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Abstract - Micro-ring resonator using 3x3 Multimode Interference
(MMI) couplers or 3x3 planar directional coupler is a promising
component for a new generation of functional optic devices such
as switches, modulators and laser oscillators, which employ
smaller applied voltages for control. In order to achieve these
functional devices, means for voltage control of the coupling
between the waveguides and the resonator is required. This paper
presents a method of controlling the coupling coefficients to meet
the critical coupling of 3x3 micro-ring resonator applied to optical
switching, modulation and oscillation.
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1. Introduction

Micro-ring resonator is a promising device for
applications in the field of optical communications. Using
this structure, basic signal processing functions such as
wavelength filtering, routing, switching, modulation, and
multiplexing can be achieved [1]. However, most racetrack
resonators have been designed and fabricated using
directional couplers or 2x2 MMI couplers as a coupling
element between the ring and the bus waveguides. Recently,
we have been proposed a novel configuration of a micro-ring
resonator using 3x3 MMI couplers [2, 3]. Devices using this
structure hold the promise of a new generation of light
switching, amplification, laser oscillation, and modulation.

Before this can proceed to real applications, we need to
find out the mechanism to control the coupling coefficients
precisely. One of the most interesting features is that the
resonators operate at resonance wavelength and thus critical
coupling can be achieved. This is the purpose of the present
paper, in which we propose a configuration for precisely
controlling the coupling coefficients of the coupler by using
electro-optic or thermo-optic effect. The analysis of the
device is based on self-imaging theory and transfer matrix
method. Performance parameters are discussed.

From the research by A. Yariv about the modelling of
micro-ring resonator based on 2x2 directional coupler as a
matrix, this model is particularly important and used
widely in analysis of optical circuits based on 2x2 micro-
ring resonators [4, 5]. This research is to present an analysis
and modelling of micro-ring resonators based on 3x3 MMI
(multimode interference) and 3x3 planar directional
coupler. Both structures are suitable for integrated optical
circuits and a versatile functional device can be created
from these structures.

In the literature, 3x3 fiber based resonators have been
proposed and some applications based on this structure
have been presented [6-10]. However, such analysis is not
applicable to general applications. Here, we present an

universal analysis applied for both 3x3 MMI and 3x3
planar directional coupler based micro-ring resonators.

2. Theory

A micro-ring resonator based on a 3x3 coupler is
proposed in Fig. 1 below. It consists of lossless coupling
between two optical waveguides and a ring resonator. The
3x3 coupler in this paper is made from a 3x3 MMI coupler.
Compared to 3x3 fibre couplers or planar couplers, 3x3
MMI couplers have the advantage of the relaxed fabrication
tolerances and the ease of integration of these devices into
more complex photonic integrated circuits, small size, and
low excess loss. Therefore, the use of 3x3 MMI couplers in
micro-ring resonator configurations not only takes these
advantages, but also precisely designs the desired couplers.

Figure 1. Geometry of micro-ring resonator using a 3x3 coupler

As given in [5], by controlling the coupling coefficients
of the coupler to meet the critical coupling, small changes
in the internal loss for a given coupling coefficient, or vice
versa, can control the transmitted power, between unity and
zero. Therefore, switching and modulation functions can
be realized from this characteristic if we know how to
control these parameters. Moreover, if we include a gain
(optical amplifier) inside the ring resonator, the transmitted
power can reach infinite value if the relation between the
internal loss and coupling coefficient meet certain
particular conditions.
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Figure. 2 Geometry of microring resonator using a 3x3 coupler

The proposed configuration for the control of the
coupling coefficients is shown in Figure 2. It consists of a
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generalized  Mach-Zehnder  interferometer  (MZI)
sandwiched between two 3x3 MMI couplers into the ring

resonator. The MZI introduces the phase shifts @, (i=1-3)
in its three arms.

Using the self-imaging theory, the 3x3 MMI coupler
can be described by a transfer matrix [11]

1 Qi(6+117/24) 1 oi(0-137/24) iej(e—Bn/M)
Ng Ng NG
Mo| Loz L joswae) 1 joasnia) 1)
NG NG NG
iej(e—Sn/M) 1 oi(6-13/24) 1 oi(0+117/24)
3 3 3

where ¢ is a constant phase, 6 =—3yLym +%, B, isthe

constant propagation of the fundamental mode within the
MMI region, and Ly, is the length of the MMI coupler,

4n, W3 o
Ly =L, = — ; N, w, a are refractive index of
3\

the core, width of the MMI coupler, and optical waveguide
respectively; L_ is the beat length of the two lowest order

modes in the MMI region.

The field ¢; (i =1+3) at the output of the MMI coupler
can therefore be related to the input field a; (i=1+3) by
the following matrix equations

G ar b, d
¢, |==M|a, |,and | b, |==M|d, 2
Cs3 a3 bs ds

The overall transfer matrix S of the MMI-GMZ structure
shown in Fig. 2 is found from the product of the transfer
matrices of the MMI splitter, the phase shifters, and the MMI
combiner, and can therefore be written as [12]

S=M®M ©))
where M is the transfer matrix for each MMI coupler and
@ is the matrix due to the phase shifters

@ = diag {e"“’1 eltz glts } )

Using (1) and (2) in (3) lead to the transmission
expressions at the output port 1, Pb1 and port 2, sz
respectively
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io io
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Therefore, we obtain the transmitted powers at output
ports when the input signal entering from port lonly

(2, =0) is as follows

2
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And the transmitted powers at output ports when the
input signal entering from port 2 (8, =0) are

ie
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Without loss of generality, it is assumed that the optical
waveguides support only one mode-the fundamental one and
that the coupling is lossless, the relationship between output
complex amplitudes and input complex amplitudes of the
device can be described by using a coupling matrix as follows

by T K Kz | & a
by |=| K1 T Kpz | 3 |=M|a, @
by K3 Kz T3z J\ 83 as
ag = o.exp(je)bs @)
Where 1, «;(i,j=1+3) are transmission and coupling

coefficients of power from input ports i to output ports j;
a =exp(-a,L) is the transmission loss inside the resonators,

and o, (dB/cm) is the loss coefficient in the core of the
optical waveguides. ¢ =pL is the phase accumulated over
the ring waveguides with propagation constants 8, where
B=2mng /L, Ng and a are effective refractive index of

the waveguide core and optical wavelength, respectively.
The conservation of energy principle results in the
equivalent conditions: M"M and MM " are unit matrices.
Therefore, we have the following equations

|111|2 +|‘<21|2 +|K31|2 =1 3)
|'<12|2 +|T22|2 +|K32|2 =1 4)
|K13|2 +|K23|2 Jr|T33|2 =1 )

The field amplitudes are normalised to the input
amplitudes a; (or a, ), that means we can choose a; =1
(or a, =1). The transmission around the ring is then
calculated by

Kygkq 0e)® Kyqkgr0l81?

by = (1 + L)5"1 +(kpp + L)az (6)
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From (6) and (7), we obtain the transmitted powers at
output ports when the input signal entering from port 1(

a, =0)is as follows

KyaKqq0el®
P =|(ty +Llj ®)
1-1450e!?
io 2
KoqKa1OLE
P, = (K21+—23 ) )
1-1550e'

And the transmitted powers at output ports when the
input signal entering from port 2(a; =0) are

2
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3 12 io
1-1508
io 2
Koy KanOLE
Py =|Kpy + 22— (11)
1- 13508

As an example, we consider the former case in this
paper. (8) and (9) can be rewritten in the following forms:

b _ |’U11|ej¢“ +(|K13||K31|ej(¢13+¢31) —|r33||r11|ej(¢“+¢33))aej“’ |2
1= l_|T33|aej((p+¢33)
(12)
b _ |K21|ej¢z1 +(|K13||K23|ej(¢23+¢31) _|.533||K21|ej(¢21+¢33))aejq) |2
2= 1—|r35] €)@+ 4)

(13)

Here ¢ (i,j=1+3) are the phases of coupling
coefficients. Most of the interesting features of this
resonator occur near resonance @+ ¢g; =2mm , where m

is integer. At resonance the transmitted powers at output
ports 1 and 2 only depend on the loss inside micro-ring
resonator and coupling coefficients.

i ; L2
P - ||‘511|EJ¢11 +a(|K13||K31|el(¢13+¢31—¢33) _|.533||111|el¢11)| (14)
1—|1:33|(x
i - L2
p, - ||K21|el¢21 + (x(lK13||K23|el(¢zs+¢31—¢33) _|T33||K21|el¢)21)| (15)
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One of the most special characteristics is that when a special
relation between the internal loss and coupling coefficients is
achieved, the power at output port 1 or output port 2 will vanish
and this condition is called critical coupling condition as well-
known in the microwave field [13]. The useful characteristics
of the device such as switching, modulation and laser oscillation
can be obtained from this condition.

3. Simulation results and discussions

As an example, we consider a ring resonator based on
a 3x3 planar waveguide coupler only. The configuration
of the ring resonator using a 3x3 coupler is shown in
Figure 3.

Figure 3. Micro-ring resonator using a 3x3 planar coupler

It is noted that our general theory can be applied to
micro-ring resonator based on any kind of 3x3 couplers
formed from 3x3 planar optical waveguides or 3x3
multimode interference (MMI) couplers. A 3x3 planar
optical waveguide coupler is analyzed by the coupled mode
theory and the other can be analyzed by using the self-
imaging theory [14].

As an example, 3x3 planar directional coupler and 3x3
MMI coupler have been investigated in Figure 4 and 5. The
silicon waveguide is used for the simulations. The
waveguide has a standard silicon thickness of
he =220nm  and access waveguide widths are

W, =0.5 um for single mode operation. It is assumed that

the designs are for the TE polarization at a central optical
wavelength A =1550nm .
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(b) Gap between two adjacent waveguide g=300nm
Figure 4. Simulations of a 3x3 planar directional coupler



ISSN 1859-1531 - THE UNIVERSITY OF DANANG, JOURNAL OF SCIENCE AND TECHNOLOGY, NO. 6(115).2017 27

The coupler consists of three optical waveguides with
their centers aligned in the same plane. It is assumed that
the coupling exists only between the neighboring pairs of
waveguides. The coupling characteristics can be obtained
by using the mode coupling theory. Complex amplitudes

g; of the fields inside three waveguides are governed by a
set of differential equations [7]

da;
(;j; _ 0 Ky _ 0 Y&
d_zl =ljkp 0 jry |l @y (16)
da, 0 jkgp 0 Jlag

dz

Solving (16) with k=1 (i,j=1+3) being coupling

coefficients between the waveguide i and j, the output field
amplitudes of the 3x3 coupler are given by

.1 .1
T —-]—=x —]—=x
b J"z J"z a
' 11 1 (17)
b2 = _J_’EK E(‘C+1) E(’C—l) a2
bs 1 1 1 i
e S S R G
J\/EK 2(T ) 2(T+)

where T= cos(\/ikz) , and k= Sin(\/sz) are

L . - 2m .
transmission and coupling coefficients, k = Tn is the wave

number, z is the coupling length.

Substituting (17) into (8), (9) and (10), (11), the
transmitted power at the output port in the two cases can be
expressed by

Input port a;, =1 (normalized)
o 1 1+1)% + 40t — do(1+ 1)t cos()
Y74 140.2502 (14 1)% — a(L+ 7) cos(o)

1 @)L+ a?® —20.cos()]
2 1+0.2502(1+1)? — ou(1+ 1) cos(e)

(18)

(19)

2

Input port a, =1 (normalized)

P, = 1 @)L+ a? —20c08()] (20)
*7 2 140.250%(L+1)2 — a(l+ ) cos(p)

o 1. a?(1+71)% +47% — da(1+1)Tcos(¢)

= 21
*7 4 14025021+ )2 — a(l+ 1) cos(e) (@)
and the power at output port 3:
2
Py - (22)

21+ 05a2(1+ 1) —a(l+1)cos(p))

At resonance, ¢ = 2m, where m is some integer, the
above equations are rewritten as follows

5 1 [+ 1) - 201]?

Y4 1-050+0)P (@)
_1 (-P)-0)’

P23 [1-0.5a(+1)] (@)
_1l -’

=3 [1-0.50(L+1)]2 ()

3 _1 [a@+7)-27) (26)

4 [1-050(l+ 1))

It should be noted that P, = P, and its value will vanish

only when ©==*1 or & =1(lossless case, i.e. there is no
optical loss inside the ring resonator). Therefore, these
ports will not be used in our analysis.

From (26), it shows that for the case input signal at port
2, the transmitted power at output port 2 vanishes, i.e.
P, =0, when the relation between the coupling coefficient

7 and the internal loss o meets the condition: rzzi.
-

This is also the critical condition of the resonator.
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Figure 5. Simulations of a 3x3 MMI cascaded coupler

Figure 6 shows the power transmission characteristics
P, against the internal loss o for a given value of the

coupling length kz. The dependence of the transmission on
o near the critical coupling is particularly significant.
Small changes in o for a given <, or vice versa, can
control the transmitted power, between unity and zero. If
we can learn how to control o and/or ¢, we have a basis
for a switching technology. If we can do it sufficiently
rapidly, we have the basis of a new type of an optical
modulator. At a constant value of the internal loss, if we
can make the coupler operating near the critical coupling
point then switching functions can be achieved from this
characteristic.
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Figure 6. Transmitted power at the output port 2,
P;against the internal lossx at a variety of the coupling lengths
kz=0.05, 0.10, and 0.13

Figure 7 shows the transmission characteristics against
frequency near critical coupling for a given value kz=0.13
(t=0.9958). The device is designed on Silicon on
Insulator (SOI) technology. Optical waveguides supports
only one mode with the effective refractive index
Ne =3.4767 calculated from the Finite Difference
Method (FDM)[15]. Ring resonator has a radius
R =300um large enough to reduce the bending loss. The
simulations are carried out for four different values of the
internal loss a =0.99, 1.0, 1.005, and 1.0085. A gain is
concluded in the ring resonator to have o >1. In this case,
the transmitted power is amplified. An important
characteristic of this resonator is that the resonance peak
can be made arbitrarily narrow. When o =2/(1+7),

according to (25), the transmission reaches infinite value.
This means that laser oscillation is obtained.

T
T=09958

Power at output port 2 (a.u.)

0tk H
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Figure 7. Transmitted power at the output port 2 , P53 against
wavelength at different value of the internal loss «= 0.99, 1.0,
1.005, and ¢ =1.0085. The figure shows the transmission near a
resonance wavelength ; = 1545.223nm

Some performance parameters of the resonator are
Finesse, Q-factor, resonance width, and bandwidth. These
are all terms that are mainly related to the full width at half
of the maximum (FWHM) of the transmission. The
FWHM of the micro-ring resonance is the resonance width

or the bandwidth and can be calculated from (27) below.

Py :Tm—;x (27)
1+Fsin“(p/2)

[a(l+7) —2]A2

(28)
TN Ly 20(1+7)

S pwhm =
2(1-1°)
[a(l+1) 2]
the circumference of the ring.

The Free Spectral Range (FSR) is the distance between

two peaks on a wavelength scale. By differentiating the
2

equation (p:BL’ we get FSR :LL' where the group

_ 8a(l+ 1)
[a(l+7) -2

where T, = and L is

Ng
index is ny =Ny —kdgiﬁ :
The Finesse F is defined as the ratio of the FSR and the
bandwidth and thus can be calculated by Fzﬂ
7"FWHM

Moreover, The Q-factor is defined as the ratio of the
wavelength of the peak to the FWHM of the peak,

A
Q= :
OhrwHM
For the case input signal at port 1, the power at output
port 1 is calculated from (23). The power P, vanishes only

if t=1 =1/(2a—1) and the power P, reaches infinite
value with T =1, =(2—a)/a . This may be one of the most

interesting characteristics of the ring resonator because for a
given value of the internal loss or gain o, the difference

between the values of t; and T, is very small. Therefore, a

very low power switch can be made from this configuration
by using thermo-optic, or electro-optic effects.

4. Conclusion

We have presented a universal analysis for micro-ring
resonators using 3x3 couplers. Expressions for the output
intensities for the ring resonator based on any kind of 3x3
couplers are derived. The transmission characteristics of a
ring resonator designed on SOI technology as well as the
performance parameters including the free spectral range,
finesse, and Q-factor are studied. The switching,
modulation and laser oscillation functions have been
realized. It shows that these resonators will be very
promising passive and active components for photonic
integrated circuits in the future.
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