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Abstract - This paper presents a numerical investigation of the 
solidification process of a liquid drop on a cold solid surface. 
The drop is immersed in the computational domain with the 
presence of three phases: solid – liquid – gas. The Navier-
Stokes and energy equations are used to solve the problem in 
which the interface separating different phases is represented 
by a front-tracking method. The interpolation technique is used 
to impose the non-slip boundary condition on the solid surface. 
The cold surface on which the drop is placed is the cause of 
solidification with the phase change interface propagating from 
the cold surface to the top of the drop. The numerical results of 
some typical cases that are compared with the available 
experimental ones indicate the accuracy of the numerical 
method used in this study. 
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1. Introduction 

Understanding of the dynamics of a drop including 

phase change heat transfer is very important because of its 

wide range applications such as atomization, crystal 

growth, food processing and so on. In nature, one can find 

the solidification of water drops attaching to leaves, cable 

lines, wind turbine blades and aircraft wings. Accordingly, 

there have been many studies concerned with this 

solidification problem. 

Experimentally, Enríquez et al. [1] dripped a water drop 

on a subzero temperature plate that caused the drop to 

freeze. Jin and co-workers [2] used a molecular tagging 

thermometry technique to capture the motion of the water–

ice phase change interface during the solidification of a 

water drop on a cold plate. Recently, Zhang et al. [3] also 

paid attention to the freezing process of a water drop on a 

plate. Itoh and co-workers [4] used molten silicon, a 

semiconductor material, as a phase change material to 

growth crystallized silicon drops for solar cell applications. 

Satunkin [5] used molten silicon, germanium and indium 

antimonide to form solid drops and to find the growth 

angles at the tri-junction (where the three phases meet).  

A common interesting feature of all above-mentioned 

works is the formation of an apex at the top of the drop 

after complete solidification because of volume expansion 

and the effect of the growth angle.  

Theoretically, Sanz [6] and Nauenberg [7] developed 

models to reproduce the evolution of the phase change and 

drop fronts of a drop solidifying on a cold plate. In another 

recent work, Zhang et al. [8] also theoretically investigated 

the freezing process of a water drop on a plate.  

Concerning numerical simulations, a few studies have 

been done for the solidification problem of a liquid drop on 

a plate. For instance, the boundary integral method [9], the 

Galerkin finite element method [10] and the front-tracking 

method [11,12] have been used to investigate the dynamics 

of the phase change heat transfer of the drop solidification 

problem. 

It is evident that the problem of a liquid drop solidifying 

on a cold plate has been getting more and more attractive. 

Thus, an accurate method for simulating the problem 

becomes very important. Accordingly, the present study 

presents a direct numerical method for simulations of a 

liquid drop solidifying on a cold plate. The methods used 

here are the front-tracking technique to represent the 

interface and an interpolation technique to deal with the 

non-slip boundary condition.   

2. Numerical problem and governing equations 

We consider an axisymmetric liquid drop placed on a 

cold plate whose temperature Tc is below the fusion 

temperature Tm of the drop liquid (Figure 1). Because of 

the cold plate, the solidifying front formed on the plate 

surface propagates upwards to the top of the drop. Initially, 

the liquid drop is assumed to be a section of a sphere with 

a volume denoted by V0. The contact angle 0 is then 

defined at the plate. The growth angle at the tri-junction 

(i.e. triple point) at which three phases meet [12,13] is 

defined as  

gr s l  = −   (1) 

where s is the angle between the tangent to the solid–gas 

interface and the horizontal, and l the tangent to the 

liquid–gas interface and the horizontal. Assuming all fluids 

(i.e. gas and liquid) to be incompressible, immiscible and 

Newtonian, the one-fluid formulation gives  
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Figure 1. A liquid drop solidifying on a cold plate: (a) computational domain and (b) front-tracking representation 

Here, u is the velocity vector, p is the pressure, g is the 

acceleration induced by gravity, T is the temperature and  

f is the forcing term used to enforce the non-slip velocity 

boundary condition at the solid surface. , , k and Cp are 

respectively the density, viscosity, thermal conductivity 

and heat capacity that are assumed constant in each phase. 

The Dirac delta function δ(x − xf) is zero everywhere 

except a unit impulse at the interfaces xf with f denoting 

interface. The superscript T denotes the transpose. At the 

liquid–gas interface,  and  are the interfacial tension 

coefficient and twice mean curvature, respectively. q is the 

heat source at the solidification interface, given as 

s l

s l

T T
q k k

n n

  
= − 

  
  (5) 

where the subscripts s, l and g (when available) represent 

solid, liquid and gas, respectively.  

For some phase change materials such as water, silicon, 

and germanium, the density of the solid phase is different 

from that of the liquid phase, and thus change in volume 

occurs during solidification. Accordingly, Eq. (4) is 

rewritten as follows [12]  

( )
1 1 1

f

h s l f

qdS
L


 

 
 = − − 

 
u x x  (6) 

where Lh denotes the latent heat. The boundary conditions 

are as follows: symmetry at the left, full slip at the right, 

open at the top and non-slip at the bottom (Figure 1a).  

3. Numerical method 

To solve the problem, we use a front-tracking method 

for three phase simulations with an interpolation technique 

to treat the presence of the solid phase within the 

computational domain on which a uniformly distributed 

rectangular grid is constructed [14]. The spatial derivaties 

are descritized by a second-order central difference 

approximation. The time integration is approximated by a 

predictor-corrector scheme. The interface separating 

different phases is represented by connected points moving 

on the fixed grid (Figure 1b). We update the position of the 

liquid–gas and solid–liquid front points by  

1n n

f f f fV t+ = + x x n   (7) 

where the superscripts n and n+1denote the current and 

next time levels. nf is the unit vector normal to the 

interface. Vf, the velocity magnitude of the front point, is 

given as [15] 
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for the liquid–gas front, and ( )f s hV q L= −            (9) 

for the solid–liquid front with q calculated by a normal 

probe technique  

( ) ( )
1

s s m l m lq k T T k T T
h

= − − −    (10) 

where h is the grid spacing. Ts and Tl are the temperature 

of the solid and liquid near the phase change front at the 

solid and liquid points that are h away from the front. At 

the triple point, we impose a constant growth angle, 

gr = constant [12]. Thereby, the solid–gas points are 

constructed.  

To identify the phases as well as their fluid and thermal 

properties, we construct two indicator functions Is (from 

the solid–liquid and solid–gas interfaces) and Il (from the 

liquid–gas and solid–gas interfaces) whose values are 

specified as  

0  in solid, and 1  in liquid and gas 

0  in solid and liquid, and 1  in gas 

s s

l l

I I

I I

= =


= =
 (11) 

Accordingly, the values of the material properties such 

as , , k and Cp (represented by ) at every location in the 

domain are given by 

( )1l s s s l g lI I I I   = + − +    (12) 

A more detailed description of the method used in this 

study can be found in [12,14]. 

4. Numerical parameters 

We choose an equivalent radius of the drop 

Rc = R = ( )
1 3

03 4V     as a scaling length. Here, V0 is the  
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volume of the initial liquid drop. An alternative scaling 

length is the wetting radius Rw (Figure 1), i.e. Rc = Rw. The 

characteristic time scale is 2
c l l c lC R k = . The 

characteristic velocity scale is taken to be .c c cU R =  

With these above choices, the dynamics of the problem is 

governed by the following dimensionless parameters 

(Prandtl number Pr, Stefan number St, Bond number Bo, 

Ohnesorge number Oh, dimensionless initial temperature 

0, density ratios sl and gl,
 
viscosity ratio gl, thermal 

conductivity ratios ksl and kgl, heat capacity ratios Cpsl and 

Cpgl): 

2
pl l pl m c l c l

l h l c
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Figure 2. Evolution of the solidifying front at different stages of solidification with the temperature contours (color) plotted every  

 = 0.1 and the velocity field normalized by Uc. Rc is equal to R. The parameters are shown in the text 

The temperature is non-dimensionalized as 

( ) ( ).c m cT T T T = − −  The dimensionless time is  = t/c. 

5. Results and discussion 

Figure 2 shows the temporal evolution of the 

solidification front with the temperature contours and the 

velocity field. The parameters for this calculation are  

Pr = 7.25, St = 0.104, Oh = 0.2, Bo = 2.0, sl = 0.9,  

gl = gl = 0.05, ksl = 4.0, kgl = 0.05, Cpsl = 0.5, Cpsl = 0.24, 

gr = 00, 0 = 1 and 0= 900. At  = 0.016 (Figure 2a), the 

gravity results in a downward flow at the center of the drop 

and deforms the drop, inducing counter clockwise 

circulations around the drop. This downward flow causes a 

reduction in the temperature field within the liquid phase 

while the temperature in the solid phase increases from the 

wall value ( =c = 0) at the wall to the fusion value  

( =m = 1) at the solid–liquid interface. At a later time  

 = 0.4, the gravity balances with the surface tension force 

holding the drop in a spherical shape, and thus no flow 

appears at this time (Figure 2b). Accordingly, the 

temperature in the liquid phase is almost at the fusion value. 

At  = 1.25 (Figure 2c), almost all liquid has solidified, and 

the solidified drop has an apex at the top because of volume 

expansion (i.e., sl = 0.9) [12,14]. 

Figure 3 shows the temporal variation of the drop 

height and the drop volume for the case shown in Figure 2. 

This figure clearly shows the effect of the gravity at the 

beginning of solidification with a decrease in the height of 

the drop. Then, the surface tension force acting on the 

liquid–gas interface pushes the liquid–gas interface up to 

be against the gravity. Because the liquid is denser than the 

solid (sl < 1.0), the drop height and volume increase in 

time as the solidification proceeds as shown in Figure 3. 

After complete solidification, the volume of the solidified 

drop is about 1.1 times the volume of the initial liquid drop. 

A few phase change materials having such a feature, i.e. 

volume expansion upon solidification, include water, 

silicon and germanium [5]. However, most metals have the 

solid denser than the liquid and thus experience shrinkage 

upon solidification. 

 

Figure 3. Temporal variation of the solidifying front and the 

drop volume for the case shown in Figure 2 

To evaluate the capability of the method for 

computations of the solidification process of a drop, we 

perform a simulation of a water drop freezing on a cold 

plate and compared the results with the experiment of 

Zhang et al. [3], as shown in Figure 4. Experimentally, 

Zhang and co-workers [3] placed a water drop of 10 L 
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on a horizontal wall that was kept at Tc = –16.50C, and 

used a photographic technique to capture the evolution of 

the ice–water phase change interface during freezing 

(bottom row in Figure 4). The corresponding Prandtl, 

Stefan and Bond numbers for this case are Pr = 7.5,  

St = 0.209 and Bo = 0.25, based on the properties of water 

and ice and Rc = R. The growth angle gr is set to 00 [5]. 

The top row in Figure 4 shows the time sequence of the 

freezing of the drop yielded from the present computation. 

The comparison indicates that the computation result 

agrees quite well with the experimental data of  

Zhang et al. [3]. 

Figure 4. Evolution of the water–ice front at different stages of freezing in comparison with 

 the experiments of Zhang et al. [3]. Rc is equal to R 

Figure 5 shows the evolution of the average height Hs 

of the freezing front for the case shown in Figure 4. The 

variation with respect to time of Hs indicates that the 

freezing rate is high at the beginning and near the end of 

the freezing process. This tendency is in accordance with 

Nauenberg’s theoretical analysis [7]. As previously 

mentioned, water is a phase change material whose liquid 

density is higher than that of ice, and thus the drop expands 

in volume as the freezing process progresses, with a 

volume increment of about 10% after complete 

solidification, as shown in Figure 5. Figure 5 also confirms 

that the increase in the volume of the computational drop 

is in good agreement with the experimental result of Zhang 

et al. [3]. 

  

Figure 5. Temporal evolutions of the average height of the 

water–ice  front Hs and of the volume of the drop Vd normalized 

by the volume of the initial liquid drop V0. The cirles are data 

from the experiment of Zhang et al. [3] 

Silicon, a semiconductor material, also has a liquid 

phase denser than the solid phase, and thus experiences 

volume expansion upon crystallization. Figure 6 shows the 

evolution of the solid–liquid interface during the 

crystallization process of a molten silicon drop attaching to 

a cold wall. The main parameters for this computation are  

Pr = 0.013, St = 0.116, sl = 0.91 and gr = 120, based on 

the properties of silicon [5]. Because of volume expansion 

and the effect of the growth angle, the crystallized silicon 

drop is very different from the initial molten one with an 

apex at the drop top. This crystallized drop shape agrees 

very well with the experimental drop shape (the most right 

frame in Figure 6) reported in Satunkin’s work [5]. For 

more details of the comparison, see [11]. 

Figure 7 shows the evolution of the solidifying 

interface during the solidification process of an indium 

antimonide drop whose main parameters are Pr = 0.0255, 

St = 0.278, sl = 0.8 and gr = 250. The corresponding 

solidified drop yielded from Satunkin’s experiment [5] is 

present at the right of Figure 7. Because of the significant 

effects of the growth angle and volume change, the initial 

molten drop with a spherical cap solidifies to a very conical 

solid drop with a large increase in its height (the final 

height is more than two times higher than the initial height). 

This shape of the solidified drop is in good agreement with 

the experiment one reported by Satunkin [5]. For more 

details of the comparison, see [11]. 

Based on the comparisons with the available 

experiments, we can conclude that the method presented 

here can accurately capture the evolution of the solidifying 

drop attached to a cold wall. 

6. Conclusion 

We have presented a numerical method to simulate the 

solidification process of a liquid drop. The method is the 

front-tracking technique representing the interface by 

connected elements laid on a fixed rectangular grid. The 

drop with the presence of three phases (solid, liquid and 

gas) is immersed in the computational domain. The Navier-

Stokes and energy equations are used in the entire domain 

with the solid treated by the interpolation technique. The 

propagation of the solid–liquid interface is calculated by 

the normal probe technique. The liquid drop initialy treated 

as a section of a sphere is placed on the plate whose 

temperature below the fusion value of the liquid causes the 
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solidifying front to form and move upwards. The numerical 

results show that the solidification process progresses fast 

at the begining, and the solidified drop forms a cone at the 

top of the drop in the case of volume expansion. The 

comparisons with the available experiments for various 

phase change materials including water, silicon, and 

indium antimonide show that the numerical method 

accurately captures the evolution of the solidification 

interface as wells as the drop shape after complete 

solidification.  

Figure 6. The solidification process of a molten silicon drop in comparison with the crystallized drop of Satunkin [5]

Figure 7. The solidification process of a molten indium antimonide drop in comparison with the crystallized drop of Satunkin [5]
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