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Tém tat - Do thi G =(V,E) dwoc goi la db thi tach cyc néu tén
tai phan hoach V' =1 U K sao cho db thi con ctia G cam sinh
trén / 1a dd thi réng va do thi con ctia G cam sinhtrén K 1a dd
thi day dd. Khai niém dd thj tach cwc dwoc dinh nghia vao nam
1977 béi S. Foldes va P.L. Hammer. Cac d6 thj nay da va dang
dwoc nghién clru nhidu bdi vi chiing c6 lién quan cac van dé to
hop va khoa hoc may tinh nhw bai toan déng géi va xép ba 16 trong
quy hoach nguyén, ly thuyét matroid, nghién ctu ham Boolean,
giai quyét viéc xt ly song song trong cac chwong trinh may tinh va
xac dinh cong viéc trong hé phan tan,... Mét trong nhitng van dé
cht yéu trong ly thuyét db thj 1a bai toan t6 mau db thj. Bai bao nay
sé tbng quat hda cac khai niém vé td mau da dwoc nghién ciru tir
trworc, dac biét 1a xac dinh sac sd danh sach ddi véi do thi tach cuc.
T khéa - db thi tach cwc; t6 mau dinh (t6 mau); séc sb; t6 mau
danh sach dinh (t6 mau danh sach); séc s danh sach dinh (s&c s6
danh sach).

1. Pit van dé

Té} ca cac dd thi duoc noi tdi trong bai bao nay 1a nhitng
don d6 thi hiru han, v6 huong, khong c6 khuyén va khong
c6 canh bdi. Néu G 1a mot do thi, thi ¥(G) (hodc V' ) duoc
goi la tgp dinh va E(G) (hoac E) duoc goi la tdp canh. Tap
hop tit ca cac dinh 14 hang x6m cta tip con S V(G) dugc
ky hiéu 1a N,(S) (hodc N(S)). Vé&i mdidinh veV(G),
ta goi |N,;(v)| 1a bdc cua dinh v, ky higu 1a deg,; (v) (hodc
deg(v)). P thi con ciia G cam sinh trén tap U < V(G)
duogc ky hiéu 1a G[U]. Ngoai ra, mot s6 khai niém va ky
hi¢u khac dugc dinh nghia trong [1].

Do thi G=(V,E) cocip | V(G)|=n vacd | E(G)|]=0
duoc goi l1a dd thi rSng, ky hiéula O, .

Pé thi G=(,E) c6 cip |V(G)|=n va c&

| E(G) = @ dugc goi 1a db thi ddy di chp n, ky hicu
la K, .

P thi G=(V,E) dugc goi 1a do thi tach cuwe néu ton
tai mot phan hoach V' =71 UK sao cho dd thi con

G[I] 1a db thi rdng va do thi con G[K] la d0 thi day
du. Ching ta ky hiéu do thi tach cuc 1a S(/ UK, E). Khai
niém dd thi tach cuc duoc dinh nghia} dAu tién vao nam
1977 boi Foldes va Hammer [5]. Cac do thi nay da va dang
dugc nghién ciru nhicu boi vi ching ¢6 lién quan nhiu dén
cac van de ve to hop va khoa hoc may tinh nhu bai toan
dong goi va xép ba 16 trong quy hoach nguyén [3], ly thuyét
matroid [6], nghién ctru ham Boolean [10], gidi quyét viéc
Xt ly song song trong cac chuong trinh may tinh [7] va xac
dinh cong viéc trong hé phan tan [8],...

Abstract - A graph G =(V,E) is called a split graph if there
exists a partition V' =1 U K so that the subgraphs of G induced

by I and K are empty and complete respectively. The notion of
split graphs was introduced in 1977 by S. Foldes and P.L.Hammer.
These graphs have been paid much attention to because they have
connection with packing and knapsack problems, with the matroid
theory, with Boolean function, with the analysis of parallel
processes in computer programming and with the task allocation in
distributed systems,.... One of the fundamentals in graph theory is
the problem of graph colorings. In this paper, we take a look at a
relatively recent generalization of the concepts of coloring studied
so far.In particular we will determine list-chromatic number for split
graphs.
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Gia sit G 1a mot dd thi va A 1a mot sb nguyén duong.
Mot anh xa f : E(G) = {1,2,..,4} duoc goila A -6 mau (
A -coloring) ctia d6 thi G, néu v6i mdi cap dinh 1,V ké
nhau trong G ta luén c6 f(u)# f(v). S6 A nho nhat dé
dd thi G c6 A-t6 mau duoc goi 1a sdc s6 (chromatic
number) ctia d6 thi G va duoc ky hiéula y(G). Pd thi G
duoc goi 1a k-sdc néu y(G) =k .

Vén dé to mau danh sach duge dé cap dén boi R. Diestel
(xem [4]). Cho db thi G=(V,E), véi mdi dinh vel ta
cho mot danh sach cac mau S, . Néu ¢ 1a t6 mau dinh ciia
G théa mén c(v) € S, voimoi v €V thi ta goi c 1 16 mau
danh sach dinh (hay t6 mau danh sdach) tir cac danh sach
S, . Do thi G dwoc goi 1a k-16 mau danh sach (k-list-

colorable) néu véi moi ho (S, )\,-EV

thoa man |S,|=k voi
moi vel, ta ludbn c6 mot td mau dinh tr cac danh sach
S, . S6 nguyén duong k nho nhat dé d6 thi G 14 k-t6 mau
danh sach duoc goi 1a sdc s6 danh sach (list-chromatic
number) cia G, ky hiéu la ch(G) .

D& dang nhén thiy ring néu G 1a db thi A-t6 méau danh sach
thi G cling 1a d6 thi £&~t6 mau. That vay, giast G=(V,E) la
d5 thi k-t6 mau danh séch. Ta chi viéc chon §, = {1,2,....k}
voimoiveV .Tuddsuyra G la dd thi k-t6 mau. Nhu vay,
voimoi do thi G taludn cd ch(G) = y(G).

2. Noi dung nghién ciru
2.1. Mt so két qua lién quan
Trudc hét 1a cac ket qua da biet vé sac so ciia mot s
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16p db thi dic biét.
B6 dé 1 ([1]). Néu P la mét dwong khéng tam thuong
thi y(P)=2.

B6 dé 2 ([1)). Gid sir C la mét chu trinh véi

(C)|=n=3.

Khi d6

(i) Néun lé thi y(C)=3;

(i) Néu n chdn thi y(C)=2.

B dé 3 ([2]). Po thi day du K, c6

z(K,)=n.

Tiép theo 1a mot két qua vé sic s6 ctia do thi tach cuec.

Pinh Iy 4 ([9]). Gia st G =S UK, E) la dd thi tach
cuc véi |K|=n va

k = max {deg(u)|uel}.

Khi d6

(1) x(G)=n khi va chi khi k <n;

(1) y(G)=n+1 khiva chi khi k=n.
2.2. Két qud chinh

Trudc hét ta s& phat biéu va chimg minh cac két qua vé
sac s0 danh sach cua mot so 16p do thi dac biét.

Ménh dé 5. Néu P la mét dwong khong tam thuwong thi

ch(P)=2.

Chiimg minh. Gia st P =vv,..v,, n>2. Theo B6 d& 1
taco y(P)=2.Do do ch(P)>2. Bay gio ta s¢ chiing
minh ch(P)<2.

Gia su cac dinh v,,v,,...,v, lan luot c6 cac danh sach
maula §,,S, ..., saocho [, [=2 véimoi i=12,..n

. Giastt f 1atd6 mau dinh cia P thda man

f(vl)e Svl ,f(vz)e sz \{f(v1 )},...,

S(v)es, (v

Do d6, f 1a 2-t6 mau danh sach ctiaP. Suy ra
ch(P) <2 vata co diéu phai ching minh. m

Ménh dé 6. Gid sir C la mét chu trinh voi

(C)|=n=3.

Khi d6

(i) Néun 1é thi ch(C)=3;

(ii) Néu n chén thi ch(C)=2.

Chimg minh. (i) Gia s n 1é. Theo Bé dé 2 ta co
2(C)=3.Do d6 ch(C)=3. Ta s& chirng minh

ch(C)<3.

Gia su C=vyv,.v,y, va v,v,,...,v, lan lugt co6 cac

>"n

danh sach mau la SVI ,S, 5.8, sao cho =3 v&i moi

S,

i=1,2,..,n.Goi f laté mau dinh cia C théa man

f)es, . f(vm)eS \Mf()f.

f(v,k1 ) €s, \{f(v,k2 )},

S)e S M) f ()}

Khi do, rd rang f 1a 3-t6 mau danh sach cia C, hay
ch(C) <3 . Suy ra diéu phai chirng minh.

_(ii) Bay gio ta chung minh ménh dé cho truong hop n

chan.

Theo B6 dé 2 ta c6 y(C) =2, do d6 ch(C)>2 . Tacan
phai chung minh cA(C)<2.
lan lugt co cac
S
Gia st o thuéc mot trong cac tap
S,,8,, 58, . Taxét hai truong hop sau.

Gia st C=vv,..v,v, va V,,V,,...,V

> n

danh sach mau la S‘,1 ,sz ,-.»S, sao cho =2 vOi moi

V!

i=12,.,n.

Truong hop 1: a € S, véimoi i=12,...,n.

Giast S, = {a,t,} véimoii=1,2,..,n. Xétt6 mau f
cua C théa man

f(v)=a néuilé, f(v,)=1, néuichin.

Khid6 f ciing la 2-t6 mau danh séch cua C .

Trudng hop 2: Ton tai i € {2,3,...,n} sao cho a e S,
vaags, .

Khong mét tinh tong quat ta gia st « € S, vaags,
.Goi g latd maucua C thoa man

g(vl) €S, \{a},g(vz) €S, \{g(vl)},...,

g(Vn—I ) € Svn,, \{g(V,Fz )} 4 (V'l ) =a.
la 2-t6 mau danh sach cua C .

Rorang g

Nhu vay, trong ca hai truong hop ta déu chimg minh
dugc ton tai 2-t6 mau danh sach cia C , hay ch(C) <2 . Tir
d6 suy ra diéu phai chirng minh. m

Ménh @& 7. D6 thi ddy dii K, 6 ch(K,)=n.

Chimg minh. Theo B6 dé 3 ta c6 y(K,)=n. Do do

ch(K,)= n. Tatiép tyc phai chimg minh ¢ (K, )<n.
Gia sir d6 thi day du K, c6 cac dinh 1a v,,v,,...,v, va

S, ladanh sich mau cia dinh Vv, saocho |S, | =#n v&imoi

i=12,.,n.Gidsu f latd maudinh cia K, thoa man

f(v)e S, S(vy)e S, \{f(vl)},...,

F)eS, Mf(). f (1) f (v}

Khi d6 f ciing 13 n-t6 mau danh sach cua do thi K,,
do d6 ch(K,)<n.Suy radiéu phai chimg minh. m
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Cuodi cung ta s€ phat biéu va ching minh mét két qua
ve€ sac so danh sach cua d6 thi tach cuec.

Pinh Iy 8. Gia sit G=S(I UK,E) la dé thi tich cuc
vOi |K| =n vd

k = max {deg(u)|ue1}.

Khi do

(i) ch(G)=n khiva chi khi k <n;

(ii) ch(G)=n+1 khiva chi khi k = n.

Ching minh. (i) Gia sit ch(G) =n.Néuk=nthi G chira
d6 thi day dii cAp n + 1. Tir Ménh dé 7 tasuy ra ch(G) = n+1
, di€u nay trai vdi gia thiét. Vay ta phai c6 k < n.

Bay gio gia st k < n. Theo Pinh ly 4 taco y(G)=n,
do d6 ch(G) > n. Ta s& chirng minh ch(G) <n. Gia st

I ={u1,u2,...,um},
K={v,v,,.,v,}.
va S, .S, .S, .88, .8, 1an luot 14 danh sich mau
cua cac dlnh Uy Uy sy, V), V5,0V, S@0 cho
S.|=18.|=-=]s.,. =Is, |=n.

Theo Ménh d& 7, ton tai n-t6 mau danh sach g cua dd thi
G[K] v6i cac danh sach mau la S, .S, ,...,S, . Goi f la

t6 mau dinh cda G thoa man

f(v)=g(v,) véimoi i=12,...,n

f(u)eS, \g(N(u)) véimoi i=12,.,m

R& rang f 13 n-t6 mau danh sach cua d6 thi G , do d6
ch(G) < n . Suy ra diéu phai ching minh.

(i) Gia st ch(G)=n+1. Néu k < n thi theo (i) ta c6
ch(G) = n, diéu nay trai v6i gia thiét. Do d6 ta phai c6 k = n.

Gia st k = n. Khi d6 G chira d6 thi con day du cip n
+ [ nén theo Pinh 1y 4 ta ¢c6 y(G)=n+1. Suy ra
ch(G)=n+1. Ta s€ chung minh ch(G) <n+1. Gia sir

Iz{ul,uz,...,um},
K={v,v,,..v,}.
va .S, .8, ,8,.8, ... 8, lan luot 1a danh sach mau

cua cac dmh Uy, Uy sy, V), Vs .., V, S30 cho

S

Vi

=n+1.

S, |=5.. |‘: :‘|Sum |=]s,
Theo Ménh d¢ 7, ton tai (n + 1)-t6 mau danh sach g cla
dd thi G[K] v6icac danh sichmau la s, ,S, ,...,S, . Goi

f 1a t6 mau dinh cia G thdéa mén
f(v)=g(v,) véimoi i=12,..,n
f(u)e S, \g(N(u,.)) voimoi i=1,2,...m

Ro rang f 1a (n + 1)-t6 mau danh sach cta do thi G ,
do d6 ch(G) < n+1. Suy ra diéu phai chirng minh. m

3. Két luan

Trong 1y thuyét do thi, da c6 nhiéu két qua nghién ctru
vé bai toan t6 mau. Dic biét, trong [4] c6 d& cap dén bai
toan t6 mau danh sach ciia d thi (bao gdm cé t6 mau danh
sach dinh va t6 mau danh sach canh). Day c6 thé coi 1a mot
téng quat hoa cua bai toan t6 mau dd thi. Véi viée tiép can
van d¢ t6 mau danh sach dinh, bai bao da giai quyét xong
bai toan t6 mau danh sach dinh ddi v6i mot s6 16p do thi,
trong d6 néi bat 1 16p dd thi tach cyc, day la nhimg két qua
lan dAu tién dugc phat biéu va chimg minh, gop phan 1am
phong phu thém céac két qua nghién ctru vé bai toan t6 mau
noi chung va bai toan t6 mau danh sach dinh noi riéng. Tt
nhiing két qua nay, trong tuong lai hy vong sé tiép tuc co
nhitng két qua siu sic hon vé bai toan t6 mau danh sach
ndi riéng va bai toan t6 mau noi chung.

TAI LIEU THAM KHAO

[1] M. Behazad and G. Chartrand (1971), Introduction to the Theory of
graphs, Allyn and Bacon, Boston.

[2] M. Behazad and G. Chartrand and J. Cooper (1967), The coloring
numbers of complete graphs, J. London Math. Soc. 42, 226 — 228.

[3] V. Chvatal and P.L. Hammer (1977), Aggregation of inequalities in
integer programming, Ann. Discrete Math. 1, pp. 145 — 162.

[4] R. Diestel (2000), Graph Theory, Springer — Verlag, New Your.

[5] S.Foldes and P.L. Hammer (1977), Split graphs, In: Proceeding of
the Eighth Southeastern Conference on Combinatorics, Graph
Theory and Computing (Louisiana State University, Baton Rouge,
LA, 1977), Congressus Numerantium, vol. XIX, Utilitas
Mathematics, Winnipeg, Man., pp. 311 —315.

[6] S.Foldesand P.L. Hammer (1978), On a class of matroid-producing
graphs, In: Combinatorics (Proceeding of the Filth Hungarian
Colloquium, Kesrthely, 1976), vol. 1, Colloquium Mathematical
Society, Jano’s Bolyai, vol. 18, North-Holland, Amsterdam, New
York, pp. 331 - 352.

[71 P. B. Henderson and Y. Zalcstein (1977), A graph-theoretic
characterization of the PV
SIAM J. Comput. 6, 88-108.

[8] A. Hesham H. And EI-R. Hesham (1993), Task allocation in
distributed systems: a split graph model, J. Combin. Math. Combin.
Comput. 14, 15-32.

[9] Lé Xuan Hung (2014), “Sic s6, da thitc t6 mau va tinh duy nhat t6
mau cua do thi tach cuc”, Tap chi Khoa hoc va Gido duc, Truong
Dai hoc Su pham, PHDN, 13(04), 23 — 27.

[10] U. N. Peled (1975), Regular Boolean functions and their polytope,
Chapter VI, PH. D. Thesis, Univ. Of Waterloo, Dept. Combin. And
Optimization.

ek €lass of synchroniring primitive,

(BBT nhdn bai: 28/07/2016, phan bién xong: 07/09/2016)



