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PHUONG PHAP TIEP TUYEN SANG TAO VA TiM GIOI HAN HAM SO
TANGENTIAL METHOD FOR CREATING AND FINDING LIMITS OF FUNCTIONS

Vii Thi Twong Minh, Pham Quy Mudi
Trwong Pai hoc Sw pham — Pai hoc Pa Nang,; tuongminh10@gmail.com, pgmuoi@ued.edu.vn

Toém tat - Trong chuong trinh toan bac phd théng, cac bai toan vé tim
giéi han ctia ham s 1a cac dang toan twong déi kho nhng kha phd
bién va c6 thé gép trong cac ki thi trung hoc pho théng, tuyén sinh dai
hoc. Cé nhiéu phwong phap khac nhau dé giai cac bai toan nay, trong
d6 phuong phap str dung tiép tuyén t3 ra hiéu qua va thuong dwoc
s dung trong nhidu trudng hop. Trong bai bao nay, ching t6i dwa ra
hwéng sang tao cac bai tap tim gi¢i han clia ham sb trng dung phwong
trinh tiép tuyén va cé phwong phap gidi cling nhw mét sb nhan xét gidp
dinh huéng céch giai cho hoc sinh, dwa ra mét s6 vi du dé hoc sinh
luyén tap. Tt d6 hoc sinh nam rd dwoc ban chat clia mot sb bai toan
tim gi¢i han cGia ham sb bang phuwong phap ding tiép tuyén.

T khéa - phurong trinh tiép tuyén; gi¢i han ham sé; phuong phap
tiep tuyén; sang tao bai toan tim gi&i han; gi¢i han dang vo dinh

1. Dt van dé

Tim gi6i han ciia ham s6 1a mot chuyén dé twong déi
khé va da dang trong chuong trinh toan hoc phd thong.
Trong d6, tim gi¢i han ham s6 co dang vo dinh la phan ma
nhiéu hoc sinh lung ting. Trong thuc té, nhleu bai todn tim
gi6i han dang v dinh chi can ap dung mét s6 phuwong phap
don gian 1a c¢6 thé giai duoc.

C6 nhiéu phuong phéap khac nhau dugc nghién ctru va
giang day cho hoc sinh nhu phuong phap nhan lugng lién
hop, sir dung quy tac L’hopital, ... [1-8]. Vi mong mudn
g6p phan cung cip cho hoc sinh cac kién thirc va ki ning
tim gi¢i han ham s va hd tro cho gido vién trong viéc
sang tao cac bai toan moi v& tim giGi han ham sd, trong
bai bdo ndy nhom tac gia nghién ctru cach sang tao ra bai
toan tim gidi han ham sb dang v0 dinh va dua ra phuong
phép giai dya trén cac kién thirc co ban vé phuong trlnh
tiép tuyén. Phuong phap str dung phuong trinh tlep tuyén
(ta goi ngan gon la phuong phap tiép tuyén) la mot
phuong phéap don gian va dé st dung. Phuong phap nay
con ¢d thé gitp gido vién sang tao ra nhing bai toan mai
vé tim gi6i han cia ham s0 mdt cach dé dang. Vi€e sang
tao ra cac bai toan méi vé tim gi6i han cua ham sO cling
1a mot trong cac ki nang can thiét va quan trong cho cac
gi4o vién khi tham gia ra cac dé thi trong cac ky thi trung
hoc phé théng quan trong nhu cac ky thi t6t nghiép, cac
ky thi hoc sinh gidi cac cap, ...

2. Co s6' 1y thuyét
_ Trong bai bao nay, luén gia st D 1a mét tap con khac
rong cua R.

) Dinh nghia 2 1.[9, Pinh nghia 1, trang 32] (Ham sé mét
bién). Mot quy tac tuong ung f ditirtdp D vao tdp R thoa
man: véi moi gia tri cia X € D tuong ung voi m(f)t'vé ghi mot
giatri y e R duoc goi la mot ham so6 thye mét bién so.

Khi do, tagoi X labiénsdva y = f(x) lagi tri cia ham sb
f tai X. Taphop D duoc goi 4 tap xéc dinh ciia ham s6 .

Abstract - In the math program at high school, finding the limits of
functions are difficult problems but rather common and are often
seen in high school exams, university exams. There are many
different methods to solve such problems, in which the tangential
method is effective and often used in many cases. In this paper,
we give some ways to create new problems about limits of
functions by using the tangent equations and give a few comments
to help students on finding solutions as well as give some examples
to practice. Based on the comments, students understand the
nature of some problems of finding limits of functions using
tangential methods.

Key words - tangent equations; limits of functions; tangential methods;
creating problems of finding limmit; limmits of unditermined form

Dinh nghia 2.2. [9, Dinh nghia 1, trang 151] (Tiép
tuyén, phwong trinh tiép tuyén). Trong mat phang toa do
Oxy cho duong cong (C). Gia str (C) 1a dd thi cia ham

y="f(x) va My(X;f(%))e(C). Ki hicu
M (x; f(x)) 1a mot diém di chuyén trén (C).

s0 kha vi

a) Vi trf gioi han ca dudng thing M oM khi M di chuyén
trén duong cong (C) dan vé diém M duoc goi la tiép tuyén
cia (C) tai M. Khido, M, duogc goi la tiép diém.

b) Phuong trinh tiép tuyén cua duong cong (C) tai
diem My (%95 (%)) 1 y = £/(0%)-(x—x9) + F ().

Dinh nghia 2.3. (Luong lién hop). V6i n>2,neN taco

A" —B" =(A-B)( A"+ A"?B+ AT°B% 4.+ AB" +B™).
Khi do, A-B la
Aty

ta goi luong lién hop cua
A"2B+ A"3BZ 4+ AB"? +B"
3. Phuong phap tiép tuyén dé sang tao va tim giéi han
cia ham so
Co s¢ cua phuong phép sang tao va tim gi6i han cua
ham s6 dung phuong trinh ti€p tuyén dya trén két qua sau:
Dinh 1i 3.1. Gia sirham s6 y = f(X) c6 dang:
a=0
m=2meN
n>2neN
axy +b>0.

f(X)=a(x—x,)" +(ax+hb)" voi

Khi d6, dwong thang Y = ax+b la tiép tuyén ciia do thi

ham s6:
Y =09(0) =T = Yar(x—%)" +(@x+b)" rai X.
Chirng minh:

Vi ax,+b >0 néntaco
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9(%) = YT (%) = Yar(xg — %)™ + (@ +b)" =%, +b

va

—>Xg X— X0 X—>Xo X

_ lim ,”ff(x)—(ax+b)+ lim ax+b—-9/f(x)

X—>Xo X— X0 X—>Xo X— X0

ax+b—(ax, +b)
X=X

lim Q/a(x—xo)m +(ax+b)" —(ax+b) .
X—Xq

lim

X—>Xg

X=X

m-1
- a(X—X
lim ( 0)

=% ((m)nfl +(Q/W)n72 (ax+h) +...+(ax+b)”‘l)
a(x—x)

X—X,

+ lim

X—>Xg
=a.
Do d6, phuong trinh tiép tuyén ciia do thi y = g(x) tai X, I&:
Y =0'(X)(X—Xp) +9(Xg) = a(x—Xg) +axy +b =ax+h.
3.1. Phwong phdp tiép tuyén séing tao ra bai todn tim giéi
han ham sé dang 0
Dé sang tao ra cac bai toan tim gi¢i han ctia ham s

ding phuong trinh tiép tuyén ta c6 thé thuc hién theo cac
budce sau:

* Buée 1: Ta chon phuong trinh bat ky y = ax+b,
diém X, thoa man diéu kién ax, +b>0 va sb tu nhién
neN (n>2). Sau do, ta khai trién:

(ax+b)" =a,x" +a,_ X" +..+ax" +..+ax+a.

Tiép theo, ta chon ham s

f(X)=a(x—%)" +a,x" +a, X"
+oota XK o aX+ay,

v6i a#0,m>2(meN).

Khi d6, ta c6 gidi han ham sb dang % sau:

,"/f X)—(ax+b
(x=x%)"
. X—%)"
_ jim - mO) = e — R,
=% (X=X%)"g(X) n(ax,+b)
véi g(x) 1a lugng lién hop cua {f f (x) —(ax+Dh).
* Bude 2: Lap lai Bude 1 v6i sé tu nhién N duoc thay
boi s6 tw nhién p e N (p>2, p #n) . Thuc hién khai trién:

X—=>Xp

@)

(ax+b)” =a xP +a,  xP T+ +a X +..+ax+a

p p-1

va chon ham so

h(x)=B(x—x)" +a,xP +a, ;x**

4ot a XK 4t ax+ay,

voi B =0.

Khi d0, ta c6 gidi han ham s6 dang % :
P/h x)—(ax+b
lim —( ) ( )
(x=xp)"
_ m
— ﬂ(x ﬁO) — ﬂ = cR.
% (x—%) k() p(axy +b)"

Véi k(x) 1a lugng lién hop cia P/h(x) —(ax+b).
* Birde 3: Vakét hop (1) va (2): thuc hién phép trir hai

X—Xg

()

gidi han ta dua ra bai toan tim gidi han dang 0 nhu sau:

ORI

=% (X=%)"

Chting ta minh hoa cac buédc trén thong qua vi du sau:
* Buoc 1:

Gia sir chon phuong trinh y =3x+2, diém 0 (thoa
méan 3.0+2=2>0) va n=2. Khi do, ta co:

(3x+2)° =9x? +12x + 4.
Ta chon f (X)=-9(x—0)% +9x* +12x+4 =12x+4.
o : 0
Khi d¢, ta c6 giéi han ham s6 dang 0 :

lim V12x+4 — (3x+2) _ 9

(x—0)2 4 @)

x—0

* Buoc 2: Thyc hién tuong ty nhu Bude 1 véi n=3.
Taco: (3x+2)° = 27x° +54x2 +36x+8. Khi do, véi

h(x) =-2073(x—0)? +27x> +54x* + 36X +8
=27x% - 2019%* + 36X +8.

Lo ; 0
Ta co gidi han ham s6 dang 0 :

im {27x° —2019x% +36x+8 - (3x+2) 691
(x~0)? 4
* BuGe 3: Két hop (3) va (4): thyc hién phép trir hai

4
x—0 ( )
gidi han, ta dua ra bai toan tim gidi han dang 6 nhu sau:

JI2x+4 - 32753 —2019x% + 36x + 8
_ .

Tinh gi6i han lim

x—0 X

Chu ¥: Pé tao ra dugc nhiéu bai toan da dang va phirc
tap, ching ta ciing c6 thé:
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D,f ./
a) Nghich dao gidi han lim Y———->—~- thanh

X—>Xg (X XO
im 0 xo>
X—>Xg n, f p,h
b) Két hop mot s6 vo cing bé, cong thirc lugng gidc, luong
lién hop, cong trir nhén chia cac biéu thirc (khong lam thay doi
dang v6 dinh cua bai toan) vao biéu thirc dudi dau lim.
Vidu 3.1.1. Tim gid¢i han:

lim Jeos4x + 2x — §\1+3x% +3x

2

dang

x>0 X
Phwong phap sang tao:
* Buoc 1: Chon mot phuong trinh la y = x+1, diém 0
(thbamin 0+1=1>0) va h=2. Taco:
(x+1)° = x2 +2x+1.
Do @6, ta chon:
f(X)=-9(x-0)? +x* +2x+1= 8> + 2x +1.
Va st dung tinh chit vo cung bé twong duong:
—8x% ~ —2sin? 2X ~ cos4x—1, ta c6 thé chon lai:
f (x) =cos4x—1+2x+1=cos4x+2x.
Khi do, ta c6 gidi han:
m (x+1) 9
(x-0)? T2
* Bude 2: Thyc hién tuong ty nhu Bude 1 véi p =3, taco:

Q)

er

(x+1)° = x° +3x% +3x+1.
Khi do, ta chon
h(x)=-3(x-0)% +x> +3x® +3x+1= x> +3x+1.
Pé tang d6 kho cho bai toan, ta thém vao h(X) biéu
x
m+l -
3x?

J1+ 3x% +1

1+3%x% —1+3x+1

=1+ 2x% +3x.

. - . 0
Khi d6, ta ¢6 gidi han ham so dang 6

lim \3N1+3x2 +3x—(x+1) 3
(x-0)? 2
* Buée 3: Va két hop (5) va (6), thuc hién phép trir hai
gi61 han c6 bai toan da cho.
¢) Thém nhiéu budc twong tw nhw Budc 1, Budc 2 trong
phuong phap voi cde ti€p tuyen khac nhau, mien sao khi
cOng trir cac gidi han & cac budc thi biéu thirc cia cac

thirc 1+3x% -1 va —x°. Tu dé, ta chon lai:

h(x)= 3 +x3+3x+1

(6)

x—>0

phuong trinh tiép tuyén tuong tng triét tiéu.
Vidu 3.1.2. Tim gidi han:

VX2 +8X+1—6+/x+9 +17 ’—xz —%x+1+sin2 X
lim .

2

x—0 X
Phuong phap sang tao:
* Budéc 1: Chon mot phuong trinh 1ay = 4x+1 diém
diém 0 (théa man 4.0+1=1>0) va n=2. Khi do, ta co:
(4x+1)° =16x% +8x +1.
Ta chon
f (X)=-15(x—0)% +16x* +8x+1= x> +8x +1.

Khi @6, ta c6 gidi han ham s6 dang % :
\}x +8x+1—(4x+1) _E

(x—0)? 2

* Budce 2: Thuc hién tuong ty nhu trén véi phuong
trinh dugc chon la y=x+18, diém 0 (théa man

0+18=18>0) va n=2. Khi d¢, ta co:

()

x—>0

(x+18)° = x? +36x+324.
Do do:
h(x) =—(x—0)% +x* +36x +324 = 36X +324.

. . . 0
Khi d6, ta c¢6 gidi han ham so dang 6 :

\/36x+32 (x+18) 6\/x+ 6vXx+9—(x+18) i
(x—0)2 (x—0)? 36

(8)
* Budc 3: Thyc hién twong ty nhu bude 2 véi phuong
trinh dugc chon la y=-3x+17, diém 0 (thda mén

-3.0+17=17>0) vd n=2. Khi d9, ta c6:

x—>0 X—>0

(—3x+17)% = 9x2 —102x + 289.
Do dé:
1(x)=-298(x—0)* +9x* —~102x + 289

= —289x% —102x + 289.

. o . 0
Khi @6, ta c¢6 gidi han ham so dang 6 :

J 289x2 —102x + 289 — (~3x +17)

er (X 0)
17 /—xz —£x+l—(—3x+17) ©
~ lim 17 __2%8
x—0 (x _())2 34

O cac bude trén, ta da chon cac phuong trinh tiép tuyén
tuong trng sao cho gidi han ¢ (7) trir gidi han ¢ (8) va cong
giGi han & (9) triét tiéu.

*Burée 4: Két hop (7), (8), (9) thuc hién cac phép trir &
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(7) va (8) va cong (9) cac gidi han va dé phic tap ta thém
vao biéu thirc vo cung bé trong duong véi x? 14 sin? xva
ta co bai toan da cho.

3.2. Phwong phap tiép tuyén tim giéi han ciia ham sé

X . - . 0
Trong phan nay, ta xem xét bai toan tim giéi han c6 dang —

I‘,f )—4&h(x
sau: P= lim +————~= trongdo me N (m > 2).
X—Xg (X XO)

Dé giai cac dang nay, trong nhleu truong hop, ta co thé
st dung phuong phap tiép tuyén. D& tng dung phuong
phap tiép tuyén, ching ta thuc hién theo huéng sau:

Bu6e 1: Viét cac phuong trinh tiép tuyén cta cac ham
s6 chia can y=1/f(x);y=0h(x) taix=x . Gia st
chiing c6 chung phuong trinh tiép tuyén 1a y = ax +b.

Buwéce 2: Thém va bot cac biéu thuc tiép tuyén
ax+bvao biéu thic tinh gigi han nhu sau:

."/f x)—(ax+b) +(ax+b —P/h X
P=lim ()= )+ ) ( )
% (x=%)"
Buée 3: Nhan lugng lién hop tuong tng rdi khir nhan

tr (X—%p)"

dua ra két qua.

. .. 0
trong phan thuc dé khir dang vo dinh 0 va

Tuong tu nhu trén, ta ciing c6 thé dung phwong phap

X £ L - —X
tiép tuyén cho gidi han dang lim (x O)

X—>Xq nff Pfh

Vidu 3.2.1. Tim gidi han lim -————

x>0 31+ 3x — \/1+ 2%
Neoa . . o . .
Nhén xét: Trong bai nay, gioi han ¢ dang 0 va phéan
thirc c6 chira can thirc va tir 1a da thirc béc ba. Hon nira,
phuong trinh ti€p tuyén cta do thi cua cac ham so
y=31+3x;y=+1+2X tai X, =0 13 y=x+1. Dodo, ta
¢6 thé dung phuong phap tiép tuyén dé tim gioi han.

Giai. Datu(X) I1+3x;v(x) = 1+2x.

HO e3x—1r2x \/1+ 2x

3
. X
=lim
x=0 Y14 3% — (X +1) + (X +1) — 1+ 2x
= lim X’
x50 —x3-3x% X2

((x +1)% +(u(x)) (x +1) +(u(x))2) " (X+1)+v(x)

— lim X
x—0 —X-3 1

((x +1)% +(u(x)) (x +1) +(u(x))2) ’ (x+1) +v(x)

=0.

Ngoai ra, ta ¢6 thé két hgp mot sd vo cliing bé, cong thire
luong giac, lugng lién hop, cong trir nhan chia cc biéu
thirc dé giai cac bai toan mot cach don gian va hiéu qua
hon. Xét vi du sau:

Vidu 3.2.2. Tim gi6i han:

\/cos4x+2x—\/ 1+3%° +3x
*)0

X
A g (i . 0
Nhan xét: Gigi han c6 dang 0 va phan thirc ¢6 chtra

can thirc va mau 14 da thirc bac hai. Phuong trinh tiép tuyén
cua do thi ham so

y = JCos4x+ 2x; y = YN1+3x2 +3x

tai X, =014 y =x+1. Ta ding phuong phép tiép tuyén dé
giai bai nay.

Giai. Pat u(X) = v/cosdx+ 2x;v(x) = 3v1+3x? +3x.

Ta co:

\/cos4x+ 2X —\/ 1+3%% +3x
—>0

\/cos4x+ 2X —(X+1) + (x +1) -

X

JN1+3x% +3x

X%O X
_lim Jeosdx+2x — (x +1) L +1) - 1+3x2 +3x
_x—>0 X2 X2
—x? —2sin? 2x .
X2 (U(x) +(x+1))
=lim 3 ) 5
x—0 X® +3x° +1-+/1+3x
X2 ((x +1) + (V(x)) (x +1) +(v(x))2)
_1_25in22X X+3+ 3

_lim G 1+41+3%°
o0) (U(x) +(x+1)) ((x+1)2+(v(x))(x+1)+(v(x))2)

_1_2.4sin22x vige_ 3
im (2x)? . ' +1+\/1+3x2
0| (U(X) +(x+1)) ((x+1)2+(v(x))(x+1)+(v(x))2)
3
3+—
=—g+—2=—3.
2 3

Chu y rang, dé ap dung dwoc phuwong phap tiép tuyén nhu

da duoc trinh bay thi hai ham s6 y = {F (x) v y = bfh(x)
phai ¢6 cing mot phwong trinh tiép tuyén tai x = Xo. Tuy
nhién, phuong phap tiép tuyén cling c6 tllé dugc str dung Qé
tinh gi¢i han cua biéu thirc ma tir (hodc mau) gom tong nhicu
ham cén ¢6 cic phuong trinh tiép tuyén khac nhau. Trong
truong hop nay, ching ta cling thém bdt cac biéu thirc cua
phuong trinh tiép tuyén mét cach thich hop. Vi du sau day
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minh hoa cho truong hgp nay.
Vidu 3.2.3. Tim gidi han:

VX2 +8X+1—6/x+9 +17 /—xz —£x+1+sin2 X
lim 17 .

x—0 x2

N ] 0
Nhan xét: Trong bai nay, gi¢i han cO dang 0 va phan thuc c6
chira cin thirc va mau 14 da thirc bac hai. Phuong trinh tiép tuyén

tai X, =0 ciiadd thi hamsé y =/x% +8x+1 1a y =4x+1;
clia dd thi ham s6 y=6y/X+9 1a y = x+18; va ciia do thi

hamsd y =17 ’—xz—%x+1 la y =—3x+17. Vithé, tacan

thém bot cac biéu thirc ctia phuong trinh tiép tuyén va tach gioi
han thanh tong mét cach thich hop thi c¢6 thé tinh duogc.
Giai.

\/x2 +8X+1—-64Xx+9+17 /—xz —%x+1+sin2 X
lim

2

x—0 X

VX2 +8x+1— (4x +1) +(x+18) - 6/x +9
+17 ’—xz —%x+1+(3x—17)+sin2 X

2
X
VX2 +8X+1—(4x +1) +(X+18)—6\/X+9
2 2

X
=lim 6
201 17 f—xz——x+1+(3x—17) -,
. 17 +sm X

=lim
x—0

X G

~15x? N —x2
xz(\/x2+8x+1+(4x+1)) Xz((X+18)+6x/X+9)
= lim .
0| —298x2 . smz X
X
x?| 17 /-x2—3x+1—(3x—17)
17
-15 -1

(\/x2 +8x+1+ (4x +1)) : ((X+18)+GM)

=lim

x—=0
-208 sin? x
+ +—
17 /—x2—£x+1—(3x—17) X
17
_ 15 1 298 9359
2 36 34 612

4. Mt s6 vi du

Trong phan nay, nhom tac gia trinh bay mot sb vi du
dé ap dung phuong phép tiép tuyén. O day, mot sb vi du
do nhom tac gié tu tao ra theo phuong phap dugce trinh bay
trong Muc 3.1. Mot s6 vi du khac duoge léy tir cac dé thi
tuyén sinh dai hoc.

a) Bai toan moi
Vidu 4.1. Tim gidi han:

«/12x +4 \,/27x
o

—2019x% +36x +8

X—)

X

Nhén xét: Gigi han ndy c6 dang % va phan thurc co
chira can thirc va miu 13 da thire bac hai. Phuong trinh tiép
tuyén tai X, =0 cta cAc dd thi ham s6 y=+12Xx+4 va
y =327x% —2019x2 + 36x+8 13 y = 3x + 2.

Giai. bat

u(x) = 12x + 4:v(x) = Y2753

Ta co:
lim 12x+ \/27x

x—=0 X

V12X +4 — (3x+2) + (3x +2)

—327x% —2019x% +36x+8
x—0 x2

V12X +4 —(3x+2)
2
X
+(3x+2)—€’/27x3

—2019x° + 36X +8.

—2019x” +36x+8

=lim
Xx—0

—2019x% +36X+8

—9x?
X% (u(X) +(3x+2))
~2073x?

X ((v(x))2 +(V(X)) (83X +2) +(3x +2)? )
__ 8
(u(x) +(3x+2))
N -2073

((v(x))2 +(V(%)) (3x+2) + (3x+ 2)2)
9 691 341
A
4 4 2
Vidu 4.2. Tim gi6i han:

lim \/8x4 +X° +4x+4 —4/8x3 +24x% +32x+16
2 .

=lim
x—0
+

=lim
x—0

x—0 X
Phwong phap sang tao: )
* Budc 1: Ta chon mot phuong trinh 14 y = x+2, di€ém
0 (théaman 0+2=2>0) va n=2. Tacd:
(x+2)" = x? +4x+4.
Do do, ta chon
f(x)=8(x-0)* +x* +4x+4=8x*+ x> +4x +4.
Khi @6, ta c6 gidi han:
VB oA kA (x+2)

lim (x—0)4

x—0

(10)
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*Buoc 2: Thuc hién twong tu nhu trén voi p=4. Ta
c6 khai trién: (x+2)* = x* +8x° + 24x2 +32x+16. Chon:

h(x)=—(x-0)* +x* +8x> +24x* +32x +16

=8x> + 24x% +32x +16.

Khi d6, ta c6 gioi han ham sb:

i 48x3 +24x2 +32x +16 — (X + 2)
(x-0)* |

* Bude 3: Va két hop (10) va (11), thuc hién phép trir
hai giéi han ta dua ra bai toan da cho.

Giai.

Dit

U(X) = V8X* + X% +4x+4;v(x) = 83 + 24x2 +32x +16.

im BX% 4+ X% + 4x+4 — 48X + 24x2 +32x +16
4

(11)

x—0

x—=0 X

\8X* + X% +4x+4 — (X +2) +

im +(x+2)—48x3 + 24x% + 32x +16

X4
V8x* + X% +4x+4—(x+2)
4
X

x—0

=lim
x=0 L (x+2)- 48x® + 24x% +32x +16

X4

8x*
= lim
x=0x* (u(X) +(x +2))
4

+lim — .
X—> ¥ (x+2)° +(v(x)) (x+2)

+(v(x))2 (x+2) +(v(x))3

8
et (u(x)+(x+2))
+lim !
x>0 ((x +2) +(v(X)) (X +2)2 + (v(X))? (x +2) +(v(x))3)
= 2+i = @
2 3R

Vidu 4.3. Tim gi6i han:

f () =c0s2x -1-tan® X — 2x +1= cos2x-tan® X — 2x.

Khi do, ta co gidi han:
pa— 2 pu— — —
lim «/cost tan“ x 22x @ x). (12)
x—0 (x=0)

* Budce 2:Thyc hién twong ty nhu trén véi p = 4, ta co:
(1-x)* =1-4x+6x2 —4x® +x*.
Do dé:
h(x)=-3(x-0)* +1-4x+6x> —4x® +x*
=3x% +1-4x—4x3 +x*.
Dé tang do kho cho bai toan, ta thém vao h(x) cac
2x?
141+ 2%

ta chon lai:

biéu thirc =y1+2x% -1 va 4x* +6x°. Tr d6

2x?
1+41+2x2

=41+ 2X2 =1+ X% +4x* +6x3 +1-4x—4x3 + x*

h(x) = + X% +4x* +6x% +1-4x —4x® + x*

=1+ 2x% —1+5x* +2x% + X2 —4x.

Khi @6, ta c¢6 gidi han ham sb dang %

lim i/\/l+ 2x% +5x* +2x3 + X% —4x —(1-X)
(x—0)? '

* Bude 3: Va két hop (12) va (13), thuc hién phép trir
hai gidi han c6 bai toan da cho.

(13)

x—0

Nhén xét: Gigi han dang % va phan thtrc ¢6 chura can

thirc va mau 1a da thtrc bac hai. Phuong trinh tiép tuyén tai

Xg =0 ciia c&c dd thi ham sb y=\/0032x—tan2x—2x va

y=YV1+2x% +5x* +2x3 +x% —4x la y=1-x.
Giai. bat

u(x) = Vcos 2x — tan? x — 2x;

v(x) = (‘/\/1+ 2x% +5x* + 23 + X2 - 4x.

Ta co:

lim \Jcos 2x — tan? x— 2x —(‘/\/1+ 2x* +5x* +25 + X —4x . V/cos 2x — tan® x—2x —3/\/1+ 2x* +5x* +2x° +x* —4x

x—0 X2

Phwong phap sang tao:
* Buge 1: Chonmot phuong trinh I y =1— x diém 0 (thoa
man 1-0=1>0) va n=2. Tacé:(1-x)* =1-2x+x%.
Do do, ta chon:
f (x)=-4(x—0)? +1-2x+x* = -3x* —2x +1.
Vata cd—2x* ~ —2sin? x ~ cos2x-1va x? ~ tan® x.

Str dung tinh chat vo cting bé twong duong, ta c6 thé
chon lai:

x—0 X2

Jcos2x—tan? x— 2x — (1— X)
lim +(1—x)—(‘/\/1+ 2x% +5x* + 23 + x2 —4x
= 2

x—0 X

Jcos2x —tan? x— 2x — (1—x)
2

=lim

X
20 1 x) =YL+ 2x2 +5x4 + 25 + X2 — 4x
+
2
X
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cos2x —1—tan’ x— x?
= lim—
x=0 X (u(x)+(1—x))

—6x% +5%% +1-1+2x°
+lim
x>0 2((1 x)3 +(v(x))(1 X)? +(v(x)) (= x)+(v(x)))
_2sin2x_ta;22x_l
=lim
x>0 (u(x)+(1-x))
2

—4x% —6x+5—

T lim 141+ 2%
x>0 ((1— X)® + (V(%)) (0= %)% +(v(%))* A= x) + (v(x))3)

:__4+E:_l.
2 4

b) Mt s6 bai toan trong cac dé thi

V1+x? —cosx

X2

(Trich d@ thi Pai hoc Thwong mai 1999)

Vi du 4.4. Tim gi6i han lim
x—0

Nhén xét: Trong bai nay, gidi han c6 dang % va phan
thirc c6 chtra cin thirc va mau la da thire bac hai. Phuong

trinh tiép tuyén tai X, =0 ciia d6 thi ham s6 y =1+ X

la y=1.
Giai. Ta co:
lim \I1+x2—cosx \/1+2x 1+1—cosx
x—0 x2 X—>0 X
_lim \/1+2x—1+1—cosx
x—0 x2 X2
.o X
1 25|n25 11
= lim + ==+==1
0 1+ x% +1 4(X)2 2
2

J1+2x - 31+3x

Vi du 4.5. Tim gi6i han lim 5

x—0 X

(Trich d& thi Pai hoc Thity Lei Ha Ngi 2001)

Nhén xét: Trong bai nay, gidi han c6 dang % va phan
thirc c6 chtra cin thirc va mau la da thire bac hai. Phuong
trinh tip tuyén tai X, =0 ciia d6 thi ham s§ y =1+ 2x
=3+3xla y=x+1
Gidi. Dit u(x) = J1+2x;v(x) = ¥1+3x. Taco:

o r2x - ax

va 'y

x—>0 X
_ lim L+ 2X = (x+1) + (x+1) - 31+ 3x
B x—0 X2

iy JI+2x - (x+1) (x+1)—«3/1+3xJ
=lim - + .
x—0 X X
X2 (u(x) +(x+1))
=lim 3 ?
x—0 N X~ +3X
X2 ((v(x))2 +(V(X)) (X +1) + (x +1)2)
1
_ (u(x)+(Bx+2))
:J('ﬂ?) N X+3
((v(x))2 +(V(X)) (X +1) + (x +1)2)
1 3 3
=—Z42=2
473 24

5. Két luén

Két qua chu yéu cua bai bao nay 14 trinh bay phuong
phap sang tao va phuong phap giai bai toan tinh gioi han
bang phuong phap tiép tuyen Ap dung phuong phap nay,
nhom tac gia da dua ra mot s6 bai toan moi ciing nhur giai
mdt s6 bai toan xudt hién trong cac dé thi tuyén sinh dai
hoc. Thong qua céc vi du nay, chiing ta thiy rang phwong
phap tiép tuyén rat d& str dung dé tao ra cac bai toan moi
cling nhu giai cac bai toan tinh gidi han dang vo dinh. Vi
véy, dy 1a mot phuong phap rat hiru ich dé gido vién va
cac em hoc sinh tim hiéu, nghién ctru va ap dung.

TAI LIEU THAM KHAO

[1] Trin Van Hao, V@i Tudn, Pao Ngoc Nam, Lé Vin Tién, Vil Viét
Yén. Dai 56 va gidi tich 11 co ban. Nha xuat ban Gido duc, Da Nang,
2010.

[2] Trin Van Hao, Vii Tudn, Lé Thi Thién Huong, Nguyén Tién Tai,
Cén Vin Tuét. Gidi tich 12 co ban. Nha xuét ban Giao duc, ba Nang,
2010.

[38] Phan Huy Khéi. Todn Pai s6 ndng cao cho hoc sinh THPT. Nha xuét
ban Gido duc, Ha Noi, 2002.

[4] Y.Y. Liasko, A. C. Boiatruc, IA. G. Gai, G.P. Golobac, Lé Pinh
Thinh, Hoang B¢ Nguyén, Pang Huy Ruén, Lé Trong Vinh. Gidi
tich toan hoc-Cdc vi du va cdc bai toan. Nha xuat ban Pai hoc va
Trung hoc chuyén nghi¢p, Ha No6i, 1987.

[5] Trin Dinh Cu. Chuyén dé béi dudng hoc sinh gidi gidi todn trén mdy
tinh cam tay Casio 570VNPLUS. Nha xuét ban Giao duc, 2015.

[6] LéHong Duc—Nhom Cu Mon. Gidi toan Pai s6 va gidi tich I6p 11.
Nha xuat ban Ha Noi, 2007.

[71 Phan Huy Khai. Gidi tich I6i va cdc bai todn so cdp. Nha xuat ban
Gido duc, 2007.

[8] Lé&HoanhPho. 10 trong dié‘mrboii dudng hoc sinh gioi mon toan [6p
11. Nha xuat ban DPai hoc Quoc gia Ha Noi, 2014.

[9] Trén Vén Hao, Vi Tuén, Doén Minh Cuong, P Manh Hung,
Nguyéen Tién Tai. Dai s6 10 co ban. Nha xuat ban Gido duc, Ha Noi,
2008.

[10] PGS.TS. Nguyén Vin Loc, TS. Nguyén Viét Dong, ThS. Hoang
Ngoc Cénl}, Tran Quang Téi‘, Han Minh Toan, ThS. HO Pién Bién.
Chuyén dé toan giai tich-Boi dwdong hoc sinh gioi va luyén thi dai
hoc. Nha xuat ban Dai hoc Quoc gia H6 Chi Minh, 2009.

(BBT nhdn bai: 30/8/2019, hodn tdt thii tuc phan bi¢n: 01/11/2019)



