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Abstract - Studying algebraic varieties through linear systems of
homogeneous forms with prescribed base loci provides valuable
insights into their geometric properties and invariants. It is well
known that cubic forms in P? with six base points in general
position, define smooth cubic surfaces with 27 lines in P3. Recent
works have focused on linear systems with four or five base
points, whose images are surfaces of degree 3 or 4 in P*. In this
paper, we investigate linear systems of cubic forms defined by a
three-point subscheme of length 5 involving fat points. We
analyze the resulting configurations, including their degrees,
singular loci, and the number of lines on the associated surfaces,
thereby contributing to the classification of surfaces in P* and
clarifying the correspondence between linear systems and
varieties, with potential applications in information technology
and related engineering fields.
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1. Introduction

Throughout this paper, we work over an algebraically
closed field k. Let Z = mP; + -+ m,.P. be a zero-
dimensional subscheme supported on r distinct points in
the projective plane P? = P%, with length m = YI_, m,.
Let L, be the linear subspace of the space of homogeneous
forms of the same degree associated with Z, and let
Supp(£;) © P? be the variety defined by £,. Assuming
that dim(L;) = n, we let {F;,...,F,} be a basis of L.
Consider the rational map:

@:PA\Supp(L;) - P!

P o (F(P): ... (1.1)

E.(P)).

Let X = Im(¢) be the Zariski closure of the image of
@ in P

Lemma 1. The variety X defined in (1.1) does not
depend on the choice of a basis. Furthermore, if @ is
injective on an open subset, then X is a surface whose
degree is equal to the number of intersection points of two
generic curves in L, outside Supp(Ly).

Proof. Let {G,, ..., G, } be another basis of L,, and let
X' be the corresponding Zariski closure defined via (1.1)
with respect to this new basis. Let M € GL(n) be the
transition matrix from {Fj, ..., F,} to {Gy, ..., G,}. Then M
induces a projective automorphism of P™~! that maps X
onto X', which proves that the definition of X is
independent of the choice of a basis up to projective
equivalence.

Tém tit - Viéc nghién clru céc da tap thong qua cac hé tuyen
tinh cta cic dang thuan nhat véi tap co so cho trude c6 nhidu
loi thé trong viéc kham phé céc tinh chat va cac bat bién cia
chung. Chung ta biét rang, hé tuyén tinh cac dang béc ba trong
IP? véi sau diém & vi tri tong quat xac dinh mo§t mat bac ba tron
chura 27 dwdng thing trong P3. Gan day, nhidu két qua phan loai
da dugce thiét 1ap cho céac h¢ tuyén tinh véi bon hodc nim diém
co s&, ma da tap twong ung 1a cac mit bac 3 hoic 4 trong P*.
Trong bai bao nay, chung t6i nghién ctru cac hé tuyén tinh cac
dang béc ba x4c dinh béi mot luge do ba diém c6 d¢ dai 5 chira
cac diém boi. Chung téi phén tich béc, tap ky di va s luong cac
duong thing cta cac mit thu duge, qua dé gop phan phan loai
cc mit trong P*, v6i nhiing tiém ning Gng dung trong céng
nghé thong tin va cac linh vuc k¥ thuat lién quan.

Tw khoa - Hé tuyén tinh; da tap; diém béo; luge dd; bat bién
hinh hoc

For the second assertion, let C; and C, be two generic
forms in L£,. Their coordinates with respect to a given basis
correspond to two hyperplanes H; and H, in P" !, The
intersection points of X with H; N H, are in one-to-one
correspondence with the intersection points of C; N C, away
from Supp(L;). By definition, the number of these
intersection points constitutes the degree of the variety X.

By virtue of Lemma 1, X is called the variety
associated with L,. Studying the variety X through the
linear system L, offers significant advantages. It
facilitates not only the understanding of crucial geometric
properties-such as irreducibility, singularities, and the
complete intersection property-but also the accurate
evaluation of the dimension and degree of X.
Furthermore, it allows one to determine the number and
configuration of both its singularities and lines, alongside
other quantitative invariants of X (see [1, 2]).

It is well-known that the linear system of cubic forms
containing six points in general position corresponds to a
smooth cubic surface with 27 lines in P3 (see [3 - 8]). In
recent years, further research on linear systems of cubic
forms through six points not in general position has yielded
interesting results corresponding to singular and semi-
stable cubic surfaces ([8 - 11]). Recently, several results
have been obtained for the cases of linear systems of cubic
forms whose base loci consist of four or five distinct points
(see [12, 13]). All the corresponding varieties are surfaces
in P* endowed with explicit data regarding their degrees,
number of lines, and singular points.
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This paper extends the aforementioned results to linear
systems with a base locus consisting of exactly three
distinct points, such that the projective dimension of the
linear system remains 4. In these cases, the base locus
contains one or two fat points and maintains a total length
of 5. Specifically, we focus on investigating the following
geometric configurations:

- Three points in general position with two prescribed
tangent lines at two base points: The linear system consists
of all cubic forms passing through the three points and
tangent to given lines d;, d, at two of the designated points.
This configuration further admits five specializations when
the tangent lines pass through other base points.

- Three collinear points with two prescribed tangent
lines at two base points: The linear system consists of all
cubic forms passing through the three collinear points and
tangent to given lines d;,d, at two of the designated
points. This configuration further admits a specialization
when one of the tangent lines passes through other base
points.

- Three points in general position, one of which is a fat
point of multiplicity 3: The linear system consists of all
cubic forms passing through the three base points and
having a singular point of multiplicity 3 at one of the
designated points.

- Three collinear points, one of which is a fat point of
multiplicity 3: The linear system consists of all cubic forms
passing through the three collinear points and having a
singular point of multiplicity 3 at one of the designated
points.

2. Surfaces defined by linear systems of cubics having 3
base points of length 5

Theorem 1. Let Z = 2P, + 2P, + P; be a subscheme
in P?, where the three support points are non-collinear.
Let L be the linear system of cubic forms passing through
the points, tangent to a given line d, at P, and tangent to
another line d, at P,. Then the variety X defined by L is
a surface of degree 4 in P* having two singular points and
six lines if d; or d, does not contain any other base points.
Furthermore, there are the following specializations where
the varieties defined by L are all surfaces in P*:

1. If exactly one of d,, d, contains Ps, then the surface is
of degree four and has three singular points and three lines.

2. If both d,, d, contain P, then the surface is of degree
four and has four singular points and one line.

3. If d; contains P; for i # j € {1,2}, and d; does not
contain any other base points, then the surface is of degree
four and has two singular points and three lines.

4. If d; contains P; for i # j € {1,2}, and d; contains
P;, then the surface is of degree 4 and has three singular
points and one line.

5. If d; = d, = P, P,, then the surface X is of degree
three and decomposes into a 2-plane and a surface of

degree two with infinitely many lines; the singular locus of
the surface X consists of two projective lines.

Proof 1. Except for the special case where d; = d, =
P,P,, the support of the linear system Supp(L;) =
{P;, P,, P;}. We see that L, is a vector space of dimension
5 and the rational map ¢ defined as in (1.1) is injective at
least outside of d; U d, and the base points. Under these
specific tangential constraints, two generic cubics in L,
share exactly 4 common points outside Supp(L;), which
implies that X is a surface of degree 4 in P*.

If the line d; or d, does not contain other base points,

then the lines P;P,, P, P;, and P,P; intersect any cubic
curve in L, at one additional point. This implies that their
images yield three lines on the surface X. With the same
argument, the images of d,, d, and of the conic curve C
containing all the base points and tangent to d,d, at
Py, P, respectively, constitute three other lines on X.
Conversely, if d; or d, passes through P;, the image
collapses to a singular point on X, and hence the surface
contains fewer lines.

Without loss of generality, we can assume that
P, = (1:0:0), P, =(0:1:0), and P; = (0:0:1) in P2
with coordinates (u:v:w). Let d; = V(av + bw) and
d, =V(cu+dw) be two tangent lines at P; and P,
respectively, for some a, b, c,d € k. A direct computation
shows that a basis for the linear system L, consists of the
following five cubic forms:
fz = uw?,

fi = avu?v + bulw, f, = uvw,

fo = cuv?® + dviw, f5=vw?

where b,d # 0. Consequently, the surface X ¢ P* with
homogeneous coordinates (x:y:z:t:s) is defined by two
polynomials:

g2 = bxs — ay? — bzy.
Then X has two singular points (1:0:0:0:0) and
(0:0:0:1: 0).

We now analyze the specific degeneration cases:

g1 = cy? +dys — dzt,

1. In the first scenario, suppose that d; contains
P; = (0: 0: 1), where the corresponding surface is defined
by:

g1 =xs—y?,
where a,d # 0.

g» = —cxs — dys + dzt,

Under this geometric setting, the image of d; = P, P;
collapses to an additional singular point (0:0:1:0:0),
thereby yielding a configuration of three singular points
and three lines on the surface.

2. When both tangent lines d, and d, pass through P,
the equations defining the surface reduce to:

g2 =y? —xs.
In this case, the image of d, = P,P; collapses to

another singular point (0: 0: 0: 0: 1), which consequently
restricts the surface to containing a unique line.

g1 = zt — xs,

3. Alternatively, consider the case where d; = P;P,.
The image of d; then collapses to the singular point
(1:0: 0: 0: 0), and the surface X is defined by:

g1=-y*—ys+zt, g,=—xs+yz
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Provided that d, does not pass through any other base
points, the surface preserves two singular points and
contains three lines.

3. Under the further joint assumption that d, = P, P,
and d, contains P;, the image of d, collapses to another
singular point (0:0:0:0:1). Here, the surface X is
explicitly defined by:

g1 =—xt+y* g, =—xy+zs,
exhibiting three singular points and a unique line.

4. Finally, we address the maximal degeneration

where d; = d, = P;P,. The corresponding surface X is
defined by:

g1=yz—xs, g,=y*—xt.

As a consequence, the variety decomposes into two
components X = X; U X,, where X; = V(x,y) isa 2-plane
and X, =V(yz — xs,y? — xt,sy — zt) is a surface of
degree two. The singular locus of X consists of two
projective lines:

Li=V(x,y,z) and L,=V(x,y,t),
which intersect transversely at a single point (0: 0: 1: 0: 0) O

Theorem 2. Let Z = 2P, + 2P, + P; be a subscheme
in P2, where the support points are collinear. Let Ly be the
linear system of cubic forms passing through Py, P,, P; and
tangent to a given line d, at Py, tangent to another line d,
at P,. Then the variety X defined by L, is a surface of
degree 4 in P* with one singular point and containing two
lines if d, or d, does not contains P;.

In the case, exactly one of dy,d, passes through Ps,
then the surface has degree three and decomposes into a
2-plane and a surface of degree two with infinitely many
lines; the singular locus of the surface X consists of two
projective lines.

Proof 2. Let [ be the line connecting Py, P,, P;. If d; or
d, does not containsP; then the support of the linear system
Supp(Ly) = {Py, P,, P3}. We see that L, is a vector space
of dimension 5, and the rational map ¢ defined as in (1.1)
is injective at least outside of d; U d, and the base points.
Since two generic cubics in L, share 4 common points
outside Supp(L;), it follows that X is a surface of degree
4. The image of [ is a singular point on X.

Moreover, the lines d; and d, intersect any cubic curve
in L at on additional point. This implies that their images
yield two lines on the surface X.

Without loss of generality, we can assume that
P, = (1:0:0), P, = (0:1:0), P; = (1:1:0) in P? with
coordinates (u:v:w). Let dy =V(av+bw) and
d, =V(cu +dw) be two tangent lines at P; and P,
respectively for some a, b, c,d € k. A direct computation
shows that a basis for £, consists of the following five
cubic forms:

fi = vw?,

fo = —acu?v — bcu*w + cauv? + adv?w,

fz =uw?, f, =uvw, fs=ws.

Consequently, the surface X ¢ P* with homogeneous
coordinates (x: y: z: t: s) is defined by two polynomials:

g1 = —adx? — acxt + adys + bcz? + aczt,
g2 = —XZ + ts.

Then X has one singular point (0: 1: 0: 0: 0), that is the
image of .

Consider now the case where d; =l and d, # [. Then
each curve in L, factors into the line [ and a conic
containing P;. The support Supp(L;) =1L U {P;, P,, P;}.
Two generic forms in £, share 3 commons points outside
Supp(Ly), hence the corresponding surface X has degree
3. We can choose a basis of L for this case:

fi =vw?, f, =ulw, f3 = uw?

fo = uvw, fs = ws.

The surface X is defined by

g1 =—-ys+z% g, =—xz+ts,

and decomposes into two components X = X; U X,, where
X, =V(z,5) is a 2-plane and X, = V(—ys + z%,—xz +
st,xy — zt) is a surface of degree two. The singular locus
of X consists of two projective lines:

Li=V(x,z,s) and L,=V(y,2z5),
which intersect transversely at a single point (1: 0: 0: 0: 0). O

Theorem 3. Let Z = 3P, + P, + P; be a subscheme in
P2, where the support points are non-collinear. Let L; be
the linear system of cubic forms passing through these
points and being singular at P;. Then the variety X defined
by L is a surface in P* of degree three, which decomposes
into a 2-plane and a surface of degree two with infinitely
many lines; the singular locus of the surface X consists of
two projective lines.

Proof 3. We see that Supp(Ly) = {P;, P,, P35}, the
vector space L5 is a vector space of dimension 5, and the
rational map ¢ defined as in (1.1) is injective outside the
base points. Since two generic cubics in L, share 3
common points outside Supp(L;), it follows that X is a
surface of degree 3.

Without loss of generality, we can assume that
P, = (1:0:0), P, = (0:1:0), and P; = (0:0:1) in P?
with coordinates (u:v:w). Then the linear system L,

consists of the following five cubic forms:
fz = uvw,

fi =uv? f, =uw?,

fi =vw?,  fi =viw.

The surface X < P* with homogeneous coordinates
(x:y:z:t:s) is defined by two polynomials:

g1 =-ys+zt, g,=—xy+z>

Then the surface decomposes into two components
X=X,UX,, where X; =V(y,z) is a 2-plane and
X, =V(zt — ys,z? — xy, xt — zs) is a surface of degree
two. The singular locus of X consists of two projective
lines:

Li=V(x,y,z) and L,=V(y,zt),

which intersect transversely at a single point (0: 0: 0: 1: 0).0
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Theorem 4. Let Z = 3P, + P, + P; be a subscheme in
P2, where the support points are collinear. Let L, be the
linear system of cubic forms passing through these points
and being singular at P,. Then the variety X defined by L,
is a surface in P* of degree three, which decomposes into
a 2-plane and a surface of degree two with infinitely many
lines; the singular locus of the surface X consists of two
projective lines.

Proof 4. Let | be the line containing P;, P,, P;. Any
cubic form in L, factors into the line [ and a conic passing
through P;. We see that L, is a vector space of dimension
5 and the Supp(L;) = [ U {P;, P,, P;}; the rational map ¢
defined as in (1.1) is injective outside Supp(L). Since two
generic cubics in L, share 3 common points outside
Supp(£L;), the corresponding surface X is of degree 3 in
P*. In fact £, is the same as £ in the degeneration case
considered in Theorem 2. Therefore, the surface has degree
three and decomposes into a 2-plane and a surface of
degree two with infinitely many lines; the singular locus of
the surface X consists of two projective lines

3. Conclusion

This paper investigated the projective varieties
associated with linear systems of cubic forms in P?
passing through three distinct points under four
configurations with several degenerations. In all cases,
the corresponding varieties X are embedded as surfaces
of degree 3 or 4 in P*. By examining their underlying
linear systems, we have uncovered various profound
geometric properties of these surfaces, including their
degrees, defining equations, singularities, and the
configurations of lines they contain. These results not

only deepen the interplay between algebraic geometry
and computational algebra but also lay a solid foundation
for potential applications in information technology and
related engineering fields.
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