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Téom tat - Phwong phap Newton nira tron dang dwoc quan tam
nghién cteu b&i nhiéu nha khoa hoc trén thé gidi. Phwong phap nay co
toc dd hdi tu nhanh (bac hai) va c6 thé ap dung cho cac phwong trinh
khong tron. Co s& cla phwong phap dwa trén khai niém dao ham
Newton, mét s mé rong clia khai niém dao ham cb dién. Trong bai
bao nay, nhdm tac gia xét tinh kha vi Newton ctia mét s6 ham thuong
gdp nhw ham | x|, ham max{0, f (x)} ho&c tbng quat hon la ham
max{f (x),g(x)}. Pay la cac ham sb thwong xuét hién trong nhiéu
trng dung khac nhau. Tinh kha vi Newton clia ham max{f (x), g(x)}
la két qua quan trong nhét trong bai bdo. Sau dé, nhdém tac gia trinh
bay cac tinh chat co ban clia dao ham Newton. Nhém tac gia chi ra
rang, dao ham Newton c6 mét sé tinh chét twong tw nhw dao ham cd
dién nhw dao ham Newton clia mét tong, hiéu, tich, thuong.

Ttr khéa - dao ham Newton; kha vi Newton; dao ham Newton cua
tdng, hiéu, tich, thwong; kha vi Newton ctia ham max{0, f (x)}; kha
vi Newton ctia ham max{f (x), g(x)}.

1. Pat vin dé

Khi mé hinh toan cic van dé trong khoa hoc k¥ thuat,
y hoc, vat 1y,... chiing ta thuong din dén viéc tim nghiém
ctia phuong trinh hodc hé phuong trinh, trong d6 ¢ su xuat
hién cic ham ) khong kha vi, chéng han nhu ham diu
sgn(x), ham tri tuyét déi |x|, ham min{0,x}, ham

max {0, X},... va cac ham hop clia cua chung [1-4]. Nhimng
phuong trinh va hé phuong trinh nhu thé duoc goi 1a cac
phuong trinh khong tron. Gan ddy, cac nha nghién ctru da
dé xuit mot sd phuwong phap dé giai cac phuong trinh
khong tron, trong do, phurong phap Newton nira tron da va
dang duoc nghién ctru va tng dung phé bién trong nhiéu
ung dung khac nhau [5-9]. Phuong phéap nay dua trén khai
niém "dao ham Newton", m{t khai niém mo rdng cua dao
ham c dién.

Véi vai tro va tim quan trong cua khai niém dao ham
Newton dbi véi cac giai thuat cho phuwong trinh khong
tron, trong bai bao nay, nhom tac gia nghién ctru tinh kha
vi Newton ctia mét s6 ham co ban, thudng xuét hién trong
cac phuong trinh khéng tron [3, 5, 6, 7, 9] va nghién ctu
mot s6 tinh chit co ban cua cac ham kha vi Newton. Dé
cho ngudi doc d& niam bit dugc khai niém dao ham
Newton ciing nhu cac tinh chdt co ban cia dao ham
Newton, nhom tac gia chi xét cho 16p ham mot bién. Tuy
nhién cac két qua trong bai bao nay dé dang dugc mé rong
cho cac ham nhiéu bién.

2. Pao ham Newton

Pinh nghia 2.1. Cho D la mot tap con khac rdng ciia
R.Anh xa f:D—> R duogc goi 1a khd vi Newton tai

X € D néu ton tai mot 1an cdn mo U < D cia X va ton tai

Abstract - The Semi-smooth Newton method is being widely
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converges very fast (second-order convergence) and also can be
applied to non-smooth equations. It bases on the notion of “Newton
derivative”, an extend notion of the Fréchet derivative. In this paper, we
study Newton differential of common functions including | x | function,

max{0, f (x)} function or general function like max{f (x),g(x)} that

are presented in many applications. The Newton differential of
max{f (x), g(x)} function is the significant result of this paper. In
addition, The authors state propositions on basic properties of Newton
derivative. They indicate that Newton derivative contains similar
propositions with Fréchet ones such as Newton derivatives of the sum,
subtraction, multiplication and division.
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anh xa F:U — £(D,R) sao cho

m | f(x+h)—f(xX)-F(x+h)h|

:O,
h—0 [h

trong 46 £(D,R) la tap cac phiém ham tuyén tinh lién tyuc

tr D vao R.

Khi d6 F duoc goi la mot dao ham Newton cia f tai X.

Pinh nghia 2.2. ChoU 1a m{t tdp con m¢d ctia D < R.

Anhxa f:D— R duoc goi la khd vi Newton trén U néu

ton tai anh xa F :U — £(D,R) sao cho vi mdi xeU,
lim | f(x+h)—f(X)—F(x+h)h|
h—0 [h|

=0.

Khi d6, ham s f duoc goi 1a ham Newton nwa tron trén
Uva F duoc goi 1a mét dao ham Newton cua f trénU.
Chay 2.1. Néu ham s§ f c6 dao ham c6 dién f'lién
tuc trén tip mé U thi f 1a ham nua tron trén U va dao
ham Newton ciia f la f'.
That vy, vdi moi xeU, ta co:
Lfxh) = F(0- F'(x+h)h|
[hi
BRICES R (R HCLINPTN
[hi
Vay f lahamntratrontrén U va c6 mot dao ham Newton
laF=1"

f'(x+h) | 0 khi h 0.

3. Pao ham Newton ciia cac ham s6 thwong gip
Trong phan nay, nhom tac gia nghién ctru tinh kha vi
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Newton cua mot s6 ham co ban, thuong xuét hién trong cac
bai toan t0i uu khong tron. Keét qua chinh cua phan nay va
cling 1a két qua co ban nhat trong bai bao la tinh kha vi
Newton cua ham max{f (x), g(x)}.
M¢énh dé 3.1. Him s& f (x) =| x| c6 dao ham Newton
trén R va phiém ham F(x)(-) xac dinh boi
-1 néu x<0,
F(x)=46 néu x=0,
1 néu x>0,
v6i 6 € R 1a dao ham Newton cua f trén R.
Chikng minh
That vay, ta co:
—h néu x>0,
Soh néu x=0,

h néu x<O0,

F(x)h=

12 mot phiém ham tuyén tinh voi mdi x e R va
|F(x)h! |1

Jrof—sp 10

w0 A1 61 néu x=0.

Suy ra F(x)(-) 1a phiém ham tuyén tinh bi chan.

néu x =0,

Véi x>0 vad h danhd, tacé Xx+h>0 va
i LEOeh) (0~ F(xrhph|

lim o 0.
Vé6i x=0, taco:
| £(0+h)— f(0)— F(0+h)h|=0,
vdi h>0 hoic h<0.Do do6
i 11O+~ 1O ~FO+mh| _

h—0 [h
Véi x <0, tuong tu truong hop x > 0 ta thu dugc:

Iirn| f(x+h) - f()-F(x+hh| _
h—0 [h

0.

Vay phiém ham tuyén tinh lién tuc F(x)(-) 1a dao ham
Newton cta ham sé f (x) =| x|.

M¢nh dé 3.2. Ham s6 f(x)=max{0,x} c6 dao ham

Newton trén R va phiém ham tuyén tinh F(x)(-) x4c dinh boi

0 néu x<0,

F(x)=46 néu x =0,

1 néu x>0,

(0.1)

v6i 0 € R 1a dao ham Newton cua f trén R.

Chirng minh

That vay, phiém ham F(x)(-) xac dinh boi (0.1)1a mot
phiém ham tuyén tinh v6i mdi x € R. Hon nita

néu x <0,
[ F(x)h|

=<161 néu x=0,
hl

||F(x)|| =sup
170 1 néu x > 0.
Suy ra F(x) la phiém ham tuyén tinh bi chin. Tuong ty
nhu trong Ménh d¢ 3.1, xét cac truong hop x>0, x=0 va
X <0, ta cling chirng minh duoc
lim | f(x+h)—f(x)—F(x+h)h]| _0
h—0 [h

Vay phiém ham tuyén tinh lién tuc F(x) 1a dao ham
Newton ciia ham s6 f(x) = max{0,x} trén R.

M¢énh dé 3.3. Cho ham s6 g(x) =max{0, f (x)} voi
f eCH(R) va thoa min f(x)=0 tai hitu han diém
X <X, <...<X,. Khi d6, ham s§ g c6 dao ham Newton
trén R va dao ham Newton cta g(x) 1a phiém ham tuyén
tinh G(x)(-) xac dinh boi

f'(x) néuxeP,

G(x)=16; néu x=ux; €0, (0.2)
0 néu xe N,
trong do P={x| f(x)>0}, O={x]|f(x)=0},

N ={x| f(x)<0}vas; eR (i =12,..,n).

Chitng minh

That vy, ta c6 1a phiém ham G(x)(-) xac dinh boi (0.2)
12 mot phiém ham tuyén tinh véi mdi x € R. Hon nira

f'(x) néu xeP,
Geohl _]'s

A ! )
0 néu x e N.

||G(x)|| =sup néu x=ux; €0,
h#0
Suy ra G(x)(-) la phiém ham tuyén tinh bi chan.
+Vé6i xeP vavéi h danho, taco X+heP (do P Ia
mot tdp ma) va
[9(x+h)—g(x)-G(x+h)h|

[hi
_[f(x+h)— f(x)— f'(x+h)h|
Ihi
_LFGeh) = F ()= F/(0h|
- [hi
NEKCUESKCEIIT]
Ihi

Vi f eCY(R) nén
i LE O = £ 00— £°Gon|

0,
h=>0 Ih|

va tim LECON= DO _yiny | 16— (x4 hy =0
h—0 [h h—0
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|g(x+h)—g(x)-G(x+hh| _
Ihl

+V6i xe N vavéi h danhd, taco X+heN (do N la
mot tap mo) va

i 190+ =99 -G(x+mh| .

h—0 [h h—0

Do do6 lim 0.
h—0

+Véi x=x, i=42,..,nvavsi h#0 dubé, taco:

lim lg(x; +h)—g(x;)—G(x; +h)h|

h—0" |l
lim ACT Rt N R néu x; +heP,
=193h>0" 1 hl
0 néu x;+heN.
Do ds lim 90N =00) -G +Mh[_ o
h—0" |h|
Tuong ty nhu trén, ta co:
lim | g(Xi +h)_g(xi)_G(Xi +h)h|
h—0* |h|
i LG+ = F0) = /06 +h | _
h—0* |h|
Suy ra rI1in2)| g(xl+h)_g§>;]1?—(3(x1+h)h| =0.

Vay phiém ham tuyén tinh G(x)(-) 1a dao ham Newton ctia
ham s6 g(x) =max {0, f (x)} trén R.

Trong Ménh dé 3.3, ham s6 g(x) = max{0, f (x)} duoc
ching minh 1a kha vi Newton néu ham f c¢6 hiru han
kh(A)ng3 diém. Trong phan tiép theor chung ta §é xét truong
hop tong quat hon, khi ma ham s6 f c¢6 thé ¢6 hitu han
hoac vd han khéng diém. Dé dua ra dqu mot dao ham
Newton cho ham s0 § trong truong hgp tong quat nay, ta

can két qua trong b6 dé sau:

B6 d& 3.1. Cho
D=PUOcCR va xePnO. Néu v6i moi diy
X< PAYy <O voi X, > Xy, ¥y = X, tacod

ham s6 f xic dinh trén

lim f(x,)=ava lim f(y,)=a,
n—o0 N—o0
thi lim f(x)=a.
X=X
Chung minh
Ta xét mot day {X,} véi X, > X, tuyy va dat
I, ={n|x, e Pr={n;,n,,.. }.
I, ={n|x, €O} ={ky, ky,.. }.
Suyra {x, }< P,{xkj } < O. Ta xét cac trudng hop sau:

+ Truong hop 1: |; hitu han va 1, vo6 han. Khi do, tdn tai

n" saocho ¥Yn>n",x, €O. Tir gia thiét cia bd dé, ta co:

lim f(x,)=a
N—o0
+ Truong hop 2: |, v6 han, |, hitu han. Tuong tu, ta cling
chira duge lim f(x,)=a.
n—o0
+ Truong hop 3: Ca 14,1, vo han. Khi do,
e Véi ¢ >0tuyy, taco:

lim f(x,)=a=3i, | f(x,)-al<s&Vi>i.
i—0o0 ! i

lim f(xkj)=a:>3jf | f(%,)-ale vz it
J—x©

Chon n” =max{n. k;.}.Khid6, vi I, Ul, €N nénvoi
1 1
mdi N>n", tdn tai i > if hodc ton tai j > jf dé cho n=n,
hogc n =Kk;. Do d0, trong cd hai truong hop ta déu co:
[ f(x)—alH f(x,)-alke
Vay lim f(x)=a.
X—>Xo
Str dung bd dé nay, chiing ta chimg minh dwoc két qua sau:
Ménh dé 3.4. Cho ham s6 g(x) =max{0, f (X)} véi
f e CH(R). Khi do, phiém ham tuyén tinh G(x)(-) Xé&c
dinh boi
f'(x) ,xeP
G(x) =
0 ,XxeQ
voi P={x| f(x)>0} va Q={x| f(x)<0} la mot
dao ham Newton ciia ¢ trén R.
Chitng minh

Chung ta d& dang kiém tra dugc véi mdi X € R phiém
ham G(x)(+) vai

f'(x)h ,xeP
0 ,XeQ.

1a mot toan tir tuyén tinh va bi chan.
bat O={x| f(x)=0}, P={x]| f(x) >0},

Q={x|f(x)<0},tac6 PUQ=R.

G(x)h :{

Vé6i XxeP vavei h=0 dubé, taco X+heP (do P
1a mot tdp md). Do d6
|g(x+h)7g(x)7G(x+h)h|=| f(x+h)—f(xX)- f'(x+h)h|

[h [h
LEO) = 09— F00n1 | F/0oh— f/(x+hh]
- [hi [hi '

Vi f eCY(R) nén

i LT O = £00 = /00N _
h—0 lh|

0

va

fim LEOON= LN _ i | 10— (x4 hy 0
h—0 [h h—0
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|g(x+h)—g(x)-G(x+hh| _
|hl

Do do6 lim 0.
h—0
Véi xeQ va x = P thi x1adiém trong cia R\P cQ
.Do d6,véi h diubéthi x+heO vax+h=P, suyra

i 190N =90 =GO hh| oo
h—0 |h| h—0

Véi xePNQ thixeO. Véi moi diy {x,}= P ma
X, =X+h, véi h, >0 va voi moi day {y,}c=Q ma
Y, =X+k, voi k, >0, taco

lim Ig(xn)_g(x)_G(Xn)hn I =0

h,—0 |h, |
lim 1900 —9() ~GWn)kn | _
k,—0 [k, |

Theo B6 dé 3.1, taco
|g(x+h)—g(x)-G(x+h)h| _
[hi
Vay phiém ham tuyén tinh G(x)(-) 1a dao ham Newton
ctia ham s6 g(x) trén R.
Pinh 1y 3.1. Cho ham s6 h(x) = max{f (x),g(x)} véi
f,g eCl(IR) va f(x)=g(x) tai hitu han diém roi rac

lim 0.
h—0

¥ <X, <...<X,. Khi d6, dao ham Newton ctia ham sb

h(x) 12 phiém ham tuyén tinh H(x)(-) xé4c dinh boi

f'(x) ,xeP
H(x)=<g'(x) ,xeN

o , X=X €0.
O day

P={x]f()>g(x)}
N ={x| f(x)<g(x)}.
O={x] f(x)=9(x)}
Chirng minh twong tu nhu trong Ménh dé 3.3.
Pinh 1y 3.2. Cho ham s6 h(x) = max{f (x),g(x)} voi
f,ge Cl(]R) . Khi d6, dao ham Newton ciia ham sé h(x)
1a phiém ham tuyén tinh H xéc dinh boi

H(x):{f’(x) ,XeP
g'(x) ,xeQ.

trong 46 P ={x| f(x) >g(x)}, Q={x| f(x)<g(x)}.
Chirng minh twong ty nhu trong Ménh dé 3.4.

4. Mt sb tinh chit ciia dao ham Newton

Trong phan nay, nhom tac gia trinh bay mot s6 két qua
lién quan dén tinh kha vi Newton cua tong, hiéu, tich,
thuong, ham hop ciia hai ham kha vi Newton va chi ra rang,
téng, hiéu, tich, thuong cua hai ham kha vi Newton 1a ham
kha vi Newton. Déi véi ham hop, dé c6 két qua twong tu
nhu kha vi ¢6 dién chiing ta can diéu kién manh hon, tuc 1a

hqp cua mot ham khé vi Newton va mot ham khé vi cb
dien. Chi tiét cac két qua nay s€ dugc trinh bay lan lugt
thong qua cac dinh ly dudi day.

Pinhly 4.1.Cho f va g xdcdinhtrén D R, lacac
ham nwa tron trén tgp mo U < D vdi mét dao ham
Newton twong vmg la F va G . Khi d6 ham sé6 f+g va

f —g ciing la cac ham nira tron trén U va cé mét dao
hdam Newton lan luwotla F+G va F -G .

Chirng minh

Vi F va G 1a Newton dao hamcua f va ¢ trén U
nén véimoi X €U | ta co:

lim | f(x+h)—f(X)-F(x+h)h]| _

0
h—0 [h|
i [0 —9() =G x+hh| _
h—0 Ih

Do d6 v6i moi X €U | ta co:
| (f +9)(x+h)=(f +9)(x) = (F +G)(x+h)h|

0<lim
h—0 [h
< Iim| f(x+h)—f(x)—F(x+h)h|
h—0 Ih|
+ i 9N =90 =Gx+hh| _
h—0 [h]

Vayhamsé f +g 14 ham nira tron trén U va co mot dao
ham Newton la F + G . Chimng minh twong tw cho ham f —g.

Pinh Iy 4.2. Cho ham s6 f xdc dinh trén DR 1a
ham nita tron trén U < D véi mot dao ham Newton la F
. Khi dé, véimoi A € R, hamso A ciing la ham nira tron
trén U va cé mét dao ham Newton la AF .

Chung minh

Vi F 1a dao ham Newton cua f trén U nén véi moi
xeU | taco:

lim | f(x+h)—f(xX)-F(x+h)h]| _

0.
h—0 [h
Do do
i l(M)(Hh)_@m)_w)mh)hl CovieR
—0

Vayhamsb Af 1a ham nira tron trén U va c6 mot dao
ham Newton la AF .

DPinh 1y 4.3. Cho f va g xdc dinh trén DR, ¢
lien tuc rén D va g(x) =0 (Vxe D), la cic ham nita

tron trén tdp mé U < D véi mét dao ham Newton tuong
R ; . f

ung la FvaG . Khi d6, ham so h= f.g va k=— ciing la
g

cac ham nira tron trén U va c6 mét dao ham Newton lan
Fg-fG
—

g

lwotla H=F.g+fGva K=
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Chirng minh
Vi F va G la dao ham Newton ciia f va ¢ trén U nén
voimoi X eU | ta c6:
Iim| f(x+h)—f(X)—F(x+h)h|
h—0 [h|
= f(x+h)=f(xX)+F(x+h)h+o(h),
m 19X+ -g(x) -G(x+h)h|
>0 I
= g(x+h)=g(X) +G(x+h)h+o(h).
Thé biéu thae f(x+h)va g(x+h) & trén va khai trién,
ta co:
h(x+h)-h(x) =

( (X)F(x+h)+
(g (x+ )
(f(x+h)=F(x+h)h+o(h))G(x+h)Ih+o(h)
( (x+h)F(x+h)+f(x+h)G (x+h))h+o(h)
H (x+ )h+0( )-

Do dé Iim|h(x+h)—h(x)—H(x+h)h|
h—0 [h

=0

=0

f(x+h)g(x+h)-f(x)g(x)
f(x)G(x+h))h+o(h)
G(x+h)h+o(h))G(x+h)+

+

=0.

Vay H=F.g+ f.G 1a mot dao ham Newton cua ham
sé h=f.gtrén U .

Tuong tu ta chirng minh tinh kha vi Newton cho K . Ta cé:

f(x+h)_@
g(x+h) g(x)

(f(x+h)g(x)— f(x)g(x+h))

K(x+h)—k(x) =

9(X+h)9( )

m[(ﬂ“ h)g(x)— f ()G (x+ h))h +o(h)]

m{[F(Hh)(g(Hh) F(x+h)h+o(h))

—(f(x+h)—F(x+h)h+0o(h)G(x + h)]h +o(h)}

m{[g(Hh)F(HhH f (x+h).G(x+h)

+(F(x+h)-G(x+h))o(h)]h + o(h)}

m{(g(Hh)F(HhH f (x+h).G(x+h))h

+(F (x+h)=G(x +h))o(h?) +0(h)}

m[(F(x+h)g(x+h)— f(x+h). G(x+h))h+o(h)]

Do do: lim KO+ k()= Al

:O,
h—0 [h

F(x+h)g(x+h)— f(x+h)G(x+h) h
g(x+h)g(x)
Dé y rang g lién tuc trén D nén ciing lién tyc trén U

va lim g(x+h) = g(x).
h—0

voi A=

|k(x+h)—k(x)-B]| _
Ih -
g = Fxh)g(x+h) - f(x+h)G(x+h) -
vé6i 9%(x)
hay lim [ k(x+h)—k(x)— K(x+h)h]
h—0 |h|

Suyra lim
h—0

=0.

la mét dao ham Newton cuia ham

f

sbk=—.

g

5. Két luan
Két qua chi yéu ciia bai bao nay la dua ra dugc cac diéu
kién du cho tinh kha vi Newton ctia ham max{f (x), g(x)}

va mot sb truong hop dic biét ciia no. Bai bao cung da phat
biéu va chirng minh tinh chit kha vi Newton ciia tong, hiéu,
tich va thuong cua hai ham kha vi Newton. Pay la cac két
quéa co ban va can thiét khi nghién ciru dao ham Newton,
Phuong phap Newton nira tron va rng dung cta phuong
phép vao giai cic bai toan cy thé.
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