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_ THUAT TOAN BELLMAN-FORD CAI BIEN
TIM PUONG DI NGAN NHAT TREN MANG MO RONG

REVISED BELLMAN-FORD ALGORITHM
FINDING SHORTEST PATH ON EXTENDED NETWORKS

Trin Quéc Chién
Truong Pai hoc Sw pham, Pai hoc Pa Nang; tqchien@dce.udn.vn

Tom tét - Db thi 1a cong cu toan hoc hiku ich tng dung trong nhiéu
[inh vyc nhw giao théng, truyen thong, cong nghé thong tin, kinh té,

. Cho dén nay, trong db thi mé&i chi xét dén trong sb cla cac
canh cac dinh mot cach déc lap, trong d6 do dai dwdng di chi don
thuan 1a tdng trong sé céc canh va cac dinh trén dwong di d6. Tuy
nhién, trong nhiéu bai toan thuwc t&, trong sé tai mot dinh khong
gibng nhau v&i moi duwdng di qua dinh d6, ma con phu thudc vao
canh di dén va canh di khéi dinh d6. Trong bai bao, mé hinh db thj
mé réng duoc dinh nghia. Bai toan tim dwéng di ngan nhét 13 bai
toan quan trong nhét trong ly thuyét dd thi va cé nhiéu y nghia khoa
hoc va rng dung. Thuét toan Bellman-Ford la thuét toan chinh tim
duong di ngan nhét tlr mot dinh dén cac dinh khac, trong dé trong
sO canh co thé am. Trén co sé thuat toan Bellman-Ford tim dwéng
di ngén nhat trén db thi truyén théng, tac gia xay dwng va chirng
minh thuat toan Bellman-Ford cai bién tim dwdng di ngan nhét ti
mot dinh dén cac dinh khac trén mang db thi mé rong.

Tir khéa - d6 thi; do thi mé rong; dwong di ngén nhat; thuat toan
Dijkstra; thuat toan Bellman-Ford.

1. Pit van dé

D6 thi 1a cong cu toan hoc hitu ich tmg dung trong
nhiéu linh vuc nhu giao thong, truyén thong, cong nghé
thong tin, kinh té, .... Cho dén nay trong dd thi m&i chi xét
dén trong sb ctia cac canh cac dinh mot cach doc lap, trong
d6 do dai duong di chi don thuan 14 tong trong sd cac canh
va cac dinh trén duong di d6. Tuy nhién, trong nhiéu bai
toan thyc té, trong sd tai mot dinh khong giéng nhau véi
moi duong di qua dinh d6, ma con phu thudc vao canh di
dén va canh di khoi dinh d6. Vi dy, thoi gian di qua nga tu
trén mang giao théng phu thudc vao huéng di chuyén cia
phuong tién giao thong: r& phai, di thing hay ré trai.

Vi vay, can xay dyng mot mo hinh db thi téng quat dé
¢6 thé ap dung mé hinh hoa cac bai toan thyc té chinh xac
va hiéu qua hon. Thuat toan tim duong di ngin nhat 1a
thudt toan co s¢ quan trong, dugc sur dung trong nhiéu bai
toan t6i wu trén dd thi ~va mang. Thudt toan Dijkstra n6i
tiéng tim duong di ngin nhat gitra hai dinh d duoc cai
bién thanh thuét toan tim dudng di ngdn nht trong dd thi
mo rong [1], [2]. Tuy nhién, thuat toan nay c6 mét han
ché 1a trong s cac canh phai duong. Thuat toan Bellman-
Ford 14 thuét toan tim dudng di ngén nhit tir mot dinh dén
cac dinh khac, trong do6 trong sO canh co thé am, dugc
nghién ciru va phét trién trong cac cong trinh [3]- [9]. Trén
co s¢ thuat toan Bellman-Ford tim duong di ngan nhét
trén do thi truyén thong, tac gia xay dung va chimg minh
thuat toan Bellman-Ford cai bién tim duong di ngan nhat
tr mot dinh dén cac dinh khac trén d6 thi mé rong. Thuat
toan Bellman-Ford 14 thuat toan co s& cho nhiéu tng dung
ctia mang hdn hop mo rong. Dic biét, voi bai toan tim
ludng cuc dai chi phi cyc tiéu ¢6 nhiéu tmg dung thuc té,

Abstract - Graph is a powerful mathematical tool applied in many
fields such as transportation, communication, informatics,
economy, ... So far, in ordinary graph the weights of edges and
vertexes are considered independently and the length of a path is
simply the sum of weights of the edges and the vertexes on this
path. However, in many practical problems, weights at a vertex
are not the same for all paths passing this vertex, but depend on
coming and leaving edges. Therefore, a more general type of
graphs, called extended graph, is defined in this work. The
shortest path problem is one of the most important problems
having great scientific and practical meaning. On the basis of the
Bellman-Ford algorithm which finds shortest paths from a vertex
to other verteces, this paper develops a revised Bellman-Ford
algorithm finding the shortest path from a vertex to other verteces
on extended networks.
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trong mang thang du sé& xuét hién trong s6 am. Khi do, ta
phai tim chu trinh &m d¢é hiéu chinh ludéng giam chi phi.

2. P thi hdn hop mé rong

Cho db thi hdn hop G=(V, E) véi tap dinh V' va tap
canh E, trong d6 cac canh c6 thé c6é huong hodc vo
huéng. Mdi canh ecE duge gan trong s6 we(e). Ky hiéu
Ej 1a tap hop céc canh v6 hudng cua G va E 1a tép h(_r~p
cac canh c6 hudng cua G, mo = |Eo|, m; = |E1|. V& moi
dinh veV, ky hiéu N, 1a tap cac canh vo hudng li€n thudc
dinh v, 7, 1a tap céc canh c6 hudng di vao dinh v va O, 1a
tap cic canh c6 huéng di ra tir dinh v. Mdi dinh veV va
mdi cdp canh (e,e’)e(NUL)x(NyWUO,), exe’ duge gan
trong s6 wi(v,ee’).

Bo (V, E, wg, wy) goi la dd thi mo rong.

Cho p 1a duong di tir dinh u dén dinh v qua cac canh
e,i=1, ..., htl,vacacdinhu;, i=1, ..., h, nhu sau:

p = [u, e1, ui, e uz, ..., en, un, ep+1, v/

DPinh nghia d¢ dai duong di p, ky hi¢u I(p), theo cong

thire sau:
h+l
ZWE(61)+ZWV(Z’[1,€1,€1+I) O
1

e Bai todn tim dwong di ngdn nhat
Cho db thi mg"r r(f)ng G= (V, E wg, wy) va dinh seV.
Tim duong di ngan nhat tir s dén tat ca cac dinh khac.
3. Thuat toan Bellman-Ford cai bién
0 Pau vio

D6 thi mo rong G = (V, E, wg, wy) va dinh s V.
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0 Pau ra

I(v) 1a chiéu dai duo‘ng di ngén nhat tir s dén v, va
duong di ngén nhét (néu [(v)<+o), VveV, hogc két luan
6 thi c6 chu trinh 4m qua dinh kha ndi véi s.

O Phwong phap
Thuat toan st dung cac ky hi¢u sau:
- I(v) 1a d6 dai duong di ngin nhit tir s dén v;
- le(v) 1a canh dan dén dinh v trén duong di ngén nhat
tur s dén v,
- VEo={(v,e)| veV & eeN,}
- VE, = {(vie)|veV & e<l, }
- VE = VEy L VE| U{(s,0)} la tap cac cap dinh va
canh lién thudc;
- L(v,e) 1a nhan cap dinh-canh (v,e)e VE;
- P(v,e) la cap dinh-’canh trude (v,e)e VE trén dl,r(‘)‘ng
di ngan nhat tr s dén v, vdi e la canh cudi dan dén v;
- uv 1 ky hiéu tit canh (u,v).
(1) Khoi tao:
Gan L(v,e) = +owo, V(v,e)e VE, L(s,) = 0.
Gan P(v,e) =, V(v,e)eVE.
(2) Fori=1 to 2motm) do
For (u,v)eN, VI, do
For (u,e), eeN, VI,
if L(v,uv) > L(u,e) + wi(e,u,uv) + we(u,v) then
{L(v,uv)=L(u,e)twi(u,e,uv)twe(u,v);
Plv,uv)=(u,e);}
(3) Néu ton tai (u,v)e NyUI, va eeN,Ul, théa L(v,uv) >
L(u,e) + wi{u,e,uv) + we(u,v), thi két luan do thi co
chu trinh am kha ndi voi s.
Nguoc lai, [(v)=min{L(v,e)| e NUL} 1a do dai
duong di (co6 huéng) ngdn nhét tir s dén v, va danh
sach P(v,e), cap dinh-canh ké trudc (v,e) trén dudng
di ngén nhét tir s dén v, veV.
Chitng minh
Ta xdy dung d6 thi G’=(V",E’,w’) nhu sau:
- Tap dinh V' =VE
- Téap canh "= {[(n.e1), (vae2)] | wiler vi.ea twi(vi, v2) < +oo}
- Tr(.)ng Sé W’([(V1,€1), (V2,€2)]) = WV(@],V],ez)J"WE(V],Vz),
VI(vie), (va,e2)]€E’

Ta cb |V = 1+VEo+VE| = 1+Z‘{(v,e)|eeNv} +

> l{(ve)

velV

Bellman-Ford cho db thi G’ tim duong di ngin nhat tir
dinh (s,&) dén cac dinh khac, ta nhan duoc két qua L(v,e)
1a d6 dai duong di ngan nhét tir (s,J) dén (v,e), V(v,e)e V’
hodc ton tai chu trinh 4m kha néi voi (s,Q). Tir d6 suy ra
tinh dung din cia thuat toan Bellman-Ford cai bién.

vel

Ap dung thuat toan

V} = 1+2motm;.

® D¢ phure tap thudt toan

Do phuc tap thuat toan Bellman-Ford ap dung cho dd
thi truyén thong la O(n.m), trong d6 n 1a s6 dinh va m 1a
s6 canh cua dd thi [8], [9].

D0 phtrc tap thuat toan Bellman-Ford cai bién ap dung
cho @6 thi mo rong G = (V, E, wi, wy) bang do phic tap
thudt toan Bellman-Ford 4p dung cho dd thi
G’=(V",E’,w’). Nhu da chi ra trong thuat todn, s6 dinh cua
dd thi G* 1a 142mo+m,, trong d6 mo 1a sb canh v6 huéng
va my 1a s6 canh c6 hudng cua dd thi G. Vi vay, do phuc
tap thuat toan Bellman-Ford cai bién 4p dung cho db thi
md rong G = (V, E, wg, wy) la:

O(Q@mo+m1)JE )
e Phirong phdp tim dwong di ngan nhat
Cho veV c6 I(v)<+oo. Tir v truy vét ngugc theo dinh-

canh trudc ta nhan dugc duong di ngén nhét tr s dén v
nhu sau:

bat:  (vi,er) = P(v,le(v)), (va,e2) = P(vi,er), ...,
.. (Viser) = P(vi1,ex1), (5,D) = P(vi,ex)

Suy ra duong di ngdn nhét 1a:

S D>V >Vl > ... >V >V

e Ghi chii: O buéc 2, néu ¢ vong ldp nao d6 ma két qua
khong thay doi so vdi vong 1ap trude, thi co the ket thue
budc nay ma khong can thuc hién cac vong lap tiép theo.
4. Vidu
4.1. Trwong hop khong co chu trinh dm

Cho @b thi mé rong & Hinh la

S Bdng la
Canh | wg
1 2 3 12)] 1
A (2,3)
(3.4) ] -1
4,2)
2,5 ] 2
4 Bdng 2a
Hinh 1a DPinh | Canh 1 | Canh2 | wy
2 12) | @3) |1
2 12 | 25 |9
2 “2) | @n |1
2 42 | @3 |-
2 42 | @5 |1
2 G2 | @en |1
2 52 | @3 |1
3 23) | G4 |1
4 G4 | 42 |1

bd thi c6 5 dinh, 2 canh c6 hudng va 3 canh v6 hudéng,
mo=3, m=2. Trong $6 canh wg cho & Bang la va trong $6
dinh wy cho & Bang 2a. Ap dung thuét toan Bellman-Ford
cai bién trén, tim dudng di ngén nhat tir dinh 1 dén cac dinh
con lai. Ta c6 2mo+m; = 8, nhung vi két qua budc lap thi 3
tring voi két qua budc lap thir 2, nén thudt toan két thic
qua 3 budc lip va két qua cho & Bang 3a:

Bdng 3a
VE | Lo|Po| L P L P, | L; Ps l
1,0 |00 %) 0 %) 0 %)
1,2,1)| o | @ | o %) 10 {2,(4,2)]| 10 |2,(4,2)
2,(12)| o | | 1 1,2 1 1,2 1 1,0 |1
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242w | @] 8 [4.3.4)] 8 [4.3.4)] 8 [4,(3.4)
252) |0 |D|o| @ |o| & |o| @
3,23) | o | @ |5 [2(1.2)] 5 |2(.2)] 5 |[2(12)]5
33) |0 | D | 0| @ || @ || @
4385 o | @5 3.23)] 5 3.23)] 5 3.23)]5
5025 0 | @ [11[2,@42)] 11 ]2,@2)| 11 |[2,32)[11

Cot VE la céac cap dinh canh, Lo va Py la gia tri khoi
taocua L va P, L; va P; 1a gia tri cua L va P & budc lap thir
i, i =1, 2, 3. Cac canh dugc xét theo thu tu: (1,2), (2,3),
(3.4), (4.2), (2.5).

Vi khong ton tai (1,v)e NI, va eeN,Ul, thoa
L(v,uv) > L(u,e) + wi(u,e,uv) + we(u,v), nén ta co thé suy
ra khoang cach ngan nhat tir dinh 1 dén cac dinh nhu sau:

I(2)=1,1e(2)=(1,2), [(3) =5, le(3) = (2,3),
I(4) =5, le(4) = (3,4), I(5) = 11, le(5) = (2,5)

Puong di ngin nhit tir dinh 1 dén dinh 5 dwoc xac
dinh nhu sau:

(2,(4,2)) = P(5,(2,5)), (4,(3,4)) = P(2,(4.2)),

(3.(2,3)) = P(4,(3.4), (2,(1.2)) = P(3,(2,3),

(1.9) =P(2,(1,2))

Suy ra dudng di ngdn nhét tir dinh 1 dén dinh 5 la:
1525354525, véidodaila 11.

4.2. Trwong hgp co chu trinh am

Cho d6 thi mo rong ¢ Hinh 1b.

D) thi co 5 dinh, 2 canh ¢6 hudng va 3 canh vo hu('mg’,
mo=3, mi=2. Trong s0 car}h wg cho & Bang 1b va trong so
dinh wy cho ¢ Bang 2b. Ap dung thuat toan Bellman-Ford
cai bién trén tim duong di ngan nhét tr dinh 1 dén cac dinh
con lai. Ta c6 2motm; = 8, nén thudt toan két thic qua

8 budc 1ap va két qua cho & Bang 3b: Cot VE la céac cap
dinh canh, Lo va Py 1a gia tri khoitaocua L va P, L; va P; la

gia tri cua L va P ¢ budce lap thu i, i =1, ..., 8.
3 Bdng 1b
J P 3 Canh | wg
7y (1,2)| 1

2,3)] 3
(3.4)| -3
(4,2)

! 2.5)

Hinh 1b
Bdng 2b
Pinh| Canh 1 | Canh 2 | wy

2 (1,2) (2,3) 1

2 (1,2) (2,5) 9

P CY)IVAY) 1

2 (4,2) (2,3) -5

2 (4,2) (2,5) 1

2 (5,2) (2,1) 1

2 (5,2) (2,3) 1

3123 ]| GCH 1

4 (3,4) (4,2) 1

Céc canh dugc xét theo thir tu: (1,2), (2,3), 3,4), 4,2), (2,5).
Xét canh (2,3). Ta co:
L(3,(2,3)) =-2>L(2,(4,2)) + wn(2,(4,2),(2,3)) +
we(2,3)=-1+-5+3=-3

Suy ra do thi ¢6 chu trinh am: 2—3—4—2 véi d6 dai la -1.

Bdng 3b

VE |Lo|Po|Li| P |Ly| P» |L3| P3 |Li| P4 |Ls| Ps Le | Ps | Ly P; | Lg Ps
1, (0|0 %) 0 %) 0 %) 0 %) 0 % 0 %) 0 %) 0 %)
1,2,1) |0 | B || O 812,42)712,42)61(2,42)(5(2,(42)| 4 |2,42)| 3 |2,42)| 2 | 2,4,2)
2,12) |o|@| 1| 1,0 (1] 1,0 |1]| 1,0 |1| 1,0 |1| 1,0 1 1,0 1 1,9 1 1,9
2,42) ||| 6|4,34)|5|4,34) 44354314064 (240641 [434]| 0 1434|-1| 434
2,52) |0 |D|lo| @ || @ || @ || T || O ) %) 0 %) 0 %)
3,23) o || 5(2,(1,2) | 4(2,42)|3(2,42)|2(2,42)|1]2,42)| 0 [2,42)]| -1 |2,42)| -2 | 2,4,2)
343) |0 |D|o| T |o| @ |wo| @ |o| T |wo| @ o0 %) 0 %) o) %)
4,34) |oo|@|1313,(23)12]3,23)|13,(23)10|3,(2,3)|-1]3,23)| -2 [3,2,3)| -3 |3,2,3)| 4| 3,(2,3)
5,2,5) |0 || 9[2,42) | 8[2,42)]7[2,42)]6[2,42)]|5(2,42)] 4 |2,42)| 3 [2,42)| 2 | 2,(4,2)

5. Két luan

Bai viét xay dung mé hinh dd thi hdn hop mo rong dé
¢6 thé ap dung md hinh hoa cac bai toan thyc té chinh xac
va hiéu qua hon mé hinh d6 thi truyén théng. Sau do, trén
co so thuat toan Bellman-Ford tim duong di ngin nhét
trén d6 thi truyén thong, tac gia xay dung va chimg minh
thuat toan Bellman-Ford cai bién tim duong di ngan nhat
tr mot dinh dén cac dinh khéac trén mang dd thi mé rong.
Hai vi du cu thé dugc trinh bay d& minh hoa thuat toan.
Thuat toan Bellman-Ford la thuit toan co s& cho nhiéu
ung dung ciia mang hon hop mé rong. Pac biét, vdi bai
toan tim luéng cuc dai chi phi cuc tiéu c6 nhiéu ung dung

thue té, trong mang thiang du sé xuit hién trong s6 am.
Khi d6, ta phai tim chu trinh 4m dé hiéu chinh luong giam
chi phi. Van d& nay s& duoc nghién ciru trong céc cong
trinh tiép theo.
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