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Tém tat - Db thi la cong cu toan hoc hitu ich tng dung trong nhiéu inh
vuc nhu giao théng, truyén théng, cong nghé thong tin, ... Cho dén nay,
trong dd thi maéi chi xét dén trong sé clia cac canh, cac dinh mét cach
doc lap, trong d6 do dai dwéng di la tdng trong sb céc canh va cac dinh
trén dwong di d6. Tuy nhién trong thuc té, trong s6 tai mot dinh khong
gléng nhau véi moi dwong di qua dinh do, bdi vi con phu thudc vao canh
di dén va canh di khai tai dinh d6. Bai viét xay dung mo hinh mang mé&
rong dé co thé ap dung m6 hinh héa cac bai toan thuc té chinh xac va
hiéu qua hon nhe gidm khdi lwong tinh todn & nhidu cong doan nay sé
lam tang dang ké hiéu qua so véi thuat toan tim ludng cuc dai trén mang
truyén théng, v6i ¥ trdng cia phuong phap 14 gan nhan cac dinh déng
thoi tte dinh nguon va dinh dich. Két qua chinh ctia bai bao la thuat toan
hoan chuyén ngudn dich tim ludng cwc dai trén mang mé réng.

Tir khéa - d6 thi; mang; Iuéng; Iuéng cwc dai; thuat toan.

1. it van dé

Mang va ludng trén mang 1 céng cu toan hoc hiru ich
mg dung trong nhiéu linh vuc nhu giao thong, truyén
thong, cong nghé thong tin, kinh té, .... Cho dén nay trong
mang cd dién méi chi xét dén trong sO clia cac tuyén va cac
nat mot cach doc 1ép, trong do6 d6 dai duong di chi don
thuan 14 tong trong s6 cac canh va cac nut trén duong di do.
Tuy nhién, trong nhiéu bai toan thuc té, trong sO tai mot
nut khong giéng nhau véi moi duong di qua nut d6, né con
phu thudc vao tuyén di dén va tuyén di khoi nat do. Vi du
thoi gian di qua ngé tu trén mang giao théng phu thude vao
hudng di chuyén cia phuong tién giao thong: & phai, di
thang hay ré trai, thdm chi c6 hudng bi cAm. Vi vy can xiy
dung mot md hinh mang mé rong dé c6 thé ap dung mo
hinh hoa céc bai toan thuc té chinh xac va hiéu qua hon.
Trén co s& cac nghién ctru vé bai toan ludng cuc dai [1, 2,
3, 4, 5, 6] va mang m& rong [7, 8, 9], bai bao phat trién
thuat toan hoan chuyén nguén dich tim ludng cuc dai trén
mang md rong.

2. Mang mé rong

Cho mang la Q6 thi G=(V, E) vai tap nlt V va tap canh
E. Cac canh c6 thé c6 hudng hoac v hudng. Co6 nhicu loai
phuong tién luu hanh trén mang. Nhing canh v6 huong
biéu dicn tuyen hai chiu, trong d6 cac phuong tién trén
cung tuyén nhung nguoc hudng luu hanh chia s¢ kha nang
thong hanh cua tuyén. Trén mang cho cac ham sau.

Ham khad néng thong hanh canh ce: E—R”, véi ce(e) la
kha nang thong hanh canh e € E.

Ham kha néang théng hanh nit cy: V—R”, véi cy(u) l1a
kha nang thong hanh nit u € V.

Bo (V, E, cg, cv) goi la mang mo réng. (1)

Abstract - Graph is a powerful mathematical tool applied in many
fields as transportation, communication, informatics, economy, ...
In ordinary graph the weights of edges and vertexes are considered
indepently where the length of a path is the sum of weights of the
edges and the vertexes on this path. However, in many practical
problems, weights at a vertex are not the same for all paths passing
this vertex, but depend on coming and leaving edges. The paper
develops a model of extended network that can be applied to
modelize many practical problems more exactly and effectively.
The main contribution of this paper is a source-sink alternative
algorithm for finding maximal flows on extended traffic networks.

Key words - graph; network; flow; maximal flow; algorithm.

3. Ludng trén mang mé rong

Cho mang m¢ rong G =(V, E, cg, cv). Gia thiét G co
dinh ngudn s va dinh dich t.

Tap cac gia tri {f(x,y) | (x,y)eG}

goi 12 luong trén mang G néu thoa man

(i) 0 < f(x,y) < ce(xy) V(xy)eE

(i) Véi moi dinh z khong phai ngudn hoic dich

vaz Zfzv

(v,2)eG (z,v)eG
(iii) Vi moi dinh z khong phai ngudn hoic dich
> f(v,z)<cv(?)

(v,2)eG
Biéu thic v(F) = > f(s,v)
(s,v)eG

goi 1a gid tri ciia luong F.

e Bii todn luéng cwe dai:

Cho mang m¢ rong G = (V, E, Cg, ¢v) véi dinh ngudn a
va dinh dich z. Nhiém vu cta bai todn 1a tim ludng c6 gia
tri 16n nhat.

Bai toan lgéng cuc dai la bai toan quy hoach tuyén tinh.
Gia tri cia ludng bi gi61 han boi tong kha nang thong hanh
cua cac cung di ra tir dinh nguon, vi vay ta cd thé khang
dinh dinh ly sau:

o Dinh Iy I: V6i mdi mang mé rong G = (V, E, Ce, cv) voi
dinh nguon a va dinh dich z, luén ludn ton tai luong cuc dai.

Chtrng minh tuong tu nhu trong tai li¢u [1].

4. Thuit toan hoan chuyén ngudn dich tim ludng cuc
dai trén mang mé rong

+ Pau vao. Mang mé rong G = (V, E, Cg, cv) vdi dinh
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ngudn a va dinh dich z.

Céc dinh trong G dugc sip xép theo thir ty nao do.

+ Qﬁu ra. Ludng cuc dai F = {f(x, y) | (x, y)eG}, la tap
céc luong trén mang G.

+ Cadc buoc.

(1) Khdi tao

Ludng xuét phat: f(x, y):= 0, V(x, y)E.

Céc dinh xuét phat s& dugc lan lugt gan nhan lan thi
nhat L; gom 5 thanh phan:

Nhan tién c6 dang:

Li(v) = [T, previ(v), ca(v), di(v), biti(v)] va c6 thé duge
gan nhan 1an hai

La(v) = [T prevZ(v) ca(v), dz(V) bita(v)], voi preva(v)
1a dinh lién ké trude d6i v6i nhan tién;

Nhan i c6 dang:

Li(v) =¥, previ(v), ca(v), di(v), bit:(v)] va co thé dugc
géan nhén 1an hai

La(v) = [{, preva(v), ca(v), da(v), bita(v)], véi previ(v)
1a dinh lién k& sau déi véi nhan 10i;

Dit nhén tién (1) cho dinh ngudn va nhan lui (¥) cho
dinh dich:

a'[Tl ¢y Ooy ijyl] & Z[‘Ly (01 w! wyl]

Taolap tap S gdm cac dinh da c6 nhan tién nhung chwa
duoc dung d€ sinh nhan tién, S’ 1 tap dinh duoc gan nhan
tién nho cac dinh cia tap S

S={a},S"=¢

Taolap tap T gdm cac dinh da c6 nhan Iui nhung chua
dugc dung dé sinh nhan lui, T” 1a tdp dinh dugc gan nhan
lui nho céc dinh ctua tap T

T={z}, T'=9p

(2) Sinh nhin tién

(2.1) Chon dinh sinh nhén tién

-Truong hop S # @ : Chon dinh U € S nho nhat (theo
thir ty).

Loai ukhoi S, S:=S\{u} . Gid sir nhan tién cua u la [

T previ(u), ci(v), di (V) bit; (V)] i =1 hodc 2. A 1a tap céc

dinh chua c6 nhén tién va ké dinh sinh nhén tién u. Sang
budc 2.2.

-Truonghgp S=¢p va S'# ¢:
Gén S:=S', S'=¢. Sang buéc 3.
-Truonghop S = ¢ VA S' = ¢ : Két thic, luong F 14 cuc dai.

(2.2) Gan nhin tién cho dinh chua c6 nhin tién va ké
dinh sinh nhan tién u

-Trudong hop A = ¢ : Quay lai budc 2.1.
-Truong hgp A+ @ : Chon t € A nho nhat. Loai t khoi
tap A, A= A\{t}. Gan nhan tién cho t nhu sau:

Néu (u,t) e E, f(u,t) <c.(u,t),bit (u) =1

dit nhan tién dinh t 1a: prevj(t):= u;
ci(t):=min{ci(u), ce(u,t)—f(u,t)}, néu di(u)=0,
¢i(t):=min{ci(u), ce(u,t)—f(u,t),di(u)}, néu di(u) > 0;
di)=cv(®— D f(it)
(i,t)eG
bitj(t):=1, néu di(t) > 0,
bit;(t):=0, néu d(t) = 0.
Néu (t,u)eE, f(t,u) >0 dat nhin tién dinh t Ia:
prev,(t) = u; ci(t):=min{ci(u), f(t,u)}, djt):= cv(t)-
> f(it); bit(t):=1.

(i:D<G
Néu t khong duoc gan nhian tién, thi quay lai budc 2.2.
Néu t dugc gan nh?m tién va t c6 nhan lui, thi sang budc

(4) hiéu chinh tang luong.

Néu t dwoc gan nhan tién va t khéng c6 nhén 1ui, thi bd

sung tvao S’, S":=S'U{t} va quay lai budc 2.2.

(3) Sinh nhéan lui

(3.1) Chon dinh sinh nhan lui

-Trudong hop T # ¢ : Chon dinh veT nho nhét (theo
thir ty).

Loaivkhoi T, T :=T \{v}. Gid st nhan Ivi cua v Ia [ ¥

, previ(v), ci(t), di(t), biti(t)], i = 1 hodc 2. B 1a tap cac dinh

chua c6 nhan lui va ké dinh sinh nhan lui v. Sang budc
(3.2).

-Truonghop T=¢p VaT'#¢@:

Gan T =T', T'==¢. Quay lai buéc 2.

- Truong hop T =¢ va T'=¢: Két thic, ludng F 1a
cuc dai.

(3.2) Gan nhin lui cho dinh chua c6 nhén i va ké dinh
sinh nhén lui v

- Truong hop B = ¢ : Quay lai budce 3.1.

- Truong hop B # ¢ : Chon t € B nho nhit. Loai t khoi
B, B:=B\{t} . Gan nhén Iti cho t nhu sau:

Néu (t,v) € E, f(t,v) <c.(t,V),bit,(v) =1 datnhan lui
dinh t 1a: prevj(t):=v;

¢i(t):=min{ci(v), ce(t,v)—f(t,v)}, néu di(v)=0,

ci(t):=min{ci(v), ce(t,v)—f(t,v),di(v)}, néu di(v) > 0;

di=cv(®)- D f(i,t);

(i,t)eG

bitj(t):=1, néu d(t) > 0,

bit;(t):=0, néu d(t) = 0.

Néu (v,t)eE, f(v,t) >0 dat nhan I dinh t &
prevj(t):=v; c,-(t)'=min{c-(v) f(v,t)},

di):=cv(®— > f(i,t); biti(t):=1.

(i,t)eG
Néu t khong duge gan nhan 1, thi quay lai budc (3.2).

Néu t duoc gan nhan lui va t c6 nhan tién, thi sang budc
(4) hiéu chinh tang ludng.
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Néu t duge gan nhin 1ui va t khong c6 nhén tién, thi bo
sung tvao 77, T':=T'U{t} va quay lai budc (3.2).

(4) Hiéu chinh tang luong

Gia str t co nhan tién [T, previ(t), ci(t), di(t), biti(t)] va
nhan 10i [, previ(t), ci(t), di(t), biti(t)]. Ta hiéu chinh lung
F nhu sau:

(4.1) Hiéu chinh nguoc tir t vé a theo nhén tién

(4.1.1) Khoi tao

y:=1t, X:= previ(t), 8:= ci(t).

(4.1.2) Hiéu chinh

(i) Truong hop (X, y) 1a canh ¢6 hudng tir x dén y: dat
f(x, y):=f(x, y) + 6.

(i1) Trudng hop (Y, X) 1a canh c6 huéng tiry dén x: dat
f(y, X):=f(y, X) — d.

(i) Truong hop (X, y) la canh v6 hudng:

Néu f(x, y) > 0 va f(y, x) = 0, thi dat f(x, y):= f(x, y) + 5.

Néu f(y, x) > 0, thi dat f(y, x):= f(y, x) - 8.

(4.1.3) Tinh tién

(1) Truong hop X = a, thi sang budc (4.2).

(ii) Truong hop x # a, thi dat y:= x va x:=h, véi h la
thanh phan thr hai cua nhan tién dinh y. Sau d6 quay lai
bude (4.1.2).

(4.2) Hiéu chinh tir t dén z theo nhan IUi

(4.2.1) Khai tao

X:= 1, y:= prevy(t), 8:= ca(t).

(4.2.2) Hiéu chinh

(1) Truong hop (X, Y) 1a canh c6 hudng tir X dén y: dat
f(x, y):=1f(x, y) + 3.

(ii) Truong hop (Y, X) 1a canh c6 hudng tir y dén x: dat
f(y, x):= f(y, X) — 8.

(iii) Trudng hop (X, ¥) 1a canh v6 hudng:

Néu f(x, y) > 0 va f(y, x) = 0, thi dat f(x, y):= f(x, y) + 8.

Néu f(y, x) > 0, thi dat f(y, x):= f(y, x) — 8.

(4.2.3) Tinh tién

(1) Truong hop X = z, thi sang budc 4.3.

_(ii) Truong hop x # z: Dat x:=y va y:=k, véi k 1a thanh
phan thr hai cia nhan Iui dinh x. Sau d6 quay lai budc
(4.2.2).

(4.3) Xoa tat cd nhan cla céc dinh trén mang, trir dinh
nguodn a va dinh dich z. Quay lai budce (2).

e Dinh Iy 2. Néu cac kha nang thong qua canh va kha
nang thong qua dinh 1a s6 nguyén thi sau htru han bude qua
trinh giai két thuc.

Chirng minh

. Theo dinh 1y 1, qua mdi budc hiéu chinh luéng, gia tri
luong tang 1én 1 lugng don vi (do ce nguyén,‘ Cy nguyén,
kéo theo & nguyén duong). Mét khac, gié tri luong bi chén
trén la boi tong céc khd nang thong qua cua cdc cung di
khoi dinh nguén. Vi vay qua mot s0 hitu han bude qua trinh
giai phai két thuc.

* Dinh Iy 3 Cho mang mang m¢ rong G = (V, E, Cg, cv)
v6i dinh nguon s va dinh dich t, F = {f(x,y) | (xy)eG} la
ludng nhan duoc khi két thuc thuét toan tim ludng cyc dai.
Khi @6, F 1a luong cuc dai.

Chirng minh tuong tu nhu trong tai liéu [1].

e D§ phirc tap ciia thudt todn.

Gia thiét kha nang thong hanh canh va kha nang thong
hanh nat 1a s6 nguyén. O mdi bude 1ap tim dudng di ting
ludng, ta phai duyét qua nhiéu nhét 1a |E| cung va dé hiéu
chinh ludng ta phai duyét qua nhiéu nhat 1a 2.|V| cung trén
duong di ting ludng, nén do phirc tap mdi lan ting ludng la:

O([E | + 2.[V]). Ky hi¢u v 1a tri cua ludng cuc dai. S6

lan ting ludng nhiéu nhét 1a v*. Vi vay, do phuc tap cua
thuét toan la:

O(V'([E | + 2.|V]).
5.Vidu
Cho so d6 mang mé rong & hinh 1.

Mang c6 6 niit, 6 canh c6 huéng va 3 canh v6 huéng. Kha
nang thong hanh canh cg va kha ning thong hanh ntt cv.
Dinh nguon 1a 1, dinh dich 12 6.

(10

©) 7 (10)
Hinh 1. So' @6 mang mé réng
Xuét phat tir ludng 0 cho & hinh 2.

Hinh 2. Mang xudt phdt tir luong 0

*DPinh nguon 1: [T, ¢, o, o, 1] va
dinh dich 6: [¥, @, o, o, 1]

Dinh 2: nhan tién [T, 1, 10, 10, 1];
Dinh 5: nhan i [{, 6, 9, 9, 1];
Dinh 3: nhan tién [T, 1, 9, 9, 1] va
nhanloi [¥, 4, 7, 9, 1]

Dinh 4: nhan tién [T, 3, 7, 10, 1] va
nhan lui [{, 6, 10, 10, 1]

i +Két qua hiéu chinh tang ludng cho & hinh 3 va gia tri
luong v(F) = 7.
+Tuong tu, Kkét qua hiéu chinh tang luéng cho ¢ hinh 4
va gia tri luong v(F) = 14.
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ot Két qua hiéu chinh ting ludng cho & hinh 5 va gié tri
luong v(F) = 16.

1 R
Hinh 3. Mang ¢6 gid tri luong v(F)= 7

Hinh 5. Mang ¢6é gid tri luéng v(F)= 16

bay la luéng cuc dai, vi trong 14n sinh nhan tién va nhan
lui tiép theo khong duoc gan nhan.

6. Két luan

Bai viét xay dung mo hinh mang mo rong dé co thé ap
dung mé hinh héa cac bai toan thuc té mot cach chinh xéc,
giam khoi lwong tinh toan ¢ nhiéu cong doan tir d6 1am
tang dang ké hiéu qua cua thuat toan so vdi thudt toan [9],
chi ting ludng tai nit vira c6 nhan tién va vira c6 nhan lui.

Tiép theo, thuat toan hoan chuyén nguon dich tim lung
cuc dai trén mang mo rong dugqc xay dung. Cuoi cung, mot
vi du cu thé dugc trinh bay dé minh hoa cho thuat toan.
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