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Tém tét - Trong bai bao nay, chung téi nghién ctru phwong phap
Ellipsoid va phwong phap Ellipsoid cai tién dé& tim mot diém théa
man hé bat phwong trinh tuyén tinh, va ng dung cac phwong
phap nay vao bai toan quy hoach tuyén tinh. Dau tién, ching toi
trinh bay giai thuat Ellipsoid va chirng minh sy hdi tu ciia né. Sau
khi phan tich nhitng han ché cta giai thuat nay, ching téi dwa ra
giai thuat Ellipsoid cai tién va chirng minh sw hdi tu cla giai thuat
mé&i nay. Sau d6, chung téi trinh bay cach &*ng dung phwong
phap nay vao giai bai toan tim phwong &n chdp nhan duoc va
phwong an tdi wu chép nhan duoc trong bai toan quy hoach
tuyén tinh. Cudi cting, mot sé vi du cu thé dwoc xem xét nham
minh hoa phwong phap Ellipsoid. Cac chuong trinh dwoc viét
trong phdn mém Matlab ciing dwoc trinh bay chi tiét.

T khoa - bai toan quy hoach tuyén tinh; phuong phap Ellipsoid;
phuong phap Ellipsoid cai tién; phwong an chap nhan duorc;
phwong an téi wu chap nhan duoc.

1. Pit van dé

Trong quy hoach tuyén tinh, ngudi ta mudn tim mot

nghiém X € R" clia bai toan t6i wru tuyén tinh:

min ., (€, %) .., (1)
trong 46, Ac R™",ce R"vabeR" 1a ma trdn va la cac
vector cho trudec.

Trong bai toan nay, mdi vector X € R" théa méin bat
dang thirc Ax>b duoc goi 1a mét phuwong dn chdp nhén
dirge va mdi nghiém cua bai toan dugc goi 1a mét phicong
dn 16i wu chap nhdn dwoc. Céc bai toan tim phuong 4n
chip nhan dugc va phuong an t6i wu chip nhan duoc 1a
hai bai toan co ban va quan trong trong nghién ctru bai
toan quy hoach tuyén tinh va dugc nghién ciru béi nhidu
tac gia khac nhau. Pdi v6i bai toan kich thude bé (n <10),
bai toan tim mot phwong an chip nhan dwoc co thé giai
thi cong (bing tay) va bai toan tim mét phuong an téi wu
chip nhan dugc thuong dugc gidi boi phuong phap don
hinh. Nhirng phuong phap nhu thé co the tham khao & cac
cubn sach ve€ bai toan quy hoach tuyén tinh, vi du nhu
trong cac cudn [1,2].

Trong bai bao nay, chling toi nghién ctu phuong phap
Ellipsoid va ap dung n6 vao tim phuong an chip nhén dugc
va phuong an t&i wu chap nhan dugc cua bai toan (1) khi n
vam cé gié tri 16n. Y tudng chinh ciia bai bao nhu sau:

Bii toan tim phuong 4n chap nhan dugc va phuong an
t6i wu chap nhan dugc cia (1) c6 thé quy vé viée tim mot
nghiém cua tap P dinh nghia boi

P={ueR":Bux>d} 2
trong d6, Be R™ va d e R' 1a ma trn va vector cho
trude tuong tmg. Cho bai toan tim phwong an t6i wu chép
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nhan dugc, phuong trinh (2) nhan dugc tr dinh ly dbi
ngau, xem [1].

Vi thé, _ching ta truge hét trinh bay phwong phap
Ellipsoid dé tim‘m(f)t diém cua P va ching minh sy hoi tu
cua n6. Chu y rang, phuong phap Ellipsoid da duogc trinh
bay trong [1] va su hdi tu cua né dwoc chimg minh khi P
la mot tap bi chan va du s6 chiéu (xem dinh qghTa & phan
sau).Trong bai bdo nay ching tdi chi gia st rang tp P bi
chan va khac rong. Ching ta s€ nghién ctru giai thuét
Ellipsoid cai tien trong dicu kién nay. Ket qua chinh cua
bai bao la dua ra duge giai thuat Ellipsoid cai tién (Giai
thudt 2) va chl'm,g minh sy hoi tu cla giai thuat nay, xem
Dinh 1i 2. Cac két qua khac 1a trinh bay ng dung cac giai
thudt vao bai toan quy hoach tuyén tinh ciing nhu cac
chuong trinh dugc viet trong moi truong Matlab. Cac vi
du s0 cu thé s& minh’ hoa cho su thuc thi hi¢u qua cua giai
thuat Ellipsoid cai tién.

2. Két qua nghién ciru

Phan nay chung t6i trinh bay phwong phap Ellipsoid
cho bai toép (2) va ching minh sy héi tu cta nd.Trudc
hét, cht y ring mot Ellipsoid trong khong gian R* 1a tap:

E(z D):={x eR":(x—2) D*l(x—z)sl},
trong d6 D 1a ma trdn d6i xung, xac dinh duong cap
kxk va z e R* dugc goi la tim cta ellipsoid.

Chung ta ciing can khai niém sau:

_ Dinh nghia: Tap P = R duoc goi 1 dii s6 chiéu néu
ton tai r >0 sao cho P chia qua cau S(y",r) véi tAm tai
y vabankinhr.

2.1. Y tuéng ciia phwong phdp Ellipsoid
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Y tuong clia phuong phap Ellipsoid la di xay dung
mot day ellipsoid coé thé tich giam dan va chira tap P sao
cho diy cac diém tdm cua ellipsoid hoi tu vé& mot diém
nao d6 ctia P. Cu thé nhu sau:

Thuit toan Ellipsoid xay dung ¢ mbi bude lap thir t, mot
ellipsoid E;c6 tam x, va chira tap 16i da dién P. Néu x, € P
thi thudt toan két thiic. Néu x, & P thi x, s& khong thoa mién it
nhit mot ring budc, tic 1a s& c6 mot hang b, cua B va thanh
phan d, ctia d sao cho b x, < d,. Moi x € P thoa rang budc
Bx>d nénb'x>hb"x. Do d6 P chira trong nita khong gian
K ::{XE R :b,szb,Txt}. Vay, néu x ¢ P thi P chia
trong E, N K. Ta goi E, " K 1a nura ellipsoid (chu y rang siéu
phang xac dinh nira ellipsoid di qua tm x, ctia Ey). Tinh chat
hinh hoc cua ellipsoid cho phép ta tim duge mot ellipsoid
mdi E, ,, chira ntra ellipsoid cua E; va c6 the tich nhdé hon han
E. Lap lai qué trinh trén ta s& thu dwoc diy diém {x} (hitu
han hodc v6 han) sao cho X, € P cho mét gia tri t nao do,
hodc x, > xeP.

2.2. Gidi thudt Ellipsoid va sw hji tu
Cach x4y dung day Ellipsoid E, nhu duge mé ta & phéan
trén dugc trinh bay chi tiét trong Giai thuat 1 dudi day:

Gidi thujt 1

Daiu
Vao:

Ma tran B va vecto d ; Piém X, var >0 sao cho
hinh cauE, = E(X,,r’1) théa man P < E,
t=0;

vong | WHILE x, ¢ P

lap: | Tim hang i sao cho: b’ x, <d,. (b, 1 hang thu i
cua ma tran B)

sit P < E,diing véit nao do.

Vi x, ¢ P nén sé& c6 rang budc bi vi pham: biT(t)Xt <b
voi x 1 tém cia E. Véi ta co
bl % <by, <b],

Do d6:Pc Kt = {x e R :bj x> biT(t)xt}.

Viay P c E, nK,. Goi E,, 13 ellipsoid E(x,,,,D,,,) thi
tu [1, Pinh Ii 1] (trang 117) ta c6 E, "K ,c E,,,. Do d0,
P c E,,. Vay theo phuong phap quy nap, ta c6: P c E,
vO1i moi t.

moi XeP,

Vi P 1a tap du sé chiéu va P < E, v6i moit nén ton
tai y'var >0saochoS(y",r") c P c E, v&i moit.

Vol (E,.,) 3 ez(;—il)
Vol (E,)

—t
< e Vol(A) 1a “d do” cua tap A R, tic la

Theo [1, Pinh 1i 1] ta co va

Vol (E,)
Vol (E,)
dd dai, dién tich, thé tich,..
Do 3d6:

0<Vol(S(y",r")) <Vol(E,) -0,

khi t tién ra v6 cung. Piéu nay dan dén mau thuan. Vi vay
Giai thuat 1 dung lai sau hitu han budc.

Nhu vay su hoi tu ciia Giai thudt 1 nhan dugc khi P 12
tap du sd chiéu. Piéu nay hau nhu khong xay ra cho bai
toan tim phuong 4an tdi wu chdp nhan duogc trong quy
hoach tuyén tinh vi trong nhiéu trudng hop, tip cic
phuong an t6i wu chép nhan dugc cua bai toan quy hoach
tuyén tinh 1 duy nhét hodc hiru han. Trong phan t1ep theo
chung ta nghién ctru giai thuat Ellipsoid cai tién dé nhan
dugc nghiém xap xi cua P trong truong hop P bi chan va
khac rong.

. voin=12,3,... tuong Gng).

2.3. Gidi thudt Ellipsoid cdi tién va sw hji tu
Giai thuat Ellipsoid cai tién dwoc trinh bay boi ngon
ngit gia lap trinh trong Giai thudt 2 sau day:

— + 1 lei
Xt+1 1+k bT b [
k? 2 Dbb'D
D .= D — i ,
o |<2—1[t k+1 b'Db j
t=t+;
END WHILE
Pau ra X

Nhén xét 1: Chii y. rang phuong phap don hinh cho
bai toan quy hoach tuyén tinh phai bat dau tir mot phuong
an cuc bién. Mot phwong an nhw the thuong la kho tim,
ddc biét cho cac bai toan kich thuwoc lon. Nguwoc lai,
phwong phap Ellipsoid cho phép ching ta tiy y lva chon
diem khoi tao. th’ can chon r >0 du lén,,Gidi thuat 1
luén luoén cho ket qua. Pay la mot wu thé cua phwong
phap Ellipsoid.

Dinh Iy 1. Gid sur P la tdp bi chdn va dii s6 chiéu. Khi
do, Giai thudt 1 dung sau hitu han budc.

Ching minh: Chung minh dinh li nay twong tu nhu
chirng minh [1, Pinh 1i 1] (trang 117).

Néu giai thuat dimg lai sau hitu han budc thi dinh li
duoc ching rI}inh. Ta gia s Gié’i thuat 1 lein vO han va di
chiing minh rang diéu nay dan dén mau thuan.

_ Truée hét ta chimg minh bing phwong phap quy nap
rang P < E, v6i moi t. Tu Giai thuét 1, ta c6 P c E;. Gia

Giai thuat 2
Diu Ma tran B va vecto d; Piém X, var >0 sao cho
Vao:  |hinh cau, = E(x,,r’l) thoa man P  E,.
t=0;e>0vaP ={xeR":Bx>d-2c}.
Vong WHILE x, ¢ P,,
lap: Tim hang i sao cho: b x, <d, —2&. (b; 1a hang
thiri ciia ma trin B)
1 _Dp
Xn =Xt =
1+k /b'Db,
2 T
D, = i( {Dt_ 2 'Dt?lbi Dtj’
k?-1 k+1 b Db,
t=t+1
END WHILE
Diu ra X

Két qua chinh cta bai bao dugc dua ra trong dinh Iy
Sau:

DPinh Iy 2. Gia sir P la tdp bi chan va khdc rong.
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Khi do, Giai thuat 2 dung sau hitu han budc. Hon
nita, néu Gidi thudt 1 dimg tai bude thir t=N(e),
thi  d(xy,.P)—>0 khi ¢—>0,  trong dé
d(x, P):iyrl'fall X—WYl la khodng cdch tir x dén P.

Chung minh: Ta dinh nghia
P={xeR":Bx>d-¢}. Vi P khic rdng nén ton tai
X e P. Chon ¢ >0 du bé sao cho | By—Bx[<e voi moi
y e S(X,¢). Khi do, ta c6 By2Bx—d—e/22d-2¢ véi
m01 ye S(x,¢). Do do, S(x,¢) c P,.. Ttc la P, 1a tap du
s6 chiéu. D8 thiy rang, Giai thuat 2 chinh la Glal thuét 1
v6i P dugc thay boi P,.. Vi P la tap bi chan va khac rong,
nén P, 1 tap bi chin va di s6 chiéu. Ap dung Pinh 1i 1, ta
c6 Giai thuat 2 dung tai bude thir t = N(g) hitu han va

Xy(e) € P Mat khac, ta co:

d(Xye,y P)<d(P,,P) >0 khi € = 0. Vay dinh Ii
duoc chung minh.

3. Ung dung vao bai toan quy hoach tuyén tinh

Xét bai toan quy hoach tuyén tinh(P) va bai toan db6i
nglu cua né (D):

f (x)=c"x— min g(y)=b"y - max
Ax>b
x>0

A'y<c
y>0

(P) vé(D)

trong 36 Ac R™", c,xeR"vab,yeR"

Bai toan tim mot phuwong an chép nhan dwoc cua (P)la
tim mot diém x € R" sao cho

mczb o [A] b
xz0 "R )

Tir dinh 1y d6i ngdu manh thi (P) c6 nghiém t5i wu xkhi
va chi khi (D) ¢6 nghiém t5i uu y va diéu nay xay ra khi va
chi khi (x, y) thoa man hé bat ding thirc sau :

AT T 7]
c'x-b'y<0 : Ob E
Ax>b X
: hay(R,) | 0 -AT >|—c|.
A'y<c | 0 y 0
x>0,y>0 O” | 0

Do d6, bai toan tim phuong an chép nhan dugc (P) va
bai toan tim phuong an téi wru chdp nhéan duge (P,) dan dén
bai toan tim mot nghiém cua bat phuong trinh (2).

Trong phén tiép theo, chiing ta s& trinh bay két qua sb khi
ap dung Gidi thuat 2 cho cac vi du cu thé. Chung ta chon
2¢ =107 va Giai thuat 2 dugc viét bang ngdn ngit Iap trinh
Matlab. Cac mé chuong trinh Matlab cho Giai thuét 2 va cac
vi du sau dugc trinh bay trong phan ti€p theo:

Vidul:

Xét bai toan : Tim min

e 2% 3% VOi dieu kién
1142 s

(X, X,) thoa man :

2% +X, 25

Bai toan nay c6 duy nhat mot nghiém ti wu 1a (2,1).
Giai thuat 2 cho bai toan tim phuong 4n chap nhan
dugc va phuong 4n téi wu trong vi du nay duogc liét ké &
Bang 1&2. Chu ¥ rang, cac gid tri dugc lam tron dén bon
chir s6 thap phan sau dau phay.
Bing 1. Gidi thudt 1 véi X, = (0,0) var =10 cho Vi du 1 doi
v6i bdi todn tim phirong dn chdp nhdn dwoc

t X, min(Ax, —b)
0 (0,0) -5

1 (2.9814, 1.4907) -0.4907

2 (0.9155, 4.6835) -1.7680

3 (0.7056, 1.8449) -1.7439

4 (3.2403, 2.5560) -0.2403

5 (1.2704, 3.1902) 0.0802

Bang 1 cho thdy rang, chi v6i 5 vong lap, chung ta
nhan duge mot phuong an chap nhan dugc. Trong truong
hop nay, tap P, ={x:Ax>Db,x>0} di sd chiéu va bi
chan. Do d6, két qua s trong trudng hop nay phi hop véi
két qua 1y thuyét trong Dinh li 2.

D6i voi bai toan tim phuong 4n tdi wu, két qua sb
dugc trinh bay ¢ Bang 2. Giai thudt dung lai sau 3639
vong lap. Cha y rang, trong truong hop nay tap nghiém
t6i wu chi c6 mot diém, tic 1a gia thlet veé du so chleu
khong thoa méan. Tuy vay, giai thuat van cho nghiém xép
xi v&i d6 chinh xac cao sau hitu han budc.

Bing 2. Gidi thudt 1 véi X, = (0,0) var =10 cho Vi du 1 doi
véi bai todn tim phiwong dn t6i wu chdp nhdn dwoe

t X, =(X,Y) min(Bx, —d)
X

0 (0,0) -5

1 (0.8944,0.447) -3.1305

2 (0.7161,0.1104) -3.4573

3 (1.5234,0.4967) -1.4565
3637 (2,1) -1.2079e-10
3638 (2,1) -1.3057e-10
3639 (2,1) -9.6286e-11

Vidu2:

n
Tim min__, —in voi diéu kién
Xelk |:1
0<x <1véimoii=1...,n. Phuong an t&i uwu chip nhan
dugc ctia bai toan la x = (4,...,1).

Xét bai toan :

Ap dung Giai thuat 2 dé tim phuong én t5i uu chap
nhan dugc trong vi du nay duoc liét ké & Bang 3. O day




102

Pham Quy Mw@i, Phan Thi Nhw Quynh

chung ta chon n =15.
Bing 3. Gidgi thugt 1 véi X, = (=1,...,=1)var =3 cho Vidu 2
ddi véi bai todn tim phwong én chdap nhdn dwoc

t X, min(Ax, —b)
0 (-1,...,-1) -1

1 (-0.8125,....-1) -1

90 (0.0905,...,-0.3590) -0.3590
91|  (0.0905....,-0.1715) -0.1715
92 (0.0905...., 0.0043) 0.0043

Bang 3 cho thiy sau 92 vong lap, ching ta nhan duoc
mot phuong an chdp nhan dwoc. Trong trudng hop nay
P ={x:Ax>b,x>0} du s6 chiéu va bi chan. Nhu trong
Vidu 1, nghiém s6 1a mot phuong an chép nhan duoc.

Dbi v6i bai toan tim phuong an tdi wu, két qua sb duoc
trinh bay & Bang 4. Giai thuat dung lai sau 81921 vong lap.
Gibng nhu Vi du 1, trong truong hop nay tap nghiém t6i wu
chi ¢6 mot diém, tire 1a gia thlet vé du sb chiéu khong thoa
man va nghiém s6 1a nghiém xap xi cuia phuong an t6i uu
chap nhan dugc véi d6 chinh xac gan nhu tuyét dbi.

Bing 4. Giai thudt 1 véi X, = (0,...,0)var =10 cho Vi du 2
ddi véi bai todn tim phwong én t6i wu chdp nhan dioc

k=check(1);
ak=A(k,:)";
x1=x0+D0*ak/((1+n)*(sqrt(ak™*D0*ak)));
x0=x1;
tgl=n"2/(n"2-1);
tg2=2/(n+1);
D0=tg1*(D0- tg2*(D0*ak)*(ak*D0)/(ak'*D0*ak));
m_min=min(A*x0-b);
Ax0=[ Ax0 x01];
Amin=[ Amin m_min];
end
end
Amin=Amin’;
Ax0=Ax0";
end

4.2. Chwong trinh Matlab cho Vi du 1

t X =(%Y) min(Bx, —d)
X

0 0....,0) -1

1 0....,0) -1

2 (0.0397....,0.0397) -1.0397

3 (0.0399....,0.0399) -1.0399
81919 1,...1) -1.9933e-10
81920 (1,....1) -1.0707e-10
81921 (1,...,1) -9.8824e-11

4. Chwong trinh Matlab

Céc két qua nghiém sb trong phan trén nhan dwoc khi
Giai thuat 1 dugc ma hoda trong ph?m mém Matlab. Phin
nay chang t6i dua ra cidc chuong trinh Matlab cua Giai
thudt 1 va hai vi dy da trinh bay & phan trude. Giai thuat 1
14 ham “ellipsoid_method”.

4.1. Chwong trinh Matlab cho Gidi thudt 1

clear all
Nmax=10000;
%EXAMPLE 1
A=[21;-11;-10;0-1;1-1;10;01];
b=[5-1-3-4-200];
%bai todn tim phirong dn chdp nhdn dwgc
[m n]=size(A);
x0=zeros(n,1);
R=1el,;
[x0 i AXO Amin]=ellipsoid_method(A,b,x0,R,Nmax);
%bai todn tim phiong én t6i wu chap nhin dwoc
c=[2 3]";
B=[-c' b';A zeros(m,m);zeros(n,n) -A';...
eye(n) zeros(n,m);zeros(m,n) eye(m)];
d=[0; b; -c; zeros(n,1);zeros(m,1)];
k=size(B,2);
x0=zeros(k,1);
R=1el;
[xx0 ii AxyO Aminp]...
=ellipsoid method(B,d,x0,R,Nmax);

function [x0 i AxO Amin]...

=ellipsoid_method(A,b,x0,R,Nmax)

%Gidi thudt 1

[m n]=size(A);

D0=R"2*eye(n,n);

m_min=min(A*x0-b);

Ax0=[x0];

Amin=[m_min];

for i=0:Nmax
check=find(A*x0-b<-1e-10);

if size(check,1)==0

break;

else

4.3. Chuong trinh Matlab cho Vi du 2

clear all

Nmax=100000;

%EXAMPLE 2

n=15;

A=[-eye(n);eye(n)];

b=[-ones(n,1);zeros(n,1)];

%bai todn tim phwong dn chéap nhdn dwgc

[m n]=size(A);

x0=-ones(n,1);

R=3;

[0 i AxO Amin]=ellipsoid_method(A,b,x0,R,Nmax);
%bai todn tim phirong dn t6i wu chap nhin dioc
c=-ones(n,1);
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B=[-c' b';A zeros(m,m);zeros(n,n) -A';...
eye(n) zeros(n,m); zeros(m,n) eye(m)];

d=[0; b; -c; zeros(n,1);zeros(m,1)];

k=size(B,2);

x0=-zeros(k,1);

R=1el;

[xx0 ii AxyO Aminp]...

=ellipsoid_method(B,d,x0,R,Nmax);

5. Két luan
Bai bdo nay da trinh bay phuong phép Ellipsoid cho
bai toan (2) va chung minh sy héi tu ctia n6 dudi cac

diéu kién khac nhau cua tap P. Tir d6, chung toi chi tiét
phuong phap Ellipsoid thong qua Giai thuat 1. Ching t6i
cling da chi ra cach tng dung phuong phap Ellipsoid vao
tim phuong an chip nhin duoc va phuong an tdi wu
chdp nhan dwoc trong bai toan quy hoach tuyén tinh.
Céc vi du s6 dd minh hoa Giai thuat 1 va cac két qua sb
phu hop véi cac két qua li thuyét.
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