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Tém tat - B thi la céng cu toan hoc hiru ich ¢ng dung trong nhiéu
linh vwc nhu giao théng, truyén théng, céng nghé thong tin, kinh
t&, .... Cho dén nay, trong dd thi m&i chi xét dén trong sb clia cac
canh, cac dinh mét cach doc lap, trong dé d6 dai dwong di la tbng
trong s cac canh va cac dinh trén dwong di d6. Tuy nhién, trong
thuc t&, trong sb tai mot dinh khdng giéng nhau véi moi dwong di
qua dinh d6, ma con phu thudc vao canh di dén va canh di khoi
dinh d6. Bai viét gi¢i thiéu md hinh mang hén hop mé réng dé cé
thé ap dung mé hinh héa cac bai toan thyc té chinh xac, hiéu qua
honva dinh ly ludng cuc dai lat ct cuc tiéu twong ¢bng trén mang
hén hop mé rong [10,11]. Két qua chinh cda bai viét Ia thuat toan
day ludng trwdc tim ludng cyc dai.

Tt khoa - db thi; mang; ludng; ludng cuc dai; thuat toan.

1. Pit van dé

Mang va ludng trén mang 1 céng cu toan hoc hiru ich
mg dung trong nhiéu linh vuc nhu giao thong, truyén
théng, cong ngh¢ thong tin, kinh té,... Cho dén nay trong
mang cd dién mai chi xét dén trong s6 ciia cac tuyén va cac
nat mot cach doc 1ap. Tuy nhién, trong nhiéu bai toan thuc
té, trong s6 tai mot nut khong giéng nhau véi moi duong di
qua nit d6, ma con phuy thude vao tuyén di dén va tuyén di
khoi nut d6. Vi vy can xdy dung mot mo hinh mang mo
rong dé c6 thé ap dung mo hinh héa céc bai toan thuc té
chinh x4c va hiéu qua hon. Trén co s cac nghién ctru vé
bai toan ludng cyc dai [1,2,3, 4,5, 6, 7] va do thi m6 rong
[8, 9, 10,11], bai bao phat trién thuat toan duong di ting
ludng tim ludng cuc dai trén mang hdn hop mé rong.

2. Mang hén hgp mé rong

Cho db thj hén hop G=(V, E) véi tap niit V va tap canh
E. Céc canh c6 the c6 huéng hodc v6 huéng. Ky hiéu R”
1a tap s0 thuc dwong. Trén do thi cho cac ham sau.

Ham kha néing théng hanh canhce: E-R”, véi ce(e) la
kha nang thong hanh canh ec E.

Ham kha nang théng hanh mitcv:V—R”, voi cv(u) la
kha néng thong hanh niit ue V.

Ham chi phi canhbe: E-R’, voi be(e) 1a chi phi phai
trd dé chuyén mot don vi phuong tién qua canh e.

Véi mdi nat ve V, ky hiéu E, 1 tap cac canh lién thudc
natv.

Ham chi phi nat bv: VxE,xE,—R", véi bv(u,e,e’) la chi
phi phai tra d€ chuyén mét don vi phwong tién tur tuyen e
qua ndt u sang tuyén e’.

Bo (V, E, ce, cv, be, bv) goi 1a mang hon hop mé réng.

3. Ludng canh trén mang hén hop mé rong
Cho mang hdn hgp mé rong G = (V, E, ce, cv, be, bv).

Abstract - Graph is a powerful mathematical tool applied in many
fields as transportation, communication, informatics, economy... In
an ordinary graph the weights of edges and vertexes are
considered independently where the length of a path is the sum of
weights of the edges and the vertexes on this path. However, in
many practical problems, weights at a vertex are not the same for
all paths passing this vertex, but depend on coming and leaving
edges. The paper introduces a model of mixed extended network
that can be applied to modelizing many practical problems more
exactly and effectively, and the Maxflow-Mincut theorem on
extended mixed networks. The main contribution of this paper is
the Push-Preflow maxflow algorithm.
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Gia thiét G ¢ dinh nguodn s va dinh dich t.Tap céc gia tri
{f(x,y) | (x,y)€E} goi la luéng canh trén mang G néu thoa
mén:

(i) 0 <f(x,y) <ce(x,y) V(x,y)eE

(ii) V6i moi dinh z khong phai ngudn hodc dich:

> f(viz)= D f(zv)

(v,z)eE (z,v)eE .
(iii) V6i moi dinh z khéng phai nguon hoic dich:
> f(v,z)<ev)
(v,z)eE
e Dinh Iy 3.1. Cho f = {f(x,y) | (xy)eE} 1a ludng canh
trén mang G v&i ngudn s va dich t. Khi do:
> ()

Z f(S,V)— Z f(v,5)= Z f(v,t)_(t,v)eE

(s,v)eE B ‘(v,s)eE (v,t)eE‘ . B .
Tuc la tong luong di khoéi dinh nguon bang tong luong di
dén dinh dich.

Chitng minh [11]

oGid tri clia luong

> f(su)- > f(us)

(§,u)eE (u,s)eE
Goi la gia trj ciia luong f.

Biéu thirc:
val (f)

e Bai todn luéng cuc dai:

Cho mang hén hop mé rong G = (V,E,ce,cv,be,bv) véi
dinh ngudn s va dinh dich t.

Nhiém vu cta bai toan 1 tim ludng canh c6 gia tri 16n nht.

Bai toan lgéng cyc dai la bai toan quy hoach tuyén tinh.
Gia tri cua ludng bi gi6i han boi tong kha nang thong hanh
cta cac cung di ra tir dinh nguon, vi vy ta c6 thé khang
dinh dinh ly sau:

e Dinh Iy 32. Cho mang hoén hopmo rong

= (V,E,ce,cv,be,bv) v6i dinh nguodn s va dinh dich t. Khi

do ton tai ludng cuc dai.
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4. Ludng cwc dai lat cit cuc tiéu

Cho mang hén hop mé rong G = (V,E,ce,cv,be,bv) véi
dinh ngudn s va dinh dich t. Vi moi tap S, T < V, ky hiéu
tap cac canh c6 hudngva cac canh v6 hudéng di tir S vao T
la (S,T), tirc (S,T) ={(x,y) € E [xe S &ye T}

Néu S, T < V 1a phan hoach cia V, tiic SUT =V &
SNT = &, va se S, teT, thi tap (S,T) goi 1a ldt cdt
(nguon—dinh) cua G.

Cho f = {f(x,y) | (x,y)€E} la ludng canh trén mang G.
Kyhieu: (S, T) = f(xy)
(x,y)&(S.T)

® Dinh ly 4.1. Cho mang hén hop mé réng G =
(V,E,ce,cv,be,bv) véi dinh nguon s va dinh dich t. Cho f =
{f(xy) | (xy)eE} la ludng canh trén mang G va (S,T) la lat
cat cua G.

Khi do: val(f) = f(S,T) — f(T,S)

Chitng minh [11]

Cho lat cat (S,T)

Ky hiéu S(T) ={ueS| veT, (u,v)e(S,T)}

o Dinh Iy 4.2. Cho f = {f(xy) | (x,y)E} 1a luong canh
trén mang G va (S,T) 1a lat cat cia G. Khi d6, véi moi
S’cS(T) ta co:

HCRIEDNAIEINDY
(x,y)e(S.THWS'T)

veS'
Chitng minh [11]

e Khd nding théng qua ciia ldt cit

Ce (X, Y)

Cho (S,T) 14 lat cit cia mang mé rong G.

Gia tri cap(S,T)
=min{> cv(v)+ D> ce(xy)|S=S(T)h
veS' (x,y)e(S,T)\(S'T)

Goi la khd néng théng qua cua lat cit (S,T).

Tur dinh ly 4.1 va dinh 1y 4.2 suy ra
e Dinh ly 4.3. Cho f = {f(xy) | (x,y)eE} la ludng canh trén
mang G va (S, T) la lat cat cua G.
Khi dé: val(f) < cap(S,T), tirc la gia tri ludng ludn nhé hon
kha nang thong qua cua lat cat.

5. Mang thang dw

Cho ludng canhf = {f(xy) | (x,y)eE} trén mang hén
hop mé rong G = (V,E,ce,cv,be,bv) v4i dinh nguon s va
dinh dich t. Ta dinh nghia mang thdng dw théng qua, ky
hiéu Gy, 1a mang c6 tap dinh V va tap cung E; cung ham
kha nang thong qua canhceivaham kha nang théng qua dinh
cvmhu sau:

V6i moi canh hodc cung (u,v) € E, néu f(u,v) > 0 thi
(v,u) € Efv6i kha nang thong qua ces(v,u) = f(u,v)

Vé6i moi canh hodc cung (u,v)eE, néu ce(u,v)—f(u,v)>0
thi (u,v) Es v6i kha ning thong qua cey(u,v)=ce(u,v)—f(u,v)

V61 moi dinh veV, kha nang thong qua

cv, (v)=cv(v)- Z f(x,v).
(x,v)eE
e Duong di ting luong
Puong di tang ludng 1a duong di c6 hudng trong mang

thang du thong qua Gr tir dinh nguon s dén dinh dich t, sao
cho ta c6 thé guri ludng dwong 8(t) tir s dén t.

e Dinh Iy 5.1. Cho f = {f(x,y) | (x,y)€E} 1a ludng canh
trén mang G. Khi do:

(i) Néu ton tai duong di ting lung tir s dén t trong mang
thang du Gy, thi ton tai ludng g = {g(x.y) | (x.y)eE} co6
val(g) = val(f) + 5(t).

(ii) Néu khong ton tai dudng di ting ludng tir s dén t
trong mang thang du G, thi ludng f 1a ludng cuc dai.

Chirng minh [11]

6. Phwong phap day ludng trwéc
6.1. Cdc khdi nié¢m co ban

e Luéng truéc (pre-flow)

Cho mang hén hop mé rong G = (V,E,ce,cv,be,bv) voi
dinh nguon s va dinh dich t. Luong trudc la tap hop cac
luong trén cung f = {f(x,y) | (x,y)E} thoéa man:

(i) 0 <f(x,y) <ce(x,y) V(xy)eE
(ii) V&i moi dinh z khong phai ngudn hoic dich:
> f(v.z)E<cv(z)
(v,2)eE
(iii) V&i moi dinh z khong phai ngudn hoic dich, ludng
vao khéng nho hon ludng ra, tic la:
Z f(v.z)z Z f(z,v)
(v,z)eE (z,v)eE

Nhing dinh c6 ludng vao I6n hon ludng ra goi la d@inh
Iéch (unbalanced). Hi¢u luong vao va luong ra tai cac dinh
léch goi la d‘é léch luong (excess). Khai niém mgang thdnrg
du Gt cua luong trude cling dinh nghia tuong tw nhu doi
véi luong.

Y twong cia phuong phap nay la can bing hoa luong
vao va luong ra tai cac dinh Iéch bang cach luong du duoc
day xudi theo cac cung ra hodc day nguoc trén cac cung
vao. Qua trinh can bang héa dinh 1éch duoc 1ap lai cho dén
khi khéng con dinh léch thi ta nhan dugc luong cuc dai.
Céc dinh léch dugc luu trong hang doi. Mot cdng cu goi la
ham do cao duoc str dung d€ gitp chon cung trong mang
thang du d€ loai dinh Iéch. Bay gio ta gia thiét tap dinh cua
mang duogc ky hiéu V={0,1,...,|V|-1}

OHam dé cao (height function) cua ludng truc trong
mang G la tap hop cac trong sb dinh khéng am h(0), ...,
h(V|-1) thoa h(t) = 0 véi dinh dich t va h(u) < h(v)+1 véi
moi cung (u,v) trong mang thang du Gr. Nhixng cung (u,v)
thoa didu kién h(u) = h(v)+1 goi la cac cung wu tién.

Mot ham d6 cao tdm thuong la h(0)= h(l) = .. =
h(V|-1) = 0. Sau d6 néu dat h(u) = 1, thi moi cung ludng
duong di tir u la vu tién.

Taxay dyng ham d¢ cao tha vi hon: h(v) la khoang cach
ngan nhét tinh theo s cung tir v dén dinh dich t trong G.
Ta co thé xac dinh ham d6 cao nay bang phuwong phap duyét
db thi nguoc cua Gr theo chidu rong xuat phat tir dinh dich
t. Ham nay thyc sy la ham do cao vi h(t) = 0 va véi mdi
cung (u,v) trong mang thang du Gy, h(u) < h(v) + 1, vi
duong di tir u dén t bt dau bai cung (u,v) va di theo dudng
di ngén nhat tir v dén t (h(v)+1) phai khéng ngén hon dudng
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di ngan nhat tir u dén t (h(u)).

e DPinh Iy 6.1: Cho luong truéc f trong manghdn hop
mé rong G va ham d¢ cao h twong tmg. Khi d6 d6 cao h(v)
cua moi dinh v khong 16n hon d6 dai duong di ngan nhat
tinh theo s6 cung tir v dén dinh dich t trong mang thang du.

Chizng minh

~ Cho dinh v. Gia sir d la d¢ dai dwong di ngan nhat tir v
dén dinh dich t trong Gy. Khi do s¢ ton tai duong di (v=vy,
V2, ..., Vg, t) tr v dén t. Ta co:

h(v) = h(v) <h(v2) +1
<h(vs) +2

<h(vg) +d-1
<h()+d=d

Vai tro cia ham do cao nhu sau: Néu do cao cua dinh
Iéch nho hon do cao cua dinh nguon thi c6 the day luong
vé hudéng dinh dich.Nguoc Iai,‘ neu do cao cua Qinh I§:ch
I6n hon d6 cao cua dinh nguon thi can phai day luong
nguoc vé dinh nguon.

* Dinh Iy 6.2: Néu do cao cua mot dinh 16n hon [V] thi
khong ton tai dwong di tir dinh d6 dén dinh dich trong mang
thang du Gr.

6.2. Phwrong phdp ddy \uong truwéc
~ Baygiotaco thé md ta phuong phap diy ludng trudc
tong quat nhu sau:

(1) Khdi tgo: Xay dung luong trudc xuat phat vei cac
cung (s, v) di tr dinh nguon s co ludng
f(s,v)=min{ce(s,v),cv(v)}, con cac cung khac c6 luong bang
0. Chon ham d6 cao h nao d6 trong mang G.

(2) Tiéu chuan dung: Néu khong co dinh lgch, thi
luong trudce f tra thanh luong cuc dai. Két thuc.

Nguoc lai, chon dinh 1éch u theo thtr tw ndo d6. Néu ton
tai cung wu tién (U, v) € Gy, thi sang budce (3), ngugc lai sang
budce (4)

(3) Pay luong:

Ky hiéu delta la d6 léch ludng cua dinh u.

- Truong hop f(v,u)>0: Day trén cung (u,v) mét ludng
6 gia tri min{delta,cer(u,v) }(tuc 1a giam f(v,u)).

- Truong hop (u,v)€E va cvi(v)>0: Dy trén cung (u,v)
mat luong co gia tri min{delta, ces(u,v), cvi(v)} (tic 1a ting
f(u,v)).

(4) Tang do cao:

Tang d6 cao cua dinh u nhu sau:

h(u) =1 + min{h(v) | (u,v) € G¢}

Quay lai budc (2).

e Dinh Iy 6.3: Phuong phap ddy luong trude luon bao
toan tinh chat cia ham d6 cao.

Chazng minh

(i) Truong hop ton tai cung wu tién (uV)eGr: Ta c6
h(u)=h(v)+1. Sau khi day trén cung (u,v) mot luong, thi néu
(v,u)eG¢ ta van cé h(v) = h(u) — 1 <h(u) + 1.

(ii) Truong hop khong ton tai cung wu tién di tir u: Ta
co Yv: (u,v) € G= h(u) <h(v) +1

Sau khi tang h(u):= 1 + min{h(v) | (u,v) € Gr} thi h(u)
van théa man Vv, (u,v) € Gs: h(u) <h(v) + 1

e Dinh ly 6.4: Trong qua trinh thyc hién thuat toan day
ludng truée, ludn ton tai duong di dinh hudng tir mdi dinh
léch dén dinh ngudn trong mang thang du Gy, va khong ton
tai duong di tang ludng tir dinh ngudn dén dinh dich trong
mang thang dur.

Chuing minh. Chitng minh quy nap theo cac lan hiéu
chinh ludng truéc.

Ludng trudc xut phat c6 cac cung (s,v) di tir dinh
nguon s co Iu0ng f(s,v)=min{ce(s,v),cv(v)}, con cac cung
khac co Iu0ng bang 0. Khi d6 cac dinh cudi cua cac cung
di tir dinh nguon la léch. Vi moi dinh léch v ta c6 (v,s) Gy
va khong giri dugc ludng duong trén (s,v), suy ra ton tai
duong di c6 hudng tir v dén s, va khong ton tai duong di
tang ludng tir dinh ngudn s dén dinh dich trong mang thang
du Gr. Nhu vay ménh dé diing véi ludng xuat phat.

Tiép theo, dinh léch méi v chi xuat hién khi mot lung
dugc day tir mot dinh léch cii u trén cung wru tién (u, v). Khi
d6 mang thang du s& c6 thém cung (v, u). Do ton tai duong
di ¢6 huéng tir u dén s trong mang thang du theo gia thiét
quy nap, nén ciing ton tai duong di c6 hudng tir v dén s
trong mang thang dur.

Dé chitng minh khdng ton tai duong di tang ludng tir
dinh ngudn s dén dinh dich t trong mang thang du Gt ta lap
luan nhu sau.

Trudc tién, véi cac dinh v ké dinh nguédn s, (s,v)eG, do
lubng  xuit phat trén  cung  (sv)  bang
f(s,v)=min{ce(s,v),cv(v)}, nén mudn (V)G thi ¢ budce
nao do6 phai thuc hién thao tac day luong nguoc tir v Vé s.
Khi d6 (v,s) la cung uu tién, tac h(v)=h(s)+1>h(s). Con véi
nhitng dinh u ké dinh ngudn s, (u,s)eG, muén (s,u) € Gg
thi & budc nao d6 phai thyc hién thao tac day ludng xudi tir
u vé s. Khi d6 (u,s) la cung wu tién, tic h(u)=h(s)+1>h(s).
Nhu vay moi dinh ké s c6 thé dat dwoc tir s trong mang
thang du phai c6 d6 cao Ién hon d6 cao cua s.

Cho dinh bét ky u dat dwoc tir s trong mang thang du.
Ton tai duong di 6 hudng tir s dén u trong mang thing du:

(s>U1—U2—> ... Uk—>U)

Lap luan twong tu nhu trén ta co:

h(u) > h(u) > ... > h(uz) > h(u1) > h(s)

Nhu vay moi dinh dat duoc tir s phai ¢6 do cao 16n hon
do cao cua s. Mat khac dd cao cua dinh dich la 0, nén n6
khong thé dat dugc tur s.

¢ Dinh ly 6.5: D¢ cao cac dinh ludn nho hon 2.[V].

Chuzng minh. Ta chi can xét cac dinh léch, vi do cao dinh
khong léch hodc khong thay doi, hodc chi tang 1 so véi do
cao khi no la dinh léch & thoi diém gan nhat. Lap luan
twong tw nhu ching minh ménh de 6.1, dudng di tir dinh
Iéch dén dinh nguon dam bao rang d6 cao cua dinh léch
khong I6n hon d¢ cao dinh ngudn cong [V| -2 (dinh dich
khong thé nam trén duong di). Do d6 cao cua dinh nguon
khong thay d6i, va khéng I6n hon | V|, nén d6 cao dinh léch
khong I6n hon 2.]V| — 2. Suy ra d6 cao dinh bét ky khong
I6n hon 2.|V.
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« Dinh Iy 6.6. Phuong phép day ludng trudc la dung.

Chirng minh. Trudc hét ta chimg minh phwong phép
dirng sau hiru han budc. Ta khang dinh rang sau hitu han
budc s& khdng con dinh léch nira. Ta chimg minh biang
phan ching. Gia sir ddy cac dinh léch 1a vo han thi s& ton
tai dinh u nao d6 xuét hién vo han lan trong diy dé. Vi sb
dinh cia mang la hitu han nén sé€ ton tai dinh v-£u sao cho
¢6 ludng duogc déy trén cung (u,v) va (v,u) vd han lan. Do
(u,v) va (v,u) 1a cac cung uu tién trong mang thiang du vo
han 14n nén tir quan hé h(u) = h(v)+1 va h(v) = h(u)+1 suy
ra d§ cao cua u va v s€ tang vo han, va diéu d6 mau thudn
v6i hé qua trén.

Khi phuwong phap ding ta nhan duoc ludng. Theo ménh
dé 6.4, khong ton tai duong di ting ludng tir ngudn dén dich
trong mang thang du. Theo thuat toan duong di tang luong,
day 1a ludng cuc dai.

e Dj phirc tap cua phuong phap day ludng trudc l1a
O(IVIYE)) [10, tr.402].

7. Vidu
Cho so d6 mang mé rong & Hinh 1.

Mang c6 6 nut, 6 canh c6 hudng va 3 canh vo hudng.
Kha nang thong hanh canh ce cho & Bang 1, kha nang thong
hanh nat cv cho ¢ Bdng 2, va chi phi qua dinh cho & Bang
3. Pinh nguodn la 1, dinh dich 14 6.

o‘:ﬁ}o

Hinh 1. So' d6 mang mé réng
Bdng 1. Kha nang thong hanh canh

Canh Ce
(1,2) 10
(1,3) 9
(2,3) 5
(2,5) 7
34 7
(3.5) 6
(4,6) 10
(4.5)
(5,6) 9
Bdng 2. Kha nang thong hanh nut
Dinh 1 2 3 4 5 6
cv 0 10 9 10 9 )

Trong bai toan tim luéng cuc dai, tam thoi chua str dung
chi phi canh va n@t. Chi phi nat va canh s€ du(yq st dung
trong “Bai toan luong cuc dai chi phi cuc tiéu” tiép theo.

Tht ty cac dinh sir dung trong thuattoanla 1, 2, 3,4, 5, 6.

Ham d¢ cao xudt phat h(v) 1 6 dai duong di ngén nhét
tir v dén dinh dich 6 cho ¢ Bang 3.

Bing 3. Ham d¢ cao xudt phat
Dinh 1 2 3 4 5 6
h 3 2 2 1 1 0

Ludng trudc xuat phat cho & Hinh 2

Hinh 2. Ludng trudc xudt phat
Hang dgi dinh 1éch: >3 |2 >
- Xét dinh 1éch 2:

Day trén cung uu tién (2,5) ludng gi tri 7 ta ¢ ludng
trude cho ¢ Hinh 3,

Hinh 3. Ludng truée
Trong mang thing du xuét phat tir 2 chi con cung (2,1)
(dinh 3 d4 bao hoa) dath(2)=1+3=4
Ham do cao thay dbi cho & Bang 4
Bdng 4. Ham dé cao
Dinh 1 2 3 4 5 6
h 3 4 2 1 1 0
Day trén cung uu tién (2,1) ludng gia tri 3 ta c6 ludng
trude cho ¢ Hinh 4.

Hinh 4. Luéng trude
Day dinh 1éch 5 vao hang doi.
Hang doi dinh 1éch: >5|3 >
- Xét dinh 1éch 3:

Day trén cung uu tién (3,4) ludng gia tri7 ta co ludng
trude cho & Hinh 5.

Hinh 5. Luéng trudc

Day trén cung uu tién (3,5) ludng gia tri 2 ta c6 ludng
trude cho ¢ Hinh 6.
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Hinh 6. Luong trude (1
Pay dinh 1éch 4 vao hang doi.
Hang doi dinh 1éch: > 4 | 5>

[2]

- Xét dinh 1&ch 5: 3]
Day trén cung uu tién (5,6) ludng gia tri9 ta c6 ludng
trude cho ¢ Hinh 7. [4]

[5]
[6]

- [7
Hinh 7. Luong trudc
- Xét dinh 1éch 4:
Day trén cung uu tién (6,6) ludng gia tri 7 ta c6 ludng
trude cho ¢ Hinh 8.

(8]

[9]

[10]

Hinh 8. Luong trude

Dén ddy khong con dinh 1éch nira. Ludng trude ¢ Hinh
8 tré thanh ludng cuc dai véi gia tri 1a 16. [11]
8. Két luan

Bai viét xay dung mé hinh mang hdn hop mé rong dé
¢6 thé ap dung mo hinh hoa cac bai toan thyc té chinh xac

[12]

va hiéu qua hon. Sau d6, thuat toan day ludng trudc tim
ludng cuc dai trén mang hdn hop mé rong dwoc xay dung.
Mot vi du cu thé duoc trinh bay dé minh hoa thuat toan day
ludng trudce tim ludng cuc dai.
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