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TOM TAT

Quay vat thé trong khéng gian 3 chiéu (3D) la mot trong nhitng k¥ thuat quan trong trong linh vire d6 hoa
may tinh (computer graphics).Ky thuat quay 3D dwoc ung dung réng réi hién nay nhu trong x( ly anh, thiét ké vat
thé 3D, hay xay dwng phim 3D...Nhirng nghién ciru v& cach quay vat thé trudc day thucrng stv dung viéc nhan
ma tran. Mudn quay mot vat theo mét truc bat ky trong khéng gian 3 chiéu ching ta can 3 ma tran 3x3 dé xu ly.
Diéu nay ddng nghia vé&i viéc ching ta can t&i 27 tham sbé trongphép quay.Dan t&i viec d& 1am sai sb trong cac
x& ly ddi héi d6 chinh xac cao.Bai bao nay gidi thieu phwong phap st dung Geometric Algebra nham thwc hién
viéc xr Iy quay vat thé trong khéng gian 3 chiéu.Véi phwong phap s dung Geometric Algebra nay, ching ta chi
can4 tham s6.Nh& d6 gitp cho viéc x& Iy quay vat thé dwoc chinh xac va nhanh hon.Thuc nghiém ciing cho thay
két qua clia phwong phap str dung Geometric Algebra tét hon so v&i cac phuwong phap trueéc do.

Tir khoa: dd hoa may tinh; khéng gian 3 chiéu; quay; geometric algebra; quaternion; s phirc

ABSTRACT

Object rotation in 3-dimensional space (3D) is one of the most useful techniques in the field of computer
graphics. 3D object rotation is now widely used in image processing such as in designing 3D objects or 3D
construction... The conventional rotation method is using the matrix multiplication. To rotate an object around an
axis in any 3-dimensional space we need three 3x3 matrices. This means that we need 27 parameters. In this
way, it is easy to get wrong in the process of requiring high accuracy.This paper uses the Geometric Algebra to
rotate 3D objects. By using the Geometric Algebra, we only need 4 parameters. This method helps to rotate
objects exactly and quickly. Experimental results also show that the method using Geometric Algebra is better

than the conventional method.
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1. Pit van dé

Hién nay, k§ thuat dd hoa may tinh [1,2]
dugc sit dung rong rai trong nhiéu linh khac
nhau nhu xir Iy anh, thiét ké vat thé trong game
3D, hay xdy dung phim 3D. Viéc quay vat thé
trong khong gian 1a mét trong nhitng k¥ thuat co
ban va thiét yéu nhét cua linh vuc d6 hoa may
tinh. No gitip cho con ngudi co thé biét dugc
hinh dang cua vat thé trong khong gian 3D mot
cach chinh x&c thong qua man hinh may tinh.
Trong cac nghién ctru trude day, thong thuong
khi quay mdt vat quanh mot truc bét ky trong
khong gian 3D, nguoi ta xtr dung it nhat 3 ma
tran 3x3 dé thyc hién phép quay.Dicu d6 dong
nghia can phai ¢6 27 tham s6 cho mdt phép
quay.Ddi vai cac xir Iy doi hoi do chinh xac cao,
viéc ¢6 quéa nhiéu tham s hay s lugng tinh toan
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nhidu s& gdy nén sai s khong chip nhan
dugc.Nghién cuu trong bai bdo nay ap dung
Geometric algebra dé thuc hién phép quay gitip
cho viéc xu 1y quay trong khéng gian 3D c6 do
chinh x4c cao hon.

Geometric algebra (GA) hay con goi la
Clliford algebra, 1a mgt mo hinh toan hoc phat
trién tir sy két hop gitta dai s6 va hinh hoc khong
gian [3,4,5]. GA c6 thé biéu dién cac vectorhay
cac mdi lién két ciia chung trong khong gian 3D
mdt cach don gian va chinh x4c. Vi vdy GA bit
dau dugc cic nha nghién ctru trong linh vuc
cong nghé thong tin quan tm t¢i.Co rat nhidu vi
du dién hinh cho viéc 4p dung thanh cong
geometric algebra nhu la:mo hinh xu 1y tin hiéu,
xir 1y anh st dung khong gian GA nhu s6 phirc
[6,7,8] hay quaternions [9,10,11]. Ta ciing c6 thé
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théy voi su két hop GA da tao ra dugc nhitng
phuong phép hoc may hiru hi€éu nhu méd hinh
GA-valued neural network [12] hay trich chon
dac tinh tr GA [13,14].

Bai bao nay st dung phép quay trong GA
dé ap vao viéc quay vat thé 3D trong linh vuc dd
hoa méy tinh.Khi cho 2 vectorsdong gdc thé hién
tham s6 ctia mot phép quay bat ky trong khong
gian 3D, bai bao chuyén ddi 2 vectors d6 thanh 2
vectors trong khong gian GA va tim tich cta 2
vector d6 trong khong gian GA. Két qua thu
duogc s€ 1a 1 quaternion thé hién mot tham s
trong phép quay cua sir dung khong gian GA. Vi
mdi quaternion chi c¢6 4 tham sb nén so véi phép
quay st dung ma tran quay voi 3 X3 X3 =
27tham sb thi phép quay sir dung GA s& chinh
xac hon.

Bai bdo ndy gdm c6 5 phan.Phan 1 trinh
bay van dé cta bai toan trong phép quay.Phan 2
cua bai bdo gidi thiéu nhitng nghién clru trudc
day lién quan phép quay trong khong gian. Phan
3 trinh bay phuong phap quay sir dung GA. Phan
4 trinh bay dong gop chinh cua bai bao do la
thuc nghiém dé chimg minh sy wu viét cia
phuong phap st dung GA so véi phuong phap
quay st dung ma tran. Phan 5 két luan ndi dung
va két qua dat duoc.

2. Phwong phap quay trong khdng gian

Phuong phap quay trong khong gian la
mot trong nhitng phép bién hinh quan trong
trong d6 hoa may tinh. Cé rat nhiéu phép bién
hinh nhu 1a: tinh tién, phong to, thu nhd, quay,
phan xa, lam nghién (skew)...Tuy nhién phan
nay trong bai bao chi chu trong phan tich phép
quay trong khong gian 2 chiéu (2D) va 3 chiéu
(3D).
2.1. Quay trong khong gian 2D

Khi quay diém X = (x,y)nguoc chiéu
kim déng ho mét goc 6 quanh diém goc O =
(0,0) ta duoc két qua 1a Y = (x', y")théa man
coOng thtrc sau:

x' =xcosf —ysinb,

{’= inf + ycos@. )

y' = xsin y

O day, gia su ta biéu dién diém X dudi
dang vector X = [;], thi phép quay c6 thé duoc

biéu dién dudi dang tich cia mot ma tran va mét
vector nhu sau:

x' cos @
Y = | = .

[y ] [sm 0
D& dang thay dugc trong khong gian 2D

thi ta can 2 x 2 = 4tham s6 (phan tr) ciia ma
tran va 4 phép nhan dé thuc hién phép quay.

—sin 9] [;] @)

cos 6

2.2. Quay trong khong gian 3D

Phép quay bat ky trong khong gian 3D
chinh 1a sy két hop 3 cach quay theo 3 truc OX,
Oy, Oz trong khdng gian Oxyz. Ciing nhu viéc
quay trong khdng gian 2D, cac phép quay trén
cac truc trong khong gian 3D dugc biéu dién
dudi dang tich cia mft ma trdn va mot vector
nhu sau:

Quay quanh truc Ox mot géc a:

!

X 1 0 0 X
y'|=10 cosa —sin a] [y]
z' 0 sina cosa
= R, (a)X. 3)
Quay quanh truc Oy mot gécg:
cos [)’ 0 —sinf]rx
AR KO
sinf 0 cosf 1lz
=R, (BX. (4)

Quay quanh truc Oz mét gocy:

x' cosy siny 0]rx

y’] =|—siny cosy O] [y]

z' 0 0 11tz
=R,(NX. ®)

Nhu vay, dé quay mot goc bat ki trong
khong gian 3D, ta c6 thé biéu dién dudi dang
tich cua 3 ma tran va 1 vector nhu sau:

x' X
= Ry ()R, (BIR,(¥) M (6)

! Z

z

Ta c6 thé thay duoc rang trong khong gian
3D, ta cdn 3 X 3 x 3 = 27 tham s6 (phan tir) cta
ma tran dé thyc hién phép quay.

3. Phwong phap quay si dung Geometric
algerbra

3.1. Geometric algerbra
Geometric algebra (GA) hay con goi la
Clliford algebra, 1a mot mo hinh toan hoc phat
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trién tir su két hop giira dai s6 va hinh hoc khong
gian [3,4,5]. GA c6 thé biéu dién cac vector hay
cac mbi lién két cua ching trong khéng gian 3D
Mot cach don gidn va chinh xac. GA dinh nghia
khong gian bang cach dinh nghia tich ciiap + g
co SO truc giao 0=
{el,---,ep,ep+1,---,ep+q}tr0ng khong gian nhu
sau:

1 i=jef{1,-,p}
eeg=1 -1 i=je{p+1l,-,p+tq}
-eje; L#]j

()
Bai bao nay biéu dién khong gian duoc
dinh nghia boi O la G, ;. Nhu vay khong gian
thuc m chidu R™ c6 thé dugc biéu dién boi Gy o
trong md hinh GA.
Tt dinh nghia ciia GA, ta c6 tich hinh hoc

(geometric product) cua 2 vectors {a; =
Zﬁl a;e;; l = 1,2}tr0ng R™Mla:
m
a,a; = Z aqiAz;
i=1
m-—1 m
+ z (ay;az; — azia;j)e;e;
i=1 j=i+1
=a1'a2+a1/\a2 (8)

Tai day, a, -a, = 2/, a,;a,; la ndi tich
(inner product) hay con goi
huéng.a, A a, = —a, A a;langoai tich (outer
product) cua 2 vectora, va a,. Cha y, ngoai tich
O day khac voi tich c¢6 hudng (cross product)
trong mo hinh dai sé tuyén tinh. Tir cong thic
trén, ta thay tich hinh hoc ciia 2 vector trong
khong gian chinh 1a tong ciia ndi tich va ngoai
tich.

la tich vo

3.2. Phép phdn xq dnh trong geometric algebra
Xét bai toan tim anh phan xa cua mot
vector aqua mot (siéu) mat phang ((hyper)
plane) chira toa do goc va co phap tuyén la mot
vector m(lm|? = 1).Hinh 1 thé hién bai toan da
datra. Goi a,, ava a’lan luot 12 hinh chiéu cua
a 1én mat phang, hinh chiéu cua cua a 1én vector
mva anh phan xa cia aqua mit phing, ta co:
a=a, +a 9)
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a=a, —a (10)

Hinh 1. Phdn xa mét vector qua mot mdtphcfng
Mt khéc, ta coa la hinh chiéu cua cua a
Ién vector m nén:

Suy ra,
a =a—(a-mm (12)

=(am—-—a-mm=_(aAm)m
Tir d6 ta c6 két qua ciia phép phan xa anh
nhu sau:
a=a, —a
=(anmm- (a-m)m
=—(mAa+a-mm
= —mam (13)

3.3. Phép quay trong geometric algebra

Quay mdt vector theo mét truc quay bét
ky trong khéng gian chinh Ia viéc phan xa vector
d6 qua 2 mat phang trong khdng gian. Hinh 2
trinh bay viéc quay vector a qua 2 mit phang c6
vector phap tuyén lan Iuot 13 m van. Trong dé
a’ 1a phan xa cia a qua mit phang co vector
phap tuyén m,a’”’la két qua cua phép quay va
cling 12 phan xa cua a’qua miat phang c6 vector
phap tuyén n. Dya vao cong thic tinh phan xa
trong md hinh toan hoc GA, ta c6:

!

a' = —mam,
a’' = —na'n=-n(—mam)n = nmamn
binh nghia R = nmla rotor trong phép
quay, ta co:
a’ =RaR

Trong d6 R 1a siéu sé phuc lién hop cua R.
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(L”

Hinh 2. Phép quay trong khéng gian

Nhan thiy rang R gom c6 1 tham sb thuc
(noi tich cuanvam) va 3 tham sb 4o (ngoai tich
cia nvam). Nhu vy, d6i voi phép quay trong
khong gian 3D, ta chi can 4 tham s 1a ¢ thé thuc
hién dugc. So vai viéc sir dung ma tran quay (27
tham sd) thi tiét kiém bo nhé hon nhiéu va phép
tinh ciing don gian hon. Ddi Véi truong hop dic
biét trong khéng gian 3D ta cd, Rchinh la mot
quaternion di dwoc ham sé héa trong cac cong cu
xt ly 3D nhu DirectX hay OpenGL.Tuy nhién,
phép quay trinh bay trong bai bao nay khong chi
gi6i han trong khong gian 3D ma c6 thé thyc hién
trong khong gian véi s6 chiéu bét ky.
4. Khio sat va danh gia két qua

Phén nay so sanh mirc do xir ly chinh xac
cua 2 cach quay, quay bang ma tran va quay
bang phuong phap st dung GA.Gia st ¢c6 mot
vat thé chara N dinh trong khdng gian 3D. Sau
khi thuc hién M 1an quay ngiu nhién, ta so sanh
tat chidu dai ciia cac canh tuong mg véi cac
doan thang ndi cac cdp dinh cua vat thé sau khi
quay va vét thé ban dau.Ta c6 cong thirc dé tinh
d0 sai 1éch d0 dai cta cac canh nhu sau

(0) (M) | (14)

P = ||x“) @||1a chiéu
©

N1N
Z j=i+1

N(N 1)

Trong do,

dai ctia doan thang ndi 2 dinh x(t) va x;~ cua
vat thé sau khi quay ngau nhién t lan.Va dinh

xlgt),i =1,---, N dugc tinh toan theo cong thirc

sau: xgt) = Round (Ro (xl(t_l)) ) E) (15)
O day,Round(-, E) 1a ham sb lam tron tat

ca cac thanh phan cia vec to 1iy két qua E chir
s6 sau dau phay thap phan. Ta c6 ngam thé hiéu

rang, ham Round () thé hién mic do tinh toan
chinh xac cua hé thong khi s dung phép quay.
Ro()1a ham quay c6 thé dugc tinh theo 2 cach
da gidi thiéu ¢ bai bao nay.

Bang 1 1a két qua sai léch do dai cua cac
canh tly thuoc vao M va E sau khi quay tat ca
cac dinh sb dinh cua vat thé (N = 100) bang ma
tran va quay bang GA. Biét rang cac dinh ciia
vat thé duoc khai tao ngau nhién sao cho tat ca
cac phan tir cia mot dinh bat ky nim trong
khoang [—1,1].

Bdng 1. So sanh d sai léch chiéu dai cac canh cia vdt

thé lic ban ddu va sau M lan quay theo 2 phirong phap,
quay bang ma trdn va quay bang geometric algebra.

E M Ma tran GA

9 100 5.3(+1.9) x107° 3.3(£0.16) x 107°
9 500 1.1(+0.4) x 10°8  0.7(+0.03) x 1078
7 100 5.3(+2.0)x 1077  3.3(+0.15) x 1077
7 500 1.1(+£0.4)x107® 0.7(40.04) x 10°°
5 100 4.9(+1.4)x107° 3.3(+0.15)x 1075
5 500 1.1(+0.4)x10™* 0.7(+0.03) x 10~*

Tir Bang 1 ta thiy, khi s6 ldn quay cang
16n va do tinh toan chinh xac ciia hé théng cang
thap thi mac do sai léch do dai cac canh cua ca
hai phuong phap quay déu ting. Tuy nhién so
Vv6i quay bang phuong phap ma tran thi phuong
phap GA c6 mirc do sai léch it hon.Hinh 3 13 két
qua cta mot truong hop dac biét khi M = 500
va E = 7. Ta ciing thiy dugc mic do sai léch
trong phuong phap quay GA ciing 6n dinh hon.
Piéu d6 co thé két luan duge réng st dung
phuong phap quay bang GA 1a tét hon phuong
phép su dung ma tran.

—Matran = = =GA
2,E-6 M
1,E-6
5,E-7 pa el == T
P -
O,E+O T T T T 1
1 101 201 301 401

Hinh 3. D¢ sai léch chiéu dai trong mot truong hop
khi M=500 va E=7.
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5. Két lugn

Bai bao nay da trinh bay 2 phuong phap
quay trong khoéng gian 3D la phép quay sir dung
nhén ma trdn va phép quay st dung mo hinh
toan hoc GA. Bai bao da cho thiy phép quay 3D
trong mo6 hinh GA chinh 1a phép quay sir dung
quatornion da dugc ham sé hoa trong cac cong

nhién khong gidi han vé s chiéu nhu quatornion
1a chi sir dung duge ddi voi 3 chiéu.Qua khao st
v6i viéc quay ngdu nhién mot vat thé trong
khéng gian 3D bai bao nay da két luan duoc
rﬁng viéc st dung GA dé quay vat thé s& co do
chinh x4c hon hian so v&i phuong phap quay
bang ma tran.

cu xtr ly 3D nhu DirectX hay OpenGL. Tuy
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