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Tém tit - Lép ham didu hoa duéi 1a 16p ham rong hon 16p ham
lién tuc va do d6 c6 nhidu img dung trong toan hoc va trong cic
linh vye khac. Céc dai luong trung binh 13 yéu t§ quan trong khi
nghién ctru cac 16p ham khac nhau. Déi v6i 16p ham 151, c6 nhiéu
tinh chét cua céc dai luong trung binh dugc chirng minh dua trén
céc cong cu cuia giai tich 16i [1]. Muc dich chinh ciia bai bao nay
1a sir dung cac cong cu cua giai tich phirc mot bién dé nghién ctru
tinh chét hoi tu cia cac dai luong trung binh tich phan cta ham
diéu hoa dudi. Két qua thu dwoc chi ra rang téc do hoi tu cua cac
dai lugng trung binh tich phan cua ham diéu hoa dudi bang tbc
d6 hoi tu ciia ham log r khi r tién t&i 0.

Tir khéa - Ham bién phirc; ham diéu hoa duéi; trung binh tich
phén; hoi tu

1. Gioi thi¢u

Ham diéu hoa duéi 1a ddi twong nghién ciru chinh cua
1y thuyét thé vi. Rat nhiéu két qua quan trong vé 16p ham
nay da dugc thiét 1ap vao nira sau ctia thé ki thir XX (xem
[2] - [5]). Pay 1a 16p ham v&i ndi ham rat yéu 1a chi yéu
cau tinh nira lién tuc trén va kha tich dia phuong. Vi vy,
day 1a 16p ham rong va phu hop voi nhiéu mé hinh trong
cac linh vyc khac nhu 1y thuyét tdi wu, hé dong lyc.

Trong tai lidu [1], ta d& biét t&i cac tinh cht cta cua cac
dai luong trung binh tich phan ddi vai 16p ham 16i. Day 1a
16p ham quan trong trong gidi tich ndi chung va giai tich
16i no6i riéng. Lop ham nay co tinh chét rat phong phii nén
viée g dung dé nghién ciru cac tinh chét cia cac dai
lwong trung binh tich phén 1a rit thuan loi. Him diéu hoa
dudi trén R™ dugc trinh bay trong [2]. Mot s6 tinh chat ctia
c4c dai lwong trung binh tich phan cia ham didu hoa duéi
n bién thuc da dugce chiing minh dya trén cong cu cia giai
tich thuc nhiéu bién.

Trong [2], tac gia da chi ra tinh 15i cua cac dai luong
trung binh theo ham logarit (Pinh 1y 3.5.6 [2]). O day,
chung t61 s€ xem xét cac dai luong trung binh ctia ham
diéu hoa duéi trén C va so sanh toc do hoi tu cua cac dai
luong trung binh v&i ham logarit. Cac cong cu chinh dugc
sir dung dé nghién ctru & ddy 1a cac tinh chét cia ham diéu
hoa dudi trén mit phiang phtrc va cac cong cu clia giai tich
phirc mot bién nhu cong thire tich phan Cauchy (xem [3]).
Két qua chinh cta bai bao 1a Dinh 1y 3.4. O d6 chung ta
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s€ théy ré“lng tdc do hoi tu cua cac dai lugng trung binh
tich phan ciia ham diéu hoa dudi thip hon hoic bang toc
d6 hoi tu ciia ham logr khi r tién t6i 0. Cu thé, két qua
chira réng hé sb chin tiém cén 1a khdi luong ciia mot do
do Radon tai diém 0.

2. Kién thirc chuén bi
2.1. Trong bai bao nay ta s& dung ki hiéu logr dé chi
l6garit cosO e cuar.
2.2. Pia tim a ban kinh r trong mat phang phirc
Ala,r)={z€eC|z—a| <r}

_ 2.3.Ham didu hoa dudi: Cho U < Cla mot tap mo, ham
s0 u: U — R duoc goi 1a ham (’iiéU; hoa dudi néu u 1a ham
ntra lién tyc trén va thoa man bat dang thirc trung binh dudi
dia phuong, tirc 1a véi moi w € U ton tai p > 0 sao cho

1 (%" .
uw) < —j u(w +ret)dt ,(0 <7 < p).
2m ),

Ham u duoc goi 1a ham diéu hoa trén trén U néu —u 1a
ham di€u hoa dudi trén U.

2.4. Céc dai lugng trung binh tich phan: Ta nhéc lai mot
s0 dai luong trung binh quan trong cua ham di€u hoa dudi.
Cho u la ham dieu hoa dudi trén dia A(0,p) va 0<r<p.

- Gia tri 16n nhat trén dudng tron
M (r) =supu(z).

|z|=r
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- Gia tri trung binh trén duong tron
1 2z )
C,(r)=— | u(re)ds.
()= j (re")
- Gia tri trung binh trén dia
1
B,(r)=— j u(z)dA(2).
7y’ Jled<r

2.5. B do Dirac: Do do Dirac trén C tai diém z duoc
ki hiéu va xac dinh nhu sau: véi A < C

1,z€e A
8,(4) = {0 7€ A

2.6 Cho p 1a mét do do Borel hitu han vdi gia compact
trén C. Ta goi the vi cta p 1a ham p,: C — [—o0, +00) xdc
dinh bdi

pu@ = | loglz ~ tlau(, ¢z € ©)
C
Boi B6 dé4.2.2[2], thé vi p, 1a ham diéu hoa dudi trén C.

3. Két qua chinh
B6 dé 3.1. Cho ¢ € Cva r >0 . Khi do, ta co

logiel  pgy  r<lc]
logr  néu r>[C]
Chitng minh.

Truwong hep 1: Vé6i r </ ¢ |.
Xétham u(z)=log|z—-¢|.

Ta cO, ham u 1a diéu hoa trén dia

A(O r+|§|j
b 2 b

va & nam ngoai dia nay. Ap dung tinh chét gia tri trung

binh ctia ham diéu hoa tai z=0 ta co
1F
u(0) =~ '([ u(re')dt -
Hay
L Trog re ¢ i =tog ¢ .
27
Trudng hep 2: V6i 7 >| £ |: Dat
1 (2" .
o (7) = %fo log | re't —t|dt.
Khi d6 ¢,(0) =logr . Co thé viét
1 (2"1 . .
o (7) = %fo Elog[(re“ —1)(re " —7)]dt.
Ap dung cong thuc tich phan Cauchy, ta co
2 ) =
Suyra ¢, = const trén A(0,r).Do ¢, (0)=logr,nén
@, (&) =logr véimoi | |<7.

dor
3y (=0

Truong hop 3: Véi » =|  |:Khi d6, ta dinh nghia

1 2z ) 1 27 ) )
— [log|re" —¢ | dt =— [ log|re" —re” |at
27y 27y

Theo chirng minh & céc truong hop trén, ta cod

1 . ,
— .[ log | re" —re | dt
27 ops
=lim—— | log|r'e" —re”|di=logr.
r—or 7[
i-Blze

2
Vay ij1og|re”—gutzlogr:10g|§|.
27y

B6 dé 3.2. Gid st U la do do Borel hitu han trén
A,1), O0<r<1val>e&>0.Khidd, tacé

I max(log r,log|a|)d 11(@)

A0,1)
<[log 7|( 1(A0,7%)) + £u(A(0,1))).

Hon nita, néu ,u({O}) =0 thi

1 2 .
— | p,(re")dt
2 '([ g

1
logr

1 2z . )
(E‘!pﬂ(re )dz]—m khi 7 = 0
Chitng minh. Ap dung Fubini ta co

iz p(re")dt = i T( [ log|re" —ald (@) it

“Jaon

L
= [E ;'; log|re —a)|dtJ du(w).
Theo B6 dé 3.1 ta co
1 2 )
— | log|re" — wdt = max (logr,log|w]).
2 | loglre” —afdr = max (logr logl)
Suy ra

J max(logr,log |a)|)d (o).

A(0,1)

1 2z .
— | p,(re")dt =
2 '([ “

Dé chimg minh bat dang thirc trong b6 dé ta chia dia
don vi nhu sau

A0,1) = A0, 7 ) U{w e A1) 7 <[] <1}.
Trén tap A(0,7°) tacé |w| <r® <r,nén
max(log r,log|a)|) =logr.

Suy ra
j max(log r, log|@|)d p(w) = log r (A0, 7).

A0,r°)
Trén tap {@ e A0,1):r" <|o| <1}, tacod

log|w| > log(r*) = logr > logr-.
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Suy ra
max (log r,log|a|) = log|w| = £ log .
Vay ta co
J- max(logr, log|a)|)d,u(a)) >¢log r.,u({rg < |a)| < 1})

7 <lol<1
Do hai vé ctia bat dang thirc trén 1a 4m nén khi lay gia
tri tuy¢t doi hai vé ta co

.[ max(log r,log|@|)d u(w)| < g|logr|,u({r's <|a| <1})

e <Jal<1

< ellogr| u(A0,1)).
Két hop phan trén, ta dugc

j max(log r, log|a)d u(e)| < [log r|( (A0, 7)) + £u(A(0,1))).

A(0,1)

Do d6

<[log 7|( (A0, 7))+ £u(A(0, 1)) ).

1 2z .
— | p,(re")dt
27 -([ #

Néu 2({0})=0 thi u(A(0,))—>0 khi r —0. Chia
hai vé cho |10g r| va r >0, tasuyra
1 (17 i
log r [E '([ pu(re )dt]
Cho ¢4 0 ta nhén duoc

1 (1% , .
—p (re")d[]%o khir - 0.
S

0<lim

r—0

< &u(A(0,1)).

logr
Ta c6 két qua sau vé danh gia giira gi4 tri 16n nhét trén
duong tron va cac dai lugng gia tri trung binh cua ham diéu
hoa dudi.
Bo dé 3.3. Gia stt u 1a ham diéu hoa dudi trén dia
A0, p) va u #—oo. Khi do, ta c6
a. B,(r<C,(r)<M,(r) véimoi 0<r<p.
b. Ton tai hiang s6 C >0 sao cho
M, (r)<C,(2r)+C véi moi 0<r<§~
Chirng minh
a. + Ta chimg minh B (r)<C, ().
Vi u 12 ham diéu hoa duéi trén A(0, p), nén véi moi
z e A(0,r) ta cé bét dang thirc Poisson

u(z) < i _[02” u(re")P.(z,e")dt »

trong d6 hat nhan Poisson dugc cho bédi

2 2
; r—|z
p(ze =L
|re’ —z|
Lay tich phan Lebesgue hai vé theo z trén dia |z |< 7,
ta duoc

. u@di)< i_[oz”u(re”)( | zkrPr(z,e”)dA(z))dt

Vi J.\ | P(z,e")dA(z)=nr",

A

nen

[ A < == [ utreya
‘Zkruz Z)STtr 2730 u\re .

Chia hai vé cho 777 , tasuyra
B, (r)<C,(r)
+ Ta ching minh C,(r) <M, (7).
Vi
u(re") < ‘Sl‘,lp u(z)=M,(r) Vtel0,27],

nén khi 13y tich phan theo ¢ trén doan [0,27], ta dugc
C(r)sM,/(r).
Vaytaco B,(r)<C,(r)<M (r).
b. Khéng ché M, (r) boi C,(2r)
Cho z,sao cho |z, [=7 va u(z,))=M,(r). Vi u la
ham diéu hoa duéi nén véi moi >0 cho
A(z,,8) = A(0,2r) , ta ¢6

sao

1
u(z) < — L L M(DAR)
Chon & =7, khi d6 A(z,,r) = A(0,2r) va do do
1
2

r

M, (r)<

[ u(2)dA(z) = 4B,(2r) -

Ap dung két qua khang dinh a) cho 2r , ta dugc
M, (r)<4C,(2r).
Trong truong hop tong quat, ta c6 thé viét
M, () <C,2r)+C,
v6iC 1a hang s6 doc 1ap véir .

Sau day 1:21 Kkét qua chinh cua bai bao vé su hoi tu cia
gia tri 16n nhat trén dudng tron va cac dai lugng trung binh
cua ham dieu hoa dudi.

Pinh 1y 3.4. Gia sit u 1a ham didu hoa dudi trén
A(0,p) sao cho u(0)=—o0 va u khong dong nhit —oo.
Khi @6, ta co
M, (r) C,(r)

=lim—
0 logr

lim
0 logr

=lim B, (r) = Au({O})

>0 logr

Chimg minh: + Ta chimg minh 1, G (") _ Au({0}):
r—0 logr

Vi u 1a ham diéu hoa dudi va khong dong nhit —oo,
theo biéu dién Riesz (Dinh 1y 4.4.1 [2]), ton tai mot ham

diéu hoa h va mot d6 do Borel hitu han y#=Au sao cho

u(z)=h(z)+pu(z)
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p.(2)= J.A(O,p) log|z - a|d p(o),
véimoi zeA(0,p)\{0}.
Tir gia thiét u(0)=—co suy ra 1({0})>o.

Ta c6 thé phén tich 0 do u thanh téng hai do do,
trong d6 mot d6 do tap trung tai diém 0 va mot do do tap
trung vao phan con lai (tuc 1a d6 do cua no tai 0 bang
khong) nhu sau:

u=al{0)og v, v(fo})-o.

& do, §, 1a do do Dirac tai diém 0. Khi d6

P, (2)= ({0} tog]|+ p, (2).
Xét gia trung binh trén duong tron

1 (2= i
Cu (r)zﬂ 0 u(rEI)dt:Ch (V)+Cp# (V)

Vi h 1a ham diéu hoa nén theo dang thirc gia tri trung
binh (Dinh ly 3, trang 112 trong [3]) suy ra C, (r) = h(O).
Tu day suy ra

—Ch (r) -0
logr

Mit khac,
C,, (r)= y({O})logr+va (7).

Vi v({O}) =0 nén theo B6 dé 3.2 ta co

(r—)O).

1
logr

Do do

r—0.

G, (r) >0 ki

tim Se(r) _
0 logr

#({0}) = au({0}).

, . . B, (r)
+ Ta chitng minh }%E = Au({O}) :

Tir két qua biéu dién Riesz ctia ham u nhu trén ta c6
B, (r)=B;(r)+8B,, (r).

Vi h 1a ham diéu hoa nén ta co
B, (r)=h(0) =

Ta s& chimg minh: B, (r)= ({0})logr+0(1).

Bi(r) o khi r— 0.
logr

That vay: Xét thé nang logarithm
Py (Z ) = J.

trong d6 u 1a mot d6 do Borel hitu han. Gia tri trung binh

o) log|z - w|d u(w),

trén dia ciia ham p , dwoc cho boi

1
B = I - IA(z).
5 (1)=— LZ‘JA(M oglz ~a|du(w)dA(z)

Ap dung dinh 1y Fubini, ta dugc
B, ()= 1%, (0)du(o).

voi
D, (a)):L2 log|z—a)|dA(z).
- Y |e<r
Ta tach do do
U= ,u({O})SO +v, v({O}) =0.
Khi d6 ta co

B, (r)=#({0}) @, (0)+]@, (w)dv ()
- Véiphin @ =0 . Ta cod

@,.(0):# [ tog|z|dA(z).

|2|<r

béi sang toa do cuc, ta tinh dugc

r 2
J. log|z|dA(z) = 27r'[p logpd p = 7r’ logr — %
|z]<r 0

Do d6

CI),_(O):logr—%.

u({0H)P, (0) = u({0})logr + O(1).
- Véi phan v({0}) = 0. Xét tich phan
I1(r) = f D, (w)dv().
Ta chia mién tich phan thanh hai phan.
() Truwong hop |o|=2r. V6i |Z<r ta c6
|z — w|~|w]|, do d6
10g|z - a)| = 10g|a)| +0(1).
suy ra
D ()= log|a)| +0(1).
Vi V 1a @9 do hiru han va log|e| bi chin trén mién
|a)| >2r,nén

j @, (w)dv(w) = O(1).

wR2r
(ii) Truong hop 0<|w|<2r. Voi |z|<r va || <2r
ta cod |z—a)| <3r,nén
D, (w) <log(3r).
Do v({0}) =0, nén
V(B(0,2r)) >0 (r —0).
Vi thé
j @ (w)dv(w) < 1og(3r)v(B(0,2r)) = O(1).

lw<2r
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Téng hop céac phén trén, ta thu dugc

1
B, (r) = u({0})(logr — 5) +0() = u({0})logr + O(1)
r—>0
Vay ta cd

hmBu(r) =1imBh(r)
0 logr 0 logr

. B, ()
+ hng 1 “— = u({0}) = Au({0}).
0 logr

Ta chiing minh:
lim M, () = Au({0})
ogr

r—0 l

Theo B6 d& 3.3 ta co
B (r<C,m)<M,(r)<C,(2r)+C,
voi r da nho.
Chia cac bat ding thtrc trén cho logr vacho r =0, ta

M () . C(r)
lim——= = lim———=

suy ra: i
=0 Jogr 0 logr

= Au({0}).

Két hop cac két qua trén, ta dugc

. M,» _,. C,r)_,. B,(r
1 ut =1 ur =] U2 = A .
0 logr 50 logr 50 logr u(i0)

4. Két luan

Trong bai bao nay, nhom tac gia da chi ra dugc toc do
hoi tu cta cac dai lugng trung binh tich phan ctia ham dicu
hoa dudi thap hon hoac bang toc do hoi tu ciia ham logr
khi r tién t6i 0.
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