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TOM TAT
Nhw ching ta dwoc biét, phuong phap Mé-men [1] [2] la mét trong nhitng phuong phap dwoc st dung dé
gidi x&p Xi cac phwong trinh vi phan thuwdng phi tuyén cip 2. MAu chét ctia phwong phap nay la viéc lwa chon
cac ham co s& sao cho viéc tinh toan phai dé dang va nhan dwoc so dd sai phan co6 tinh n dinh. V6i y twéng
do, cac két qua & [4] da cho thay viéc lwa chon cac ham co s& moét cach hiéu qua da hé tro gidi bai toan bién déi
véi phwong trinh vi phan thweng tuyén tinh cip 2 tbt hon. Phat trién van dé: bai bao nay gidi thiéu cac ham co
sé& dwoc chon déc biét dbi véi cac toan tlr vi phan bac 4, nham hé tro gidi nghiém sd phwong trinh vi phan bac 4
béng phwong phap Md-men, ddng thdi, bai bao con dwa ra cac tinh chét déc biét clia ham co s& ciing nhw dw
doan céc két qua vé ham co sé dbi vdi toan t& vi phan bac cao.
Tir khoa: giai xap xi; phwong phap Mé-men; ham co sé; toan t& vi phan; bai toan bién
ABSTRACT

As far as we are concerned, the method of moments [1] [2] is one of the methods used to find approximate
solutions of second-order nonlinear ordinary differential equations. A key point of this method is the choice of the
basic functions so that it is easy to calculate and get the difference scheme which has stability. With that idea, the
results in [4] show that the effective choice of basic functions helped solve the boundary value problem for
second-order linear ordinary differential equations better. In the development of the issue, this paper introduces
the basic functions which are especifically chosen for the fourth-order differential operator so as to support the
solving of the fourth-order differential equations by the method of moments. In addition, this article presents the
special property of the basic functions as well as predict the results of basic functions for the higher-order
differential operator.

Key words: approximate solution; the method of moments; basis function; differential operator; boundary
value problem

L Bt vin a2 | L(y)=Ay(b)+Ay(D)=B. @
Phuong phdp Moé-men rat hiéu qua khi L ) »

giai cac phuong trinh vi phan thuong phi tuyén Gia sir bai toan bien (1) — (3) c6 nghiém
cip 2 va cho két qua tét hon so véi cac phuong duy nhat trén [a,b] va kha vi lién tuc dén cap 2.
phép cb dién khac. Chung ta cung tim hidu so  X€t2 héham co s

qua ‘ncf)i dung chinh cua phuong phap nay. Gia Hé 1: Hé cac ham {Wk ( x)} théa man
sUr can giai bai toan bién sau: A1

diéu kién:
F(xy.y.y")=0, @ 1y, (x)eClab], k=012...
véi diéu kién bién: 2, Cac ham w, (X) tao thanh mot hé
I, (y) = %Y(a) + aly’(a) =A, (2) déng trén [a,b].

Hé 2: Hé cac ham {g (X)} thoa man
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diéu kién:

1, ¢ (x)eCl[ab], k=012,..

2, Véi n hitu han bat ki, cac ham ¢, (X),
@, (X)), (X) doc lap tuyén tinh trén [a,b].

3, @(x) théa man diéu kién (2) (3);
o (X) théa
Ia(gok)=0, I, (9 )=0 k=12,..

4, Céc ham ¢, (X) tao thanh mot he ddy
du trong céac 16p ham thoéa mén diéu kién (2) (3)
thuge C, [a,b].

Phuong phap Mé-men tim nghiém xap xi
cua bai toan (1) — (3) dudi dang:

yn(x>=¢o<x>+§ak¢k<x), @)

Trong do, cac hang s6 a,, k =1,_n duoc
chon tir hé:

F,(X)w, (x)dx=0, k=0,n-1,
! (X)w (x) &

F,(X)=F (X, Y, Yo V0)-
Véi y tudng do, & bai bao [4], tac gia st
dung cac ham co sé dac biét dé giai phuong
trinh:

u"(x)+a(x)u’(x)+ p(x)u(x)= f (),

x<[0,1], u(0) = A, u() =B. (6)

Trén doan [0,1], ta xay dung cac nut co
khoang cach bang nhau va bang h:

l -

@ =<{X |x =ih, h=—, 1=0,2N};. (7
a)h || i 2N ( )
Cac ham co so dac biét duoc chon la:

X—X_y; Xe[Xi%],
gi(x): _(X_Xm); Xe[Xi;Xi+1],

0; X &[X4i %], ©

Phuong trinh (6) dugc giai dya vao diéu
kién (5), tac la:

g;(x)Ldx=0; i=1,N -1,

O Ly

)
L, =u"+qu + pu-—f.
va tinh chét cua cac ham co so:
1
.[gi (x)u"(x)dx =
i (10)

u(Xy)—2u(x)+u(X..),
i=LN-1 x €@,

Vay thi theo 1y thuyét phuong phéap
M6-men, cac ham ¢, (X) ¢ dau va dugc su

dung nhu thé ndo? Ban chat cua van dé ¢ cho,

1
céc tich phan '[gi (x)g(x)u’(x)dx va tich phan
0

1
[a:(x)p(x)u(x)dx khong thé tinh mot cach
0

chinh x4c nhu ¢ (10) ma phai st dung mot cong
cu khac la ndi suy ham u(x), va cong thirc noi
suy u(x) dugc xem la tuong ty nhu voi cong
thire (4), hay n6i mot cach khac, ham u(x) dugc
biéu dién tuyén tinh boi cac ham co so.

Phat trién va m& rong van dé: chung ta
muon giai cac phuong trinh vi phan bac 4 bang
phuong phap Mé-men véi cach chon dic biét
cac ham co s thi tat yéu phai xay dung cac ham
co s& dac bi€t, cac ham nay phdi c6 tinh chat
tuong tu (10), tic 1a phai dua ra dugc biéu thic
chinh xac dé biéu dién toan tr vi phan bac 4
dudi phép toan tich phén trén doan [0,1]. Cac
ket qua trong bai bao nay s€ dé cép dén van de¢
do.

2. Y tudng xdy dung ham co s& ddi véi toin
tir vi phén béc 4

Dé xap xi toan tir vi phan béc 2 thi can sir
dung t6i thiéu 3 nit X_,, X, X, nhu & (10). Cau
hoi dat ra 1a co thé sir dung 3 nat nay dé xap xi
toan ti vi phan bac cao hon dugc khong? Tra 101
cau hodi nay, dé don gian, ta xét toan tir vi phan
bac ba u’”(x). Ta thir xdy dung ham co s& co
dang tuong tu (8), tirc la:
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gi,fl(x); [ i1 |]
gi(x): gi+1(x); [X|’X|+1]’

(11)
0 Xé[ 1’ |+1]
i:1, N -1,
sao cho thoa man:
1
((x)u”(x)dx =
Ja.09u() -

=u(X_y)—2u(X)+U(X,,)-
Tich phan ting phan vé trai va so sanh
v6i cac s6 hang & vé phai (12), ta rat ra dugc cac
diéu kién dé tim ham g; (x) & (11):

9" (x) =94 (%) =0, (13)
0. (%1)=-1 974 (%)=L (4
g1 (%)=9a(%)=-2 (15)
O 1(%1)=0/1(%1)=0,  (16)
91 (X.1)=0i1(%.)=0, (17)
971 (%)=902(%), (18)
92 (%)=0i.1(%)- (19)

Tir cac diéu kién (13) — (17), ta tim duoc
két qua:

G,4(0) =5 (x=%.)",

9. (X) =5 (x=x.. )"

Tuy nhién khi thtr lai cac diéu kién (18)
(19) thi chi c6 diéu kién (18) thoa min va trong
két qua tich phan (12) s& c6 thém thira sd

(20)

—hZU"(Xi ) Nhu vay, 16 rang dé xap xi cac toan
tir vi phan bac cao (I6n hon 2) can phai sir dung
nhiéu hon 3 nat. Quay trd lai van dé chinh, can
t6i thiéu bao nhiéu nut dé xap xi toan tir vi phan
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bac 4 nhu tinh chat (10). Cau tra 10i s& 1d rang
hon néu ta 1am phép suy logic sau day. Xét bai
toan bién don gian sau:

u”(x)+ pu(x)=f(x),
p —const, x €[0,1], (21)
u(0)=A, u()=B.

Nhian ham co s& (8) v6i hai vé cua

phuong trinh (21) va tich phan trén doan [0,1],
ta dugc hé phuong trinh tuyén tinh:

QU + pAU =F, (22)

20 "’uN—l)l’ un NU(XH)
N-1

Trong d6, U =(uy,u

(n =1N —l), ma trdn Q ¢6 dang Q = {q}

i j=1
Oy =-2, g, =1 véi |i—j|=1, q;=0 vai
|i - j| >1, A la ma trin nhan duogc tir viéc tinh

xap xi tich phan I g, (x)dx, dang cua A

tuy vao cong thiic ndi suy ham u(x), s€ la ma
tran 1 duong chéo néu u(x) dugc xap xi bang
cong thuc Taylor, s€ la ma trdn 3 duong chéo
hay 5 duong chéo néu nodi suy u(x) theo cong
thirc Lagrange qua 3 nut hay 5 nut.

Bay gio xét phuong trinh vi phan thuong
tuyén tinh cAp 4 c6 dang don gian sau:

u (x)+pu(x) = (x), 23
p—const, x €[0,1].

Nhan hai vé ctia phuong trinh (23) voi
ham co s¢ cin tim gi(4) (X) va tich phan hai vé
trén doan [0,1] s€ nhan dugc:

QU + pPAU =F. (24)

O day chung ta chi quan tim dén ma tran
Q. Nhan thiy ring u = (u")" , tir do ta co thé
du doan Q = Q2 trc 1a cAn dung dén 5 nat. N6i
mot cach khac, can phai tim ham gi(“) (X) thoa

man:
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_Egi(“)(X)U(“)(X)dX =u(x,)-
—Au (1) +6u(x)—4u(x.;)+u(x.,)-

trong d0, cac hé s6 1,—4,6,—4,1 duoc suy ra tir

(25)

Q=Q? va tit nhien ham g/ (x) phai c6
dang:

(26)

Gi (X)) Xe[% %],
91 (%), xe[X1, %],
91" (0 =19, (%), xe[x.%.],
) xel

gi,+2( » XE| X1 |+2]
0, x& [ 3 %,0].
=2,N-2, X, € ®,.

3. Xay dung ham co sé& d6i véi toan tir vi
phan bac 4

Tich phan ting phan vé trai va so sanh
véi cac sO hang & vé phai (25) ta nhan dugc cac
diéu kién:

0\ (x)=0, i=2,N-2,

(27)

k=-2,-11,2,

W(x )=0i=2,N-2,
gl,k ( |+k) - (28)
ke{-22},j=02,

0 (x Y=g (x
-gl,—Z( |—l) g ( |1) (29)
i=2,N-2,j =0,2,

G (x )= gD (x
gl—l( ) g|+1( ) (30)
i=2,N-2, j—O 2,

_(j) X. — _(j) X .,
g|,+1 |+1) g|,+2&1) (31)
i=2,N-2,j=0,2,

g|'7,—2 (Xi—2 ) - 1'

gi'7+2 (Xi+2) :1’

gi'fgl (Xi ) - gi,fr—l (Xi ) =6, (32)

gilflfl (anl) - gi'fl—z (Xl—l) =—4,

g|’71+2 (X|+1) - glrt,+1 (X|+1) =—4.

T didu kién (27) ta suy ra ham g{¥ (x)

c6 dang:

3 2
9i « (x) =a, X" +b  x* +¢  x+d,,,

_ S (33)
i=2,N-2 ke{-2-112}.
Tir diéu kién (32) ta suy ra:
1 1 1 1
a._, :E;amz = _E;ai,—l = _E;a'i,+l = E (34)

Tir diéu kién (28) ta nhan duoc hé phuong
trinh tuyén tinh dé tim cac hé sd con lai cia ham

g (X)1 .2 (X) :

a -1

i,-2 6 '
6a, ,x_,+2b _, =0, (35)
3a, %, +2b % ,+¢ _, =0,
ai,—2 Xi3—2 + bi,—ZXiz—Z + Ci,—2 Xi—2 + di,—2 = O’

1

& = Y
6a, ,,%., +2b , =0, (36)

3ax+2bx+c =0,

1,42 %+2 1,+27%+2

ax+bx+cx+d =0,

1,42 %+2 1,42 %+2 i,+27N+2

Giai hai hé (35) (36) ta nhan duogc:

6.2 ()=20cx.)' i-2N2 @)

9i2(X)=

Str dung diéu kién (29) ta s& tim duogc
h3

AR

)= h, tirc 1a ta s€ nhan

é(x X,,) »i=2,N-2. (38)

ham g; ,(X) véi cac gid tri g, , (X

hz n
gi,,-z (Xi—l) = ? 1 Gio (Xifl
dugc hé phuong trinh tuyén tinh dé tim cac hé

s0 con lai ciia ham g -1(X) :
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1
a4 Z_E!

6a, X, +2b _, =h,

2 39
3a, X0y + 20 X, Gy = h?, (39)

3
3 2
& X, th X, +6 % +d = ra

Giai h¢ (39) ta nhan dugc:

9, (x)= —%(x—xil)3 +2(X—Xi1)2 +
(40)

Tuong tu, st dung diéu kién (31) ta tim
duoc ham gm(x):

1 h
gi,+l(x) :E(X_Xi-ﬂ)3 +E(X_Xi+1)2 -
h? h®

—?(x—xi+1)+€

Chiing ta d& dang kiém tra lai tinh dung dén

(41)
,i=2,N-2

cua viéc xdy dung cac ham giﬁz(x), giﬁl(x),
9i,1(X), 9;.,(X) bing diéu kién (30).

Nhu vay, ta da xay dung thanh cong ham
co SO gi(4) (X) dbi v6i toan tir vi phan béac 4 ¢6
dang (26) vdi tinh chit (25) duoc biéu dién duéi
dang giai tich nho vao (37) (38) (40) (41).

4. Tinh chét dic biét va phat trién van dé

Chung ta s& v& d6 thi ham co s¢ dé thiy

dugc hinh dang ctia n6 nhu thé nao. Sau day la
két qua:

0.0006
0.0003
0.0004
0.0003 |
0.0002
0.0001 |

02 04 0.6 0.3 1.0

Hinh 1. B thi ham coso gL (X) (26) trén doan
[0.1] véi buse nhay h=0,1
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R4 rang céac he‘lm co sO nay co dang tuong
tu véi B-spline tuyén tinh [5].

Céc ham co s g\ (X) (8) déi véi todn
ttr vi phan béc 2 c6 tinh chat (10), cac ham co s
9\ (x) (26) déi v6i todn tir vi phan bic 4 c6

tinh chat (25). Pay la céac tinh chit s& duoc (mg
dung cu thé trong thuat todan Mo-men. Bay gio ta
s& tim hiéu mot tinh chat dic biét khac ciia cac
ham co s& nay.

Ta dua vao cac ki hiéu dac biét:
n X—=X%X)", X=X,
(x=x), = (x=x) '
© 0, x<x, (42)
neN.
Ham co s6 g% (X) & (8) c6 thé viét lai
nho vao (42):

67100 = (- %.0), ~2(x-%), +(x-%.)..
i:l’ N —1, Xi E(T)h.

(43)

Ham co s6 9\ (X) & (26) c6 thé viét lai
nho vao (42):

0100 = 2 (x=x2): ~4(x-x.)} +

)i +(X_Xi+2)ﬂ

Ta c6 thé d& dang chirmg minh cong thirc
(44) ddng nhat vé6i (37) (38) (40) (41) bang khai
trién giai tich.

So sanh cong thirc (43) v6i tinh chat (10),
cong thirc (44) voi tinh chéat (25), ta nhan thay
rang bo hé s6 1, -2, 1 vabo hé sb 1, -4, 6, -4, 1
duoc bao toan.

Tu tinh chit dic biét nay, ta co thé dy
doan duoc ham co s¢ d6i véi toan ti vi phén bac
cao va chan. Vi duy, hiy thar dy doan ham co s&

(44)
+6 (X —X; )i’ —4(x—X

i+1

9! (x) déi voi todn tir vi phan bac sdu
u® (). Thay vi c6 thé tim n6 bing céch tinh

tich phan ting phan mot cach phc tap, ta ¢ thé
dua vao tinh chit dic biét & trén dé du doan, sau
do tha lai két qua. Cu thé, nhan thay rang
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u® = (u(4)) va sb nut t6i thidu phai dung 13 7
nut, do do, khi st dung phuong phap Mo6-men,
ma tran nhan duoc phai la Q3 Vi Q3 14 ma tran
7 duong chéo ¢ dang: Q° = {q”} N , trong do:
0y =—20; q; =15 véi |i— j|=1; q; =—6 vai
i—j|=2; g;=1 véi |i—j|=3; q; =0 véi
|i — j| > 3. Tong quat, néu 1a toan tir vi phan bac
2n (neN") u® (x) thi ma trdn nhan dugc s&
la Q". Quay tr& lai voi vi du trén, tir ma tran
Q® ta rut ra dugc bo hé sb diy di sé 1a 1, -6, 15,
-20,15, -6, 1. Dya vao tinh chit ddc biét bao
toan hé sd va cach viét ham sb dua vao ki hiéu

(42), ta dy doan ham co s& gi(G) (X) la:

9 (x) = 51|[(x X, ) 6(x—xi_2)i+

+15(x =X, ). —20(x-x ) + (45)

F5(x =% ) ~6(x =X, +(x=x.5)" ]

Va tinh chét caa ham g{* (x) la:

j ©)( x)dx =u (% 5) -
0
—6u(X,_, )+15u(x;_,)—20u(x; )+
+150( X, ) —6u (X, ) +U(X,s)-
Ta co thé kiém tra lai két qua (46) bang

giai tich hodc c6 thé sir dung cong cu lap trinh
Mathematica.

(46)

5. Két luan

Bai béo di gidi thiéu cac két qua dat duoc
khi xay dung ham co s¢ ddi véi toan tir vi phan
bac 4 trong phuong an giai cac phuong trinh vi
phan bang phuwong phap Mé-men, tir d6 rat ra
duoc céc tinh chét dic biét gitp du doan cac
ham co s d6i v6i cac toan tir vi phan bac cao va
chdn. Cac ham nay s& duoc Ung dung linh
hoat dé giai cac phwong trinh dao ham riéng bac
Ccao.
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