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Abstract - In this paper, we investigate self dual solutions in
Minkowski space of the classical SU(2) Yang-Mills theory. Self dual
fields automatically satisfy the motion equations of the pure gauge
theory. We present a self dual solution of the pure SU(2) Yang-
Mills theory. This solution is imaginary and exhibits to break the
local SU(2) symmetry at large distance. From the connection
between the pure SU(2) gauge theory and the scalar ¢' theory,

we obtain formulas for several interesting quantities: the Yang-Mills
field strengths, the Lagrangian density, the energy-momentum
tensor. The obtained results prove clearly that if fields are self dual
then energy-momentum tensor equals zero. We also find a self
dual solution of the corresponding field equation. We see that the

spatial component (V\lla ) of the SU(2) gauge potential is analogous
to the potential of a point magnetic monopole.

Key words - self dual solution, classical Yang-Mills theory,
equation of motion, gauge potential, SU(2) group.

1. Introduction

It is well known that the Yang-Mills theory [1] has
become a general framework to formulate theories of
fundamental interactions. Solutions of the classical field
equations, in which field functions are c-numbers (not
operators), play an important role in considering the
configurations of the corresponding quantum field theory.
Based on these solutions, applying the semi classical
analysis methods, some important contents about the
quantum theory can be obtained, which could not be done
with perturbation theories [2-3].

The classical Yang-Mills equations have interesting
solution classes [4-6]: monopole and dyon solutions,
instanton self dual solutions, meron solutions, stringlike
and vortex solutions,... One important result when
studying the classical Yang-Mills equations is to recognize
that the extremum of the functional in the Euclidian space
does not correspond to the zero-unified field, but
corresponds to the nontrivial space-time local field
configuration known as instanton. In the quantum theory,
instanton describes the tunnel effects of the degenerate
vacuum states. This result brought a new view to the
vacuum structure of the Yang-Mills theory, providing a
qualitative explanation of the quark confinement. The
classical Yang-Mills field theory can be studied
independently of exact solutions, of course. This is on
interesting persuit, because any results gained may lead to
improvement in the path integral formulation of quantum
Yang-Mills theory [7]. Thus, self dual solutions of the
classical Yang-Mills theory have important role in
corresponding quantum field theoretical research.

In this paper we study self dual fields, which are
solutions of classical Yang-Mills equations with SU(2)

Toém tat - Trong bai bao nay chung téi khdo sat nghiém ty déi ngau
trong khéng gian Minkowski ctia ly thuyét Yang-Mills SU(2) cb dién.
Céc trucyng tw dbi ngau thi tw dong thda man cac phwong trinh
chuyén déng cua ly thuyet chuan thuan tdy. Chang t6i dwa ra
nghiém ty déi ngau cla ly thuyet Yang-Mills SU(2) thuan tay.
Nghlem nay la phirc va né bidu 16 sy pha v& dbi xeng SU(2) dinh
xtr & khodng cach I&n. Tl sy lién hé gita ly thuyét chudn SU(2)
thuan tay va ly thuyét vo hwong ¢°, chang t6i nhan dwoc cac cong
thire clia mot vai dai lwgng quan tdm: cwdng do trwdng Yang-Mills,
mat d6 Lagrangian, tenxo nang-xung lwong. Céac két qua nhan
dwoc da minh chung rd, néu trwong 1a ty déi ngéu thi tenxo nang
- xung lwgng cla truong bang khéng. Chung téi cling tim dwoc
nghiém tw dbi ngau cla phwong trinh trwdng twong (rng. Ching

tdi thay réng thanh phan khéng gian ( Ia) clia thé chuan SU(2)
thi twong tw thé clia mot monopole tir didm.

T khéa - nghiém tu déi ngau, Iy thuyét Yang-Mills cb dién,
phwong trinh chuyén déng, thé chuan, nhém SU(2).

gauge group. The paper is organized as follows: In Section
2, we consider interesting properties of self dual fields.
Section 3 present a self dual solution of the pure SU(2)
Yang-Muills theory. In Section 4, from connection between
the Yang-Mills theory with the scalar ¢* theory we
investigate another self dual solution of the pure SU(2)
Yang-Mills theory. The discussions and conclusions are
given in Section 5.

2. Properties of Self Dual Fields

The SU(2) Yang-Mills field in Minkowski space is self
dual if it satisfies the condition

a 1 ay a
F/n/ - 2 yvaﬁ Fa g = _IF/IV’ (1)
or equivalently,
B: = ilEna, (2)
where
a a 1 a
E FOn' Bn = 2 gnmk ka (3)

are the SU(2) electric and magnetic Yang-Mills fields;
F2 is Yang-Mills field intensity tensor

v
Fo =0,W—0,W?+ge, WAWS. 4)
In the above equations: x,v,a,=0,1,2,3 are space-
time indices; a, b,c,n, mk=123 are SU(2) group
indices and g is the coupled constant.

Self dual fields are interesting because they
automatically satisfy the motion equations of the pure
gauge theory



THE UNIVERSITY OF DANANG, JOURNAL OF SCIENCE AND TECHNOLOGY, NO. 6(79).2014, VOL. 1 107

'F2 =ge, FOW,. (5)

uv abc’ uv

In the SU(2) case, the relation of
0" Fa = Qe Fo W, (6)
is nothing more than an identity. For a self dual field, this
identity becomes the equation of motion for the SU(2)
gauge theory. Any potential W7, which leads to a self dual

tensor, is a solution of the motion equation.

One can try to make use of this fact by searching for
solutions of the self dual equations, which are the first
order, rather than trying to solve the second order equation
of motion. Interesting solutions can be found in this way.

Any self dual solution in Minkowski space has a
vanishing energy- momentum tensor

T, =—F.F,+ g JELE?.
HA uvoaf (7)
The components of T, are
1 a a a
T00:§<EnEn+BnB ) Z i ? (8)
To; =—€mEnEs, )

1
T, =—EfE? —BB% +5, E(E:;‘Ej +B:B?). (10)

Obviously,
B2 =+iE].

T, =0 for any field configuration with

3. A Self Dual Solution of the Pure SU(2) Yang-Mills
Theory

The pure SU(2) gauge theory is defined by the
Lagrangian density
L= _% Fo E
Assuming that the gauge fields are radial, we use the
Wu-Yang ansatz [8]

r
W2 =—=-H(r),W,
()

(11)

r.
=g, —[1-1
ou 11

where H(r), I(r) are functions of r; r.r are unit

ar 'j

N}, @12

radial vector. Inserting this ansatz into the equation (5)
yields two coupled nonlinear equations

r’H" =2HI, (13)
r’1=1(17-H-1),

where H™ and | denote differentiation with respect
to r. The equations (13) have an explicit solution
ar

I(r)= ,

( ) sinhar

H(r)=i(arcothar-1),

(14)

where « is an arbitrary constant and i is imaginary

unit. The solution (14) is imaginary. This solution is
different to the Prasad-Sommerfield solution [9], which is
real.

The intensities of the pure SU(2) gauge fields are given
by

(15)

a Ze Fa

nm- nm

1
2
AN AN ' NN (16)
- |: rlra+_(5ia_riraj:|'
Inserting (14) into (15) and (16), we find
1 @ o
+illr? sinh?ar )"
E'=—
g a?cothar a ( A Aj
+ f T é‘ai -Lh
sinhar rsinhar
E NS P
. r2 sinh’ar )"
[azcothar a ]( A Aj
T T SNk |
sinhar rsinhar
From the equations (17) and (18) we obtain B = +iE?,
therefore the solution (14) is self dual.

For a =0, the solution (14) corresponds to a broken
local SU(2) symmetry because

(18)

L
g

(19)

Thus « is the mass of the two Yang-Mills field
components, which acquire a mass through the breaking of
the local gauge symmetry.

4. A Self Dual Solution of the Pure SU(2) Yang-Mills
Theory Connection with the Scalar ¢* Theory

| > are™, H— tiar, r ->ow.

In Minkowski space the ansatz [10] for the SU(2) gauge
potential connection with the scalar ¢* theory is

V\/Oa = i%,
g9
we = tig, 2P, Of (20)
g4 94’

where ¢ is a scalar function. The ansatz (20) is useful

because it reduces the equation of motion (5) for the pure
SU(2) gauge theory to a much simpler equation

5 ¢——0 $og,
2 ¢’
where o is D’ Alembert operator. The equation (21)
can be integrated once to give

op+A¢° =0

(21)

(22)
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In the equation (22), A is an arbitrary integration
constant. Suppose that solutions of the equation (22) are
known, and in the ansatz (20) these lead automatically to
explicit solutions of the SU(2) gauge theory. We see that
¢ can be interpreted as a physical field, and not merely as

an ansatz function.

We now give formulas for several interesting
quantities, following from the ansatz (20). The Yang-Mills
electric field strength is

1
E? = . 150,
n g anm {¢ w ¢ ¢ ¢}

P Faz
a5 of - p
2

09— 6’n¢6’a¢}-
g Lﬁ ¢’
The Yang-Mills magnetic field strength equals

B? = +E? 45, Gjuqﬁ.

—5 (000 + 0,00, ¢)} (23)

(24)

From the equation (24) we see that the self dual
condition BY ==+iE? evidently implies op=0, or 41 =0
in the equation (22). The field strengths E? and BY are in
general complex. However their squares are both real, and
this means that the energy and Lagrangian density obtained
from the ansatz (20) are real, even though the potential W ?
is complex.

The Lagrangian density (11) is given by

L= i{uaa [aa¢]—luu¢}
29 9 ) ¢

_ (25)
1 |4 6
-0 ——0@o” .
+292¢_¢ ¢0,0¢ ¢2D¢6 ¢6a¢}
The energy-momentum tensor has the form
T, =22 20 0.0- Q@4
g Z_(é ¢ (26)
D (l
g¢”4}$¢_¢ ﬁa{

If og=0 then equations (24) and (26) reduce to
By =+iE7, T, =0and the field is self dual.

L

In the case when scalar function ¢ is time independent
and A1 =0, the equation (22) has the spherically symmetric
particular solution

p=S, (27)
r

where c is an arbitrary constant. Inserting (27) into the
ansatz (20) we find

A A

Wy —+|— W?e =g, 28
T (28)

gr

where ra, rn are unit radial vector. The solution (27) is
self dual because which satisfies equation o =0. We see
that the spatial component (W) of the SU(2) gauge

potential in the equation (28) is analogus to the potential of
a point magnetic monopole with magnetic charge.

5. Discussions and Conclusions

From the solution (14), if @ —0 then 1(r)—1,
H(r)—0, the SU(2) gauge potential becomes vacuum
(W =0). For a#0, the solution (14) is regular at r =0

(because 1 =1 and H =0). This solution has topological
charge n=1 as we see from the boundary condition
A

W0a=ra£ at r=oo
g

To find explicit relation between the gauge potential
W, and the scalar field ¢ we introduce Higgs triplet,

which is defined by

¢t =r"9. (29)
If scalar field ¢ is given by (27) then
¢a — r/\a E
r (30)

Because c is an arbitrary constant, one can chooses

c= 1 and the equation (30) is rewritten
g

a ra
¢ =— (31)

gr
The equations (28) and (31) show that the gauge
potential W, can be reinterpreted as an imaginary Higgs
field ig¢* or conversely ¢* asan imaginary gauge potential
iW,;>. Obviously, this is only true for static fields. In the

general case, we consider an arbitrary SU(2) gauge
transformation @

w(x)=exp(%i““%(x))’ (32)

where o, are Pauli matrix. Under this transformation,
the Higgs and gauge fields transform like

P wpo™,

Wﬂ—)a)\Nﬂa)’l—(i/g)(ﬁﬂa))a}’l. (33)

If o is time independent then J0,0=0 and ¢, W,

transform in the same way. Therefore it is expected that
W, and ¢ will contribute to gauge invariant quantities in

much the same way.

In summary, by direct calculation we have given two
explicit self dual solutions for the pure SU(2) Yang-Mills
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field and several interesting properties of the self dual
fields. The solutions may be useful for some problems of
non-Abelian gauge theories, for example, classical Higgs
mechanism, magnetic monopole.
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