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Tém tét - Phuong phap diém trong thuwdng dwoc dung dé gidi bai
toan quy hoach tuyén tinh. Do téc d6 héi tu nhanh, phwong phap
nay thudng dwoc dung dé gidi cac bai toan cé kich thuwéc Ion.
Tuy nhién, sy hoi tu cla giai thuat lai phu thudc vao viéc chon
diém khai dau. Vi thé, phuong phap chon diém khéi dau cé yéu
t& quyét dinh cho sy hoat dong cla giai thuat va da dwoc quan
tam nghién ctu béi nhidu tac gid khac nhau & trong va ngoai
nuwée. Trong bai bao nay, nhém tac gia dé xuét mot phwong phap
chon didm khéi dau ddm bao cho sw hdi tu cta giai thuat diém
trong cho bai toan quy hoach tuyén tinh. Phwong phap nay dwa
trén giai thuat Ellipsoid cai tién tim nghiém clia mot bat déng
tuyén tinh. Cac vi du sb cu thé s& minh hoa tinh hiéu qua cla
phwong phap dwgc nhom tac gia dé xuét.TAt cd cac ma Matlab
clia cac giai thuat dwoc trinh bay chi tiét trong bai bao.

T khoa - bai toan quy hoach tuyén tinh; phwong phap chon
didm khéi dau; _phuong phap diém trong; phwong phap Ellipsoid;
phwong an chap nhan dwoc khéi dau; phwong an téi wu chép
nhan dwoc.

1. Pit van dé
Xét bai toan quy hoach tuyén tinh & dang chinh téc:
minc’x
Ax=b, )
x>0

trong d6 A€ R™",beR", c € R"cho trudéc va xe R"
1a vecto can tim. Trong bai bdo ndy, nhom tac gia gia sir
ré“lng tdp cdc nghiém chép nhan dugc (tic la tdp cac
phuong an chép nhan duogc) co phin trong khac rong.

C6 nhiéu phuong phap dé giai Bai toan (1) nhu phuong
phap hinh hoc, phuong phap don hinh, phuong phap don
hinh d6i ngau [1,2]. Khi bai toan c6 kich thudc 16n, ngudi
ta thuong tim nghiém x4p xi cta Bai toan (1)bing phwong
phap diém trong. Phuong phap diém trong cho Bai toan
(1) rit d& dé 1ap trinh trong cic phdn mém toan hoc nhu
Matlab, Maple,... Tuy nhién, mét nhuwoc diém cta phuong
phap nay 1a vin dé tim diém khoi dau dam bao cho sy hoi
tu cla giai thuat. Van dé nay di dwoc quan tim nghién
ctru b&i nhidu nha toan hoc trong va ngoai nude [1, 2].

Trong bai bdo nay, nhom tac gia trinh bay mét phuong
phap co tinh tmg dung cao cho viéc tim diém khoi dau
bao dam sy hoi tu cla giai thuat diém trong cho Bai toan
). Phuo‘ng phap dua ra ¢ day dua trén giai thuat E111ps01d
cai tién tim nghiém cua mot bat ding thic tuyén tinh
duogc nghién ciru trong [3].

Bai bao ¢ bd cuc nhu sau: Céac két qua chinh cua bai
bao dugc trinh bay trong Muc 2: Muc 2.1 trinh bay tom
tat giai thuat Ellipsoid va Ellipsoid cai tién. Muc 2.2 trinh
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Key words - Linear programming; Method of choosing starting
point; Interior point method; Ellipsoid method; feasible solution;
feasible optimal solution.

bay phuong phap diém trong cho Bai toan (1). Muc 2.3
trinh bay phuong phap chon diém khéi dau cho phuong
phap diém trong. Day 1a két qua chinh ciia bai bao. Trong
Muc 3 nhém tac gia ap dung phuong phap diém trong dé
giai mot s6 vi du cu thé va xem xét sy hoat dong cua
phuong phap diém trong v6i diém khoi dau duge chon
b6i phuong phap dua ra trong Muc 2.3. Cudi cung, trong
Muc 4 nhém tac gid trinh bay ma Matlab cho cac giai
thudt va vi du dugc khao sat trong bai bao nay.

2. Két qua nghién ciru
2.1. Gidi thudt Ellipsoid va sw hji tu

Trong phan nay nhém tac gia trinh bay tom tat giai
thuat Ellipsoid cho bai toan: Tim mét diém cua tapPdinh
nghia boi:

P={uecR :Bu>d}, )
trong 46 B € R™* va d e R' 1a ma tran va vecto cho trude.

Chu y rang, phuong phap Ellipsoid da dwoc nghién
cuu trong [1,3] va sy hoi tulcﬁa p(’) duoc chirng minh khi
P 1a mot tap bi chan va du so chiéu.

Pinh nghia 1. Tap P < R" dugc goi 1 du sb chiéu néu
tdn tai » > 0 sao cho P chira qua cau S(y', ) voi tam tai y
va ban kinh r.

Trudc hét, chu y rang mot Ellipsoid trong khong gian
R'latap

E(Z,D):: {x e Rt :(x—z)T D™ (x—z)S 1},

trong d6 D 1a ma tran d6i xang, xac dinh dwong cép
kxkva ze R" duoc goi 1a tAm cua Ellipsoid.
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Y tudng cua phuong phap Ellipsoid 1a di xay dung
mot day Ellipsoid co thé tich giam dan va chira tap P sao
cho day cac diém tAm cua Ellipsoid hoi tu vé mot diém
nao do6 cua P. Cu thé nhu sau:

Thuat toan Ellipsoid xay dung & mdi budc lip thi ¢,
mét Ellipsoid Ecé tm x,va chira tap 15i da diénP. Néu
x, € P thi thuat toan két thuc. Néu x, ¢ Pthi x, s& khong
thoa man it nhit mot rang budc, tuc 1a s€ c6 mot hang b,
ctiaBva thanh phéan d, ctia d sao cho b’ x, <d,. Moi x e P
thoa rang budc Bx > dnén b x> b x,. Do d6 P chira trong
nta khong gian K = {x eR" :p"x> bl.Txt}.Véty, néu
x, ¢ P thi P chua trong £, NK. Ta goi E,NK la nia
Ellipsoid (chu y rang siéu phing xac dinh nira Ellipsoid di
qua tdm x, cua E;). Tinh chat hinh hoc cua Ellipsoid cho
phép ta tim dugc mét Ellipsoid méi E,,; chua nua
Ellipsoid ctia E; va c6 thé tich nh6 hon han E,. Lap lai qua
trinh trén ta s& thu dugc day diém {x, }(hiru han hodc vo
han) sao cho x, € P cho mot gid tri + nao do6, hodc
x, >xeP.

Cach xdy dung day Ellipsoid E, nhu dugc mé ta &
phén trén duoc trinh bay chi tiét trong Giai thuat 1 dudi
day:

Giai thuat 1:
Phuong phap Ellipsoid cho Bai toan (2)

Pdu [Ma trin B va vecto d; Piém X, va r >0 sao cho
vao |hinh cauE, = E(xo,rzl) thoa man P E,, t =0;
Vong|WHILE x, & P
/@ |1, Tim hang i sao cho: b’ x, <d, (b, la hang thi i
cua ma trin B).
1 Db,
2.x, =X +— —=,
I+k /b Dp,
2 Dbb'D
3.D,, = zk D, - 2 S
-1 k+1" b'Db,
4. t=t+1,
END WHILE
Pau |x,
ra

Dinh Iy 2. Gia sir P la tdp bi chdn va dii s6 chiéu. Khi
do, Giai thuat 1 dung sau hitu han buoc.

Chirng minh: Chirng minh dinh li nay c6 thé tim thay
6 [1, Pinh 1i 1] (trang 117).

Chii y 3. Diéu kién P la tdp di s6 chiéu la mét diéu
kién khé chdt va trong nhiéu triong hop, diéu kién ndy
khong théa man, vi dy nhuw tap nghiém cua bai todn quy
hoach tuyén tinh. Hon nita, viéc bleu dién cdc sé trong
mdy tinh luén chita dung sai s6. Do dé, Gidi thuat 1
thuong c6 tinh khéng on dinh. Vi thé, trong [3] nhém tac
gia da dé xudt mét gidi thudt thay the, dwoc goi la
phwong phap Ellipsoid cai tién. Phwong phdp Ellipsoid
cdi tién héi tu chi dwdi diéu kién tdpPkhdc rong va bi
chan. Giai thudt cho phwong phap Ellipsoid cai tién hoan
toan giong Gidi thudt 1 ngoai trir diéu kién trong Bude 1
(nam trong vong lap Gidi thudt 1) dwoc thay boi diéu kién

bl x, —d, < —26v6i § > 0 dwoc chon kha bé.
2.2. Gidi thudt diém trong va sw hgi tu

Xét bai toan quy hoach tuyén tinh & dang chinh tic
dua ra boi Bai toan (1). Y tuong déu tién trong phuong
phap diém trong 1a thay vi truc tiép giai Bai todn (1), thi
s€ di giai mot day bai toan Xap xi ma day nghiém cua no
hoi tu vé mot nghiém cua (1). Cu the 1a xét day bai toan
toi uu sau:

min B, (x):=c"x-u) logx,
= ; 3)

Ax=b.

O day > 0 1a tham sb va nghiém cua bai toan ky hiéu
la x(x). Ham B, (x) dugc goi la ham chin (barrier
function). Ham chén nay c6 mot wu viét 1a n6 18i chit nén
nghiém x(z) cua Bai toan (3) 1a duy nhat. R rang khi u
cang nho (gan 0) thi x(z)cang gan dén nghiém t6i wu cia
Bai toan (1).

Bai toan (3) 1a mot bai toan phi tuyén va vi thé van
con khé giai vi ham muc tiéu tuy 13 16i chit nhung khong
phai 14 ham béc hai. Ta lai x4p xi mot 1an nita bai toan
nay bang cach thay B (%) béi da thire Taylor bac hai cua
no. Gia sir x > 0la nghlem Xap xi hién hanh, tinh toan tryc
tiép cac dao ham riéng cap mot va cap hai, ta cé:

B,(x+d)~B,(x)+(c" —ue' X )d +E ud" X72d . (4)

O day ma tran chéoX1a ma trdn c6 duong chéo chinh
lavecto x. Bay gio, thay cho Bai toan (3) ta gidi bai toan
xap xi voi ham muc tiéu & bén vé phai cia (4)theod.Vi x
c0 dinh, bai toan xap xi twong duong voi:

. 1
min (¢” — pe" X')d +EydTX'2d
Ad =0.

Diéu kién cin va du cho nghiém tdi wu cua bai toan

nay la:
c—uX e+ uX?d-A4"y=0
Ad =0.

Vi thé, phuong phap diém trong cho Bai toan(l)dugc
trinh bay ¢ Giai thuat 2.

Giai thuét 2: Phwong phap diém trong cho Bai toan (3)

Piu |- Tham sb ctia bai toan: A4, b, c.
Vao | pidm xudt phat: (x°,1°,5°).
- Tiéu chuan dimg:e > 0.
- Gi4 tri tham sb chin:z’va tham sé a € (0,1).
Vong |WHILE(s") x* <&
lap 1 ﬂk+1 :aﬂk;

2. Giai hé tuyén tinh ra d va y:
luk+1Xk—2d _ATy — luk+1Xk—1€_C

{Ad =0,

3. Cap nhat:

X =x+d
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yk+1 — y
Sk+l — C_ATy
k=k+1
END WHILE
Péu ra x*

Chu ¥ ring, X, 12 ma trdn chéo ma duong chéo chinh la
vectox® va & muc dau vao cua giai thuat tren >01a
nghiém chap nhian dwoc cua (3)va ( Vs Hs®>0) 1a
nghiém chép nhén dwoc cua bai toan ddi ngau cua no.

Sy hoi tu cta giai thuat nay dugc dua ra trong dinh 1i sau:

Dinh ly 4. ([1], Dinh Iy hoi tu)

Gid sir nghiém goc va doi ngau chdp nhdn dwoc xudt
phat lax°, (3°,5%), voi x° >0, s° > 0 théa

1

— X, Se—e|< p <. %)

BB
JB+n
B D)
JB-8 &(1-p)
buoc lap, Gidi thudt 2 sé cho cap nghiém chdb nhdn duoc
A k S L. Py k k re X s L. Py ”
goc x" va doi ngau (y",s" )vdi 1o hong doi ngau thoa
X <e.
2.3. Phwong phdp chon diém khéi dau
Tir Dinh 1i 4 nhom tac gia thdy ring dé Giai thuat 2
hoi tu thi diém xuét phat cho giai thuat (x°, " s°) phai
théa man hai diéu kién:
(1) x*>0,5">0va x", (3)°,s°)an luot 1a diém chip
nhan dugc ctia Bai toan (3)va bai toan doi ngau
cua no. .
(2) 4" thoa man dicu kién:

1
—5 XpSpe—e
U

Néu tham sé o thi sau

<p<l.

Trong hai diéu kién nay, thi diéu ki¢n thir nhét 1a quan
trong nhat, c6 vai tro qpyét dinh su hoi tu caa Giai thuat
2. Trong khi do, thyc t¢ cho thay, Giai thuat 2 hoi ty véi
bat ky day{ " }h01 vé 0 khik — oo, Didu nay c6 nghia la
néu diém khoi dau théa min Piéu klen (1) thi Giai thuat 2
hoi tu cho bét ky gid trig’va tham séa € (0, 1).Tuy nhién,
su lya chon gia trix’vaa € (0,1)anh huéng dén tbe do hoi
tu cua giai thuat. Dicu kiép (2) cung Vg'ri gia tri cu thé cua
a trong Pinh i 4 chi 1a dicu kién du dé Giai thuat 2 hoi tu
sau K budc lap.

Do vai tro quan trong cua viéc chon céac gia tri khoi
tao théa man Diéu kién (1), nhém tac gia s€ trinh bay mot
phuong phap dé chon mot diém xuét phat (x°, 1°,s°) thoa
man Diéu kién (1).

Trude hét, chu y rang bai toan dbi ngau cua(l)la:

max y'b
yA+s" =c"
s2>0.

Do do, x°, (3°,5") lan luot la diém chap nhan dugc
ctia Bai toan (1) va bai toan ddi ngdu cia n6 néu:

Ax"=b
ATy°+s° =c
x">0,s">0.

Dé thoa min diéu kiénx® > 0,s° > 0, xét bai toan:

4 0 0 | b ]

Ax’ =b -4 0 0 0 -b
X

ATy 450 = 0 A 1 c
OJ/ s C@ . 0> . (6)
X >a 0 -4 - &0 —c
SOZQ [n 0 0 a

| 0 0 I, | KA

trong do, chona > 0 la mdt s0 duong khabé, viduar =1 07'°,
D@ thay rang Bai toan(6)1a mot trudng hop cu thé cua

Bai toan(2)va vi thé nghiém cta né c6 thé tim dwoc bang

Phuong phap Ellipsoid (Giai thudt 1) hodc phuong phap

Ellipsoid cai tién (ttrc 1a Giai thuat 1 cing voi Chu ¥ 2).
Cubi ciing, xem xét cach chon £°. Chu y ring:

1 1
— XoSoe—e|| < |—5 XoSp — I ell
0.0
=max,.; _, {l 3 u}f
u°
Do d6, diéu kién dii cho — X, S,e—e| < Bla:
i’

0.0
X, S;
max;_; ., {| - -1 |}\/n < B,
y

hay (nhu da gid st f <1):
r {xs n )CSO\/—:| {
Nn+p \n-p

vOl moii =1,.

a\/; b\/; }
Jn+ B n-p]
,n.0 day, ky hi¢ua = min,_ {x N va
b =max,_ {x }.

Dleu nay suy ra:

10 { bIn ’ aln }
n+ B \n-p

Do d6, Biéu kién (2) théa man khi va chi khi f<1va

1" ton tai, tirc 1a:
b\/; < a\/z
Jn+p n-p.
p<1
Diéu nay trong duong véi:
b-a

Bét ding thire nay chi thoa méin khi 7 kha bé hodca —b
kha bé (gan bang khong). Viée chon cac diém khoi dau x’va
5°dé thoa man Diéu kién (1), dong thoi b—a kha bé thudong
rat kho. Tuy nhién, nhu da dé cap o trén, Giai thuat 2 hoi tu
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v6imoi 1° > 0 va tham sb o € (0,1). Vi thé, c6 thé chon:
. bn
Nv)

sau xac nhan rang véi cac gia tri tham sé nay Giai thuat 2
hoi tu rat nhanh.

B=0,5vaa=0,5. Cac vidu sb & phan

3. Vi du sé

Trong phan ndy, nhom tac gia xem xét hai vi du cu thé
va s& trinh bay két qua nghiém s khi ap dung Giai thuat 2
véi diém khoi tao dua ra trong Muc 2.3. O day, nhom tac
gia chon2d = 107 cho giai thuét Ellipsoid cai tién, chon
£=10""cho Giai thuat 2 vac =10""%rong Bai toan (6).
Cac giai thuat va chuong trinh giai hai vi du ¢ day duoc
viét bang ngdn nglt 1ap trinh Matlab va duoc trinh bay
trong phan tiép theo.

Vi du 1: Xét bai toan: Tim min 2x, +3x, Voi

(x1,x, )eRz
diéu kién (x,,x,) théa man:x, +x, =1va x;,x, >0.

Bai toan nay ¢6 duy nhat mot nghiem t6i wu 1a (1,0).
Ap dung phuong phap Ellipsoid cai tién, nhom tac gia tim
duoc diém khoi dau cho Giai thuét 2:

x? = (0,500, 0,500),y° =1,667,s° = (0,333, 1,333)va
=2,030.
Giai thuat 2 cho vi du nay dung chi sau mot vong lap.

Két qua dwoc trinh bay ¢ Bang 1. Chu y rdng, cac gia tri &
day duoc lam tron dén ba chit s6 thap phan sau ddu phay.

Bdng 1. Gidi thudt 2 cho Vidu 1

T
X c X,

0 (0,500, 0,500) 2,500

4.1. Chwong trinh Matlab cho gidi thudt Ellipsoid cdi tién

(1,000, 2,092¢-12) 2,000

function [x0i AxO
Amin]=modified_ellipsoid _method(A4,b,x0,R, Nmax)
% Giai thudt 1 cung voi Chuy 2

if nargin==3
R=1Ie2;
Nmax=100;
end

[m n]=size(A);
DO=R"2*eye(n,n);
m_min=min(4*x0-b);
Ax0=[x0];
Amin=[m_min];
for i=0:Nmax
check=find(A*x0-b<-1e-4);
if size(check,1)==0
break;
else
k=check(l);
ak=A(k,:)’;
x1=x0+D0%*ak/((1+n)*(sqrt(ak'*D0*ak)));
x0=x1;
tgl=n"2/(n"2-1);
tg2=2/(n+1);
DO0=tg1*(D0-tg2*(D0*ak)*(ak'*D0)/(ak'*D0*ak));
m_min=min(A4*x0-b);
Ax0=[ Ax0 x0] ;
Amin=[ Amin m_min],;
end
end
Amin=Amin';
Ax0=Ax0';
end

n
Vi du 2: Xét bai toan: Tim min _,— > x, voi dicu
X
kién0<x, <lvéimoii=1,...,n.

Phuong an t6i wu chap nhén dugc cua bai toan la

x=(1,...,1). Trudc hét 1a viét lai bai toan dudi dang (1).

bat x;,, =1-x;,i =1,...,n, bai toan da cho twong duong

voi bai toan: Tim min . —> xvoi dieu kién
i=1

X +x,,=Li=1..,nvax; 20,i=1,...,2n.

Chon 1 =15 va ap dung Giai thuat 2 véi diém khoi dau
nhan dugc nhu trong Muc 2.3, thi thu duogc Kkét qua o
Bang 2. Mot 1an nita, lai thdy ring v6i diém khoi tao nhan
duoc tir phwong phap ma nhom tic gia dé xuat, thi Giai
thuat 2 hoi tu chi sau 1 vong lap.

Bdng 2. Gidai thudt 2 cho Vidu 2

4.2. Chwong trinh Matlab cho Gidi thudt 2

X ch,
0 (0,500, ..., 0,500) -7,500
(1,000,...,1,000) -15,000

4. Chuwong trinh Matlab

Phan nay nhom tac gia dua ra cac chwong trinh Matlab
cua Giai thuat El}ipsoid cai tién, Giai thuat 2 va hai vi du
da trinh bay ¢ phan trudc.

function [x0 fmin Ax0

Amin]=interior_point_method(A,b,c,epsilon)

if nargin==

epsilon=1e-10;

end

[m n]=size(A);

%Choose starting point

B1=[A zeros(m,m) zeros(m,n)];

B2=[-A zeros(m,m) zeros(m,n)];
=[zeros(n,n) A' eye(n)];

4=[zeros(n,n) -A' -eye(n)];

=[eye(n) zeros(n,m) zeros(n,n)];

B6=[zeros(n,n) zeros(n,m) eye(n)];

B=[B1;B2;B3;B4;B5;B6];

u=[b;-b;c;-c;le-10*ones(2*n,1)];

k=size(B,2);

u0=zeros(k,1);

[u0 i Au0 Aumin]=modified ellipsoid method(B,u,u0);

%input

x0=u0(1:n);

s0=u0(n+m+1:end);

e=ones(n,1);

alpha=0.5;

tg=x0.*s0;

tg2=max(tg)
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nu0=(2*sqrt(n)*tg2) /(2*sqrt(n)+1);
Ax0=[x0];
fmin=c'*x0;
Amin=[fmin];

while s0"*x0>=epsilon
nu0=alpha*nu0;
tg=1./(x0."2);
tgl=1./x0;
BB=[nu0*diag(tg) -A";A zeros(m,m)];
R=nu0*diag(tgl)*e-c;
R=[R;zeros(m,1)];
u=BB\R;

d=u(1:m);
y=u(n+1:end);

% Update

x0=x0+d;

y0=y;

sO=c-A"*y;

end

fmin=c'*x0;
Ax0=[Ax0 x0];
Amin=[Amin fmin];
End

4.4. Chwong trinh Matlab cho Vi du 2

%EXAMPLE 2

n=15;

X=eye(n);

A=[X X];

b=ones(n,1);

c=[-ones(n, 1);zeros(n,1)];

%Giai thuat 2 (PP diem trong)

epsilon=1e-10;

[u0 fmin Au0
Aumin]=interior point method(A,b,c,epsilon);

4.3. Chwong trinh Matlab cho Vi du 1

clear all

%Vidu 1l

A=[11];

b=[1];

c=[2 3]}

%Giai thuat 2 (PP diem trong)
epsilon=1e-10;

[u0 fmin Au0

Aumin]=interior_point_method(A,b,c,epsilon);

5. Két luan

Trong bai bao nay, nhoém tac gia da dé xudt mot
phuong phap méi cho viéc chon diém khéi dau trong
phuong phap diém trong dé giai bai toan quy hoach
tuyen tinh. Ly thuyét cling nhu cac vi du sb cu thé ching
to rang, phuong phap ma nhom tac gia da trinh bay hoat
dong tot va dam bao sy hoi tu cua phuong phap diém
trong. Hai vi dy sO ciing cho thiy rang phwong phap
diém trong c6 toc do hoi tu rat nhanh véi cac gia tri khoi
tao nhan dugc tir phuong phap ma nhom tac gia da dé
Xudt trong bai bao nay. Vi thé, phuong phap chon dlém
khoi dau trong bai bao nay c6 tinh mg dung thyc té cao
va c6 thé dung két hop véi phuong phap diém trong cho
bai toan quy hoach tuyén tinh c6 kich thugce 16n.
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