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Abstract - In this paper, the shunted nonlinear resistive-capacitive-
inductance junction (RCLSJ) model of Josephson Junction is considered 
due to potential high-frequency applications. This junction shows the 
chaotic behaviors under some parameter conditions. Because the 
chaotic motion is undesirable, the chaos control in Josephson Junction is 
discussed in this paper. In order to remove chaotic behaviors in the 
RCLSJ model of Josephson Junction, a nonlinear controller based on 
feedback linearization method is developed. With the abilities of exact 
cancellation of nonlinear terms, the developed controller can not only 
eliminate the chaotic oscillations in Josephson Junction but also 
generates the stable voltage which may be desirable for future 
applications regardless of the chaotic region of the junction’s parameters. 
The numerical simulations are carried out to verify the validity of the 
proposed control approach and the obtained results demonstrate the 
perfect performance of the developed controller. 

 Tóm tắt - Trong bài báo này, mô hình phân dòng phi tuyến trở-
dung-cảm của mối nối Josephson được nghiên cứu do tiềm năng 
ứng dụng ở dãy tần số cao. Mối nối này sinh ra dao động hỗn loạn 
khi tham số của nó rơi vào một số điều kiện. Do dao động hỗn loạn 
có tác động tiêu cực nên điều khiển hỗn loạn trong mối nối 
Josephson là bài toán cần giải quyết trong nghiên cứu này. Để loại 
trừ những hoạt động hỗn loạn, một bộ điều khiển phi tuyến được 
xây dựng dựa trên phương pháp hồi tiếp tuyến tính hóa. Với khả 
năng bù chính xác thành phần phi tuyến của hệ thống, bộ điều 
khiển không chỉ có thể khử các dao động phi tuyến một cách hiệu 
quả mà còn làm cho mối nối Josephson sinh ra điện áp ổn định bất 
chấp tham số của mối nối rơi vào vùng hỗn loạn. Mô phỏng số 
được thực hiện để xác minh tính đúng đắn của giải pháp điều khiển 
đề xuất và kết quả mô phỏng cho thấy khả năng vận hành tốt của 
bộ điều khiển đã được phát triển. 
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1. Introduction 

Nowadays, fabrication technology and high 

temperature superconducting materials are developing 

rapidly and have some perfect results for potential 

applications [1, 2]. This development allows us to expect 

high temperature Josephson Junction (JJ) with higher 

critical current in the near future. Therefore the JJ has 

attached much attention by many researchers [3-7]. There 

are two types of JJ model which have received more 

attention, namely, the shunted linear resistive-capacitive 

junction (RCSJ) and the shunted nonlinear resistive-

capacitive-inductance junction (RCLSJ). The RCSJ model 

is the second order system while the RCLSJ model is the 

third order system. The RCLSJ model is found to be more 

accurate in high frequency applications [5, 6]. 

The Josephson Junction is a highly nonlinear system 

due to characteristic of the nonlinear resistance; moreover, 

it can behave chaotically when the parameters and external 

current fall into the chaotic region [7]. There have been 

some control methods developed to control Josephson 

Junction such as nonlinear backstepping [8], delay linear 

feedback [9], and sliding mode [10]; however, some 

shortcomings exist. The nonlinear backstepping method 

has quite complicated procedure to design the controller 

while choosing the time delay is problematic in delay linear 

feedback. The chattering phenomenon is a drawback of the 

sliding mode method. In addition, all these methods utilize 

a new input which is inserted into the system as a control 

signal instead of the external current. This can become a 

problem in practical system. 

In this study, in order to eliminate the chaos and drive 

the junction to stable voltage, a simple and effective 

controller is developed. To take the benefits of the 

feedback linearization control method on exactly 

cancelling the nonlinear terms and possessing the fast 

response, the controller based on feedback linearization 

method is develop to remove chaos in JJ. Therefore, in 

comparison with previous control methods mentioned 

above, the developed controller can completely remove the 

chaotic oscillation in JJ and rapidly make the junction’s 

voltage stable. This stable voltage may be used for practical 

applications. In addition, the control input given by 

developed controller is used as the external current in RCSJ 

model, which brings the control approach to feasibility 

when it is applied to practical systems. 

The remainder of this paper is organized as follows. In 

Section 2, the mathematical model of RCLSJ is described. 

The nonlinear controller design is presented in Section 

3.The numerical simulations are given in Section 4. 

Finally, the conclusion is offered in Section 5. 

2. RCLSJ model of Josephson Junction 

In high frequency application, the RCLSJ model of 

Josephson Junction is founded more accurate and appropriate 

than others [5, 6]. The schematic of RCLSJ model is displayed 

in Figure 1 and the circuit equations are given as follows: 
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Figure 1. RCLSJ model of Josephson Junction 

where h  is Planck’s constant, e  is electron charge. sR , L , 

and sI  are the shunt resistance, inductance, and current 

respectively. CI  and extI  are critical current and external 

current applied across the junction. C  and V  are the 

capacitance and voltage of the junction.   is the phase 

difference of superconducting order parameter across the 

junction. ( )R V  is nonlinear resistance of the junction, and 

expressed by: 
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where nR , 
sgR , and 

gV  are the junction normal state 

resistance, the sub-gap leak resistance, and the gap voltage 

respectively. 

For simulation and analysis, (1) can be rewritten in 

dimensionless form as: 
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where dimensionless parameters are defined as follows: 
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where ( )g v  is approximated as a step function switching 

from 
s sgR R  to s nR R as: 
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For temperature 04.2T  K, 
s sgR R  is equal to 0.061 

and s nR R is equal to 0.366 at 2.9v  ; the function ( )g v  

can be described by the step function as shown in Figure 2. 
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Figure 2. Approximate junction characteristics 

By introducing new notations as 1x  , 2x v , and 

3 sx i , we can present (3) in the standard form of nonlinear 

dynamical equations as follows: 
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Figure 3. Chaotic oscillation in Josephson Junction 

The dynamics of RCLSJ model have been extensively 

studied in [7]. These studies demonstrate that the RCLSJ 

produces chaotic oscillations when the external dc current 

and the parameters fall into a certain area. For examples, 

the junction in (5) with zero initial states exhibits chaos 

when 0.707C  , 2.6L  , and 1.2exti   as shown in 

Figures 3-4. Figures 3-4 describe the oscillations of the 

junction states when the junction parameters fall into the 

chaotic region. Figure 3(a) expresses the phase difference 

of superconducting order parameter across the junction. 
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This value always increases when a voltage is applied 

across the junction. Figure 3(b) shows the chaotic motion 

of the junction voltage while Figure 3(c) depicts the chaotic 

oscillation of the shunt current. 

 

Figure 4. Strange attractor on plane 
1x -

2x  

3. Feedback linearization control design 

In this study, in order to control the junction, the external 

current exti  is considered as control input and replaced by 

the control signal u . Consequently, the junction (5) with the 

output y  can be described in the standard form of SISO 

(single input, single output) system as: 
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( ),y h x           (6b) 
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With the control signal u  is added to the system above, 

the system (6) has the relative degree 1r  , and with Lie 

derivatives, ( ) ( )fa x L h x  and ( ) ( )gb x L h x , the 

equation in (6b) can be rewritten as: 

( ) ( )y a x b x u  ,          (7) 

Where 
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Now our aim is to design a controller that can drive the 

junction to produce the stable voltage which is desirable 

for applications; in other words, the output ( )y t R  

follows the reference value ( )dy t R , which is supposed 

to be smooth and measureable up to the first order. An 

effective way to reach the aim is to use the feedback 

linearization method with which the control law is  

given as: 

 
1

( ) ( ) ( ) ,
( )

u x a x w t
b x

          (10) 

where ( )w t R  is a new input which is known as 

linearization input. 

Substituting (10) into (7), one can obtain: 

y w .           (11) 

Let ( ) ( ) ( )de t y t y t   be the tracking error, and 

choose the new input w  as: 

,dw y ke           (12) 

where k  is a positive constant and chosen in such a way 

that ( )P s s ks   is Hurwitz polynomial. 

Substituting (12) into (10) and using (8), (9), one can 

get the nonlinear control law as: 
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From (11) and (12), the tracking error of the closed loop 

system is obtained as: 

0,e ke            (14) 

which represents an exponentially stable error dynamics, 

where ( )e t  converges to zero exponentially. 

Moreover, by setting 2 0,x   the zero dynamics of the 

SISO system (6) can be described by: 

1

3 3
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The equation (15) demonstrates that when 2x  

converges to zero, 1x  converges to a constant value while 

3x  exponentially converges to zero. 

Remark 1: In this paper a high frequency generator is 

expected, so a fast and exact controller is required. With 

the exact cancellation of nonlinear terms, the feedback 

linearization method can bring the proposed controller fast 

response, exponential convergence to zero. Therefore the 

controller based on feedback linearization method can 

match with the requirements. On the contrary, the 

fuzzy/neural control techniques use the approximation of 

nonlinear terms to synthesize the control law. These 

approximation processes require a few times for 

convergence and it also produces the approximation errors. 

Consequently, the controllers based on fuzzy/neural 

control cannot match requirements of fast response and 

zero convergence of errors. 
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4. Numerical simulations 

Here numerical simulations are carried out to verify the 

validity of the proposed method. The system parameters, and 

the initial states are set as 0.707C  , 2.6L   and 

 1 2 3(0) (0) (0)x x x =  0 0.3 0 . The controller 

parameter is assigned as 1k  , and the reference value is 

given as ( ) 0.2sin( )dy t t  at first. In this case the system is 

c the control input is used for external current of the junction, 

the junction does not produce the chaotic oscillations when 

u<1. In this case, the junction acts as a normal nonlinear 

dynamical system and under the influence of developed 

controller, the junction can rapidly generate the stable 

voltage ( 2x ) with zero convergence of the error. Figure 5(a) 

displays the obtained stable voltage. This stable voltage can 

simulate the reference voltage signal exactly. In Figure 5(b), 

It is easy to find that the tracking error can converge to zero 

very fast; pariculaly converging after 3 seconds. Figure 5(c) 

shows the control signals. Because the junction parameters 

is out of the chaotic region, the control signals still keep the 

shape as the reference signals. 

 
Figure 5. Control performance with ( ) 0.2sin( )dy t t .  

(a) junction voltage; (b) error; (c) control signal 

Second, the simulations are executed with reference value 

( ) 2sin( )dy t t . In this case, with the given parameters above 

and initial state  1 2 3(0) (0) (0)x x x = 0 3 0 , the 

control signal encroaches upon chaotic region, that is, the 

junction displays the chaotic behavior when 1u   as in [7, 8]. 

However, under the influence of the developed controller, as 

shown in Figure 6, the chaotic behavior is completely 

repressed and the junction generates the stable voltage 

successfully. Figure 6(a) shows that the obtained stable 

voltage can follow the reference signals completely. In Figure 

6(b), the tracking error can also converge to zero very fast. It 

is about 4 seconds. In Figure 6 (c) the control signal shows the 

different shape to the shape displayed in Figure 5(c). This 

shape is reasonable because the junction is in the chaotic 

region. Finally, all obtained results demonstrate the superior 

control performance of the proposed control approach. 

 

Figure 6. Control performance with ( ) 0.2sin( )dy t t . 

(a) junction voltage; (b) error; (c) control signal 

5. Conclusions 

In this study, a nonlinear controller based on the 

feedback linearization method is developed to suppress the 

chaos in Josephson Junction. In addition, the developed 

controller can drive the junction to produce the stable 

voltage which can be used in some applications. The 

developed controller can operate effectively and shows 

perfect performance regardless the chaotic region of the 

junction’s parameters. The simulation results illustrate the 

advanced abilities of the proposed controller. 
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