite elements. The base of the model
is constrained in both horizontal and vertical directions,
whereas the side boundaries are restricted horizontally but
remain free vertically. The load eccentricity e is defined as
the horizontal offset between the line of action of the
vertical load 7 and the footing centerline. To better
represent stress concentration and the associated failure
pattern beneath the footing, mesh refinement is applied in
the vicinity of the footing base, while a coarser
discretization is used away from this region to reduce
computational cost. The ultimate bearing capacity is
denoted by V. For comparison, V¢ max and Vs max correspond
to the capacities of footings placed directly on clay and on
homogeneous sand, respectively, and are used as reference
values to quantify the improvement due to the sand layer.
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Figure 2. Effect of sand thickness D on strip footing
performance in a sand—clay layered system (sand of ¢=30°)

The variation of the normalized bearing capacity ratio
V/V.max With undrained shear strength ¢, (0.125-0.5yB) is
shown in Figure 2. The ratio V/V.max represents the
improvement in ultimate bearing capacity achieved by
introducing a sand layer above the clay deposit. The results
indicate that lower values of ¢, lead to higher values of
V/Vemax, demonstrating that the improvement effect of the
sand layer becomes more significant when the underlying
clay is weaker. As the sand layer thickness D increases, the
ratio V/Vemax increases rapidly for small values of D and
gradually approaches a constant value at a critical sand
layer thickness D,. The critical thickness depends on the
undrained shear strength of the clay layer. Specifically, the
present analysis indicates that D,=2.5B for ¢,=0.125yB,
Dy=2.25B for ¢,=0.25yB, and D,=1.75B for c,=0.5yB.
When the sand layer thickness exceeds this critical value,
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further increases in D have only a negligible influence on
the ultimate bearing capacity.

This behavior reflects a progressive change in the
governing failure mechanism as the sand layer thickness
varies. For relatively small values of sand thickness
(D<D,), the failure surface initiates beneath the footing and
propagates through the sand layer into the underlying weak
clay. In this regime, the response of the system is strongly
influenced by the undrained shear strength of the clay,
since a significant portion of the failure zone develops
within the weaker material. As the thickness of the sand
layer increases, the contribution of the sand to the overall
shear resistance becomes more pronounced. The failure
zone gradually shifts upward, and the extent of penetration
into the clay layer decreases. This transition indicates a
redistribution of stresses, where the stronger sand layer
increasingly governs the load transfer mechanism. When
D>D,, the failure mechanism becomes fully confined
within the sand layer and no longer extends into the
underlying clay. As a result, the ultimate bearing capacity
is mainly controlled by the shear strength of the sand layer,
while the contribution of the underlying clay becomes
negligible.

St

Clay layer (c,=0.5yB)

a) Sand layer thickness H=0.5B (V=1329,2 kN/m)

Sand layer (6=30") i

Clay layer (¢ =0.5yB)
b) Sand layer thickness H=1.0B (V=2011,5 kN/m)
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Sand layer (¢=30")
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¢) Sand layer thickness H=2.0B (V=3793,4 kN/m)
Figure 3. Variation of failure mechanisms with sand thickness
for a centric-loaded strip footing on sand over clay.
Figure 3 further illustrates the failure mechanisms of
the strip footing for sand layer thicknesses D=0.58, 1.0B,
and 2.0B, considering a sand layer with ¢=300 overlying a
clay layer with ¢,=0.5yB. The results indicate that the

failure pattern is strongly influenced by the sand layer
thickness. For a thin sand layer (D=0.5B), the failure
surface penetrates deeply into the clay layer, indicating that
a large portion of plastic energy dissipation occurs within
the underlying clay. When the thickness increases to
D=1.0B, the failure zone expands within the sand layer but
still interacts with the clay, and the plastic dissipation is
shared by both soil layers. For a larger thickness (D=2.0B),
the failure mechanism becomes fully confined within the
sand layer, where most of the plastic energy is dissipated
in the stronger granular material, while the contribution of
the clay layer becomes negligible. These results indicate
that increasing the sand layer thickness modifies both the
geometry of the failure surface and the distribution of
plastic dissipation, which explains the significant
improvement in ultimate bearing capacity observed in the
RPFEM analysis.

3.2. Effect of soil shear strength parameters (¢ and c.) on
strip footing bearing capacity

Replacing the upper portion of a weak soil deposit with
a granular layer is a common method to improve the
performance of shallow foundations [10]. This study
focuses on the effect of the internal friction angle (¢) of the
sand layer on the bearing capacity of strip footings. An
increase in ¢ enhances the shear resistance of the sand,
leading to higher bearing capacity. The underlying clay is
considered weak to highlight the contribution of the sand
layer.

The RPFEM results presented in Figure 4 describe how
the normalized capacity ratio V/Vcmax varies with the
thickness ratio D/B under different combinations of sand
friction angle (¢=30°, 35°, and 40°) and clay strengths. A
clear trend can be observed in which increasing ¢ leads to
a substantial enhancement in bearing capacity. This is
attributed to the improved shear strength of the sand layer,
which allows a larger portion of the applied load to be
resisted within the granular material. Consequently, the
load transferred to the underlying clay is reduced, and the
tendency for deeper failure surfaces is suppressed. The
beneficial effect of the sand layer becomes increasingly
significant as sand thickness D increases.

The results also show that the critical sand layer
thickness D,, beyond which further increases in D/B
produce only marginal improvement in bearing capacity,
increases with increasing friction angle. As observed in
Figure 5, D, is approximately in the range of 1.0-2.0B for
$=30°, about 1.5-3.0B8 for ¢$=35°, and may reach up to
around 4.0B for $=40°, depending on the cohesion ¢, of the
clay layer. This trend indicates that increasing the friction
angle enhances the ability of the sand layer to distribute
stresses more effectively, leading to a more extensive
failure zone within the sand. As a result, a greater sand
thickness is required to reduce the effect of the underlying
weak clay.

The failure mechanisms obtained from the RPFEM
analysis are illustrated in Figure 5 for sand friction angles
of $=35° and 40°. As ¢ increases, the extent of the failure
zone beneath the footing expands both laterally and
vertically, indicating an enhanced ability of the sand layer
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to mobilize shear strength and distribute the applied load
over a larger volume of soil. This effect results in an
increase in load-carrying capacity, from /=2458 kN/m for
$=35° to V=2856 kN/m for $=40°. Overall, the results
highlight the significant influence of the sand strength
parameter ¢ on improving the performance of strip footings
over weak clay.
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Figure 4. RPFEM-based design chart for the influence of soil
shear strength parameters (¢ and c,) of two-layered soil on the
ultimate bearing capacity of strip footings.
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Figure 5. Failure mechanisms of a strip footing over sand-clay
layers with increasing sand friction angle (¢=35°—40°).
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4. Bearing capacity of strip footings under eccentric
loading on sand over clay

To investigate how eccentric loading influences the
bearing capacity of strip footings, Figure 6 presents the
relationship between the bearing capacity ratio V/Vsmax and
the eccentricity ratio e/B for sand friction angles ranging
from ¢=30c to 400 at D/B=1.0. In the case of a
homogeneous sand layer, V/V;max decreases in a nonlinear
manner as the eccentricity ratio increases. This reduction is
attributed to the effective narrowing of the footing width
and the formation of stress concentrations near the edge of
the footing under off-center loading. The computed results
for single-layer sand show good agreement with the
predictions reported by Meyerhof [27].

A different trend is observed for the sand-over-clay
system presented in Figure 6. The normalized bearing
capacity ratio V/Vsmax shows an approximately linear
decrease with increasing eccentricity ratio e/B, even at
relatively low eccentricities. This behavior indicates that
both the sand layer and the underlying clay layer
participate in the failure mechanism and contribute to load
resistance. However, as the eccentricity increases to a
certain level, the normalized bearing capacity of the
layered system approaches that of a uniform sand deposit.
For c.=1.0yB, the critical eccentricity ratio e, is about 0.18
for =300, 0.2B for $=35¢, and 0.33 B for ¢=400. When this
limit is exceeded, the bearing response becomes
comparable to that of single-layer sand, suggesting that the
failure zone is largely restricted to the sand layer, while the
contribution from the clay layer becomes negligible.

The results indicate a gradual change in the dominant
failure mechaism as the load eccentricity increases. For
small eccentricities, the stress beneath the footing is
distributed in a relatively uniform manner, enabling both
the sand layer and the underlying clay to contribute to load
resistance. With increasing eccentricity, stresses tend to
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concentrate toward the loaded side of the footing, and the
deformation zone progressively develops within the upper
sand layer. Once the eccentricity exceeds a critical
threshold e,, the shear zone is largely restricted to the sand
layer, and the influence of the clay layer becomes
negligible. Under this condition, the layered soil system
responds similarly to a single-layer sand deposit.
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Figure 7. Failure mechanisms of an eccentric-loaded footing on
sand ¢=30° over clay cu=0.5yB

Figure 7 demonstrates the change in failure
characteristics as the load eccentricity increases. The
computed deformation fields beneath the strip footing are
presented for various values of e/B, where a sand layer with
$=300 overlies a clay layer defined by ¢,=0.5yB at D/B=1.0.
For a small eccentricity (e=0.1B), the failure region develops
across both soil layers, suggesting that the bearing response
is controlled by the interaction between the sand and the
underlying clay. With increasing eccentricity, the stress field
shifts toward the loaded side, leading to a more localized
deformation zone within the upper sand layer. At a higher
eccentricity (e=0.3B), the failure region is predominantly
contained within the sand layer, and the contribution from
the clay layer becomes insignificant. This shift in behavior
is associated with a pronounced decrease in the ultimate
bearing capacity, from F=1874kN/m at e=0.1B to
V=816 kN/m at e=0.3B. The reduction can be explained by
the combined effect of a smaller effective load-transfer
width and the increasing concentration of stresses near the
loaded edge under eccentric loading.

Overall, The RPFEM analysis demonstrates that load
eccentricity has a significant influence on both the bearing
capacity and the associated failure behavior of strip footings
on layered soils. In particular, increasing eccentricity not
only leads to a reduction in bearing capacity but also
modifies the governing failure pattern of strip footings.
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5. Conclusion
The main findings are summarized as follows:

(1) The ultimate bearing capacity of strip footings
resting on sand-over-clay systems increases significantly
with increasing sand layer thickness. However, this
increase becomes negligible beyond a critical sand
thickness D,, which depends on the undrained shear
strength of the underlying clay. The present RPFEM results
indicate that D, is approximately 2.5B, 2.25B, and 1.75B
for ¢,=0.125yB, 0.25yB, and 0.5yB with ¢=30°,
respectively, for which RPFEM-based design charts are
provided to facilitate practical design.

(2) The improvement in bearing capacity is governed
primarily by the internal friction angle ¢ of the sand layer.
Higher friction angles lead to significantly larger increases
in bearing capacity, indicating that the sand layer becomes
the dominant load-resisting medium once the sand
thickness exceeds the critical value.

(3) Under eccentric loading, the ultimate bearing
capacity decreases with increasing eccentricity due to the
reduction in effective footing width and stress
concentration near the loaded edge. A critical eccentricity
e, 1s identified, beyond which the bearing capacity of the
sand—clay system converges to that of a homogeneous
sandy soil, and the corresponding RPFEM-based design
charts are also provided for engineering applications.

(4) The RPFEM simulations clearly reveal the
transition of failure mechanisms in layered soils. For small
sand thicknesses or small eccentricities, the failure zone
extends into both the sand and clay layers, and the bearing
capacity is controlled by the combined resistance of the
two layers. As the sand thickness increases or the
eccentricity becomes larger, the failure mechanism
progressively shifts upward and eventually develops
entirely within the sand layer.

Overall, the RPFEM results clearly capture the effects
of soil layering, sand shear strength, and load eccentricity
on bearing capacity and failure mechanisms. The findings
provide useful and practical guidance for the design of strip
footings on layered soils improved by sand replacement.
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