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Tom tat — Do thi 1a cong cu toan hoc hitu ich ting dung trong nhiéu
linh vuic nhu giao théng, truyén thong, cong nghé thong tin, kinh té.
Cho dén nay, trong do thi mdi chi xét dén trong s6 clia cac canh,
cac dinh mot cach doc lap, trong d6 d dai dudng di 1a tdng trong
sb cac canh va céac dinh trén dufdng di dé. Tuy nhién, trong thuc té,
trong sb tai mot dinh khéng giéng nhau véi moi duding di qua dinh
d6, ma con phu thude vao canh di dén va canh di khéi dinh d6. Bai
viét xay dyng md hinh mang mé rong dé c6 thé &p dyng mb hinh
héa cac bai toan thuc té chinh xéc va hiéu qua hon. Két qua chinh
clia bai bao 14 thuat toan Ford-Fulkerson ci bién tim ludng cuc dai
trén mang mad rong.

Tir khoa — dd thi; mang; ludng; ludng cuc dai; thuat toan.

1. Dit vin dé

Mang va ludng trén mang 1a cong cu todn hoc hitu ich
ting dung trong nhiéu linh vuc nhu giao thong, truyén thong,
cf)ng nghé thong tin, kinh té, .... Cho dén nay trong mang
6 dién méi chi xét dén trong s6 clia cdc tuyén va cdc niit
mot cach doc 1ap, trong d6 do dai dudng di chi don thuan
12 tong trong s6 cdc canh va cdc nit trén dudng di d6. Tuy
nhién, trong nhiéu bai toan thuc té, trong s6 tai mot nuit
khong gidng nhau véi moi dudng di qua nit d6, ma con
phu thudc vao tuyén di dén va tuyén di khéi mit dé. Vi du
thdi gian di qua nga tu trén mang giao thong phu thudc vao
huéng di chuyén clia phuong tién giao thong: ré phai, di
thang hay ré trai, thim chi c6 huéng bi cAm. Vi vdy can xay
dung mdt md hinh mang mé rong d€ c6 thé d4p dung mod
hinh héa cic bai toan thuc té chinh x4c va hiéu qua hon.
Trén co sd cdc nghién ctiu vé bai todn ludng cuc dai [1, 2,
3,4, 5, 6] va d6 thi m3 rong [7, 8], bai bdo phat trién thuat
toan Ford-Fulkerson cdi bién tim ludng cuc dai trén mang
mé rong.

2. Mang mé rong

Cho mang 1a do thi hén hgp G = (V, E) véi tap nit V
va tap canh E. Cac canh c6 thé cé huéng hoic vd hudng. Co
nhiéu loai phuong tién luu hanh trén mang. Nhiing canh vo
huéng biéu dién tuyén hai chiéu, trong d6 cac phuong tién
trén cung tuyén nhung ngudc huéng Iuu hanh chia sé kha
ning thong hanh cda tuyén. Trén mang cho cic ham sau.

Ham khd ndng thong hanh canh cg : E — R*, v6i cg(e)
la khd nang thong hanh canh e € E.

Ham khd ndng thong hanh niit cy : V. — R*, v6i ¢V (u)
la kha nang thong hanh nitu € V.

Ham chi phi canh by, : E — R*, v6i bg(e) la chi phi
phai trd d& chuyén mot don vi phudng tién qua canh e. Luu
y rang véi nhitng tuyén hai chiéu thi chi phi hai huéng c6
thé khac nhau. V6i méi nit v € V, ky hiéu E, 1a tap céac
canh lié€n thudc nut v.

Abstract — A graph is a powerful mathematical tool applied in many
fields such as transportation, communication, informatics, economy.
In an ordinary graph the weights of edges and vertexes are consid-
ered independently where the length of a path is the sum of weights
of the edges and the vertexes on this path. However, in many prac-
tical problems, weights at a vertex are not the same for all paths
passing this vertex, but depend on coming and leaving edges. The
paper develops a model of extended network that can be applied
to modelling many practical problems more exactly and effectively.
The main contribution of this paper is the revised Ford-Fulkerson
algorithm finding maximal flows on extended networks.
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Ham chi phi miit by : VX E, xE, xR*, v6i by (u, e, ¢’)
1a chi phi phéi tra d€ chuyén mot don vi phuong tién tif tuyén
e qua nit u sang tuyén e’

Bo (V,E, cg, cy, bg, by) goi 1a mang mé rong.

Cho p la dudng di tir nit u dén miit v qua céc canh e,
i=1,...,h+],vacacniatu;,i=1, ..., h, nhu sau:

p= [u7 €1,u1,€2,u2,... 7eh>uh7eh+lav]

Dinh nghia chi phi luu hanh mét don vi phuong tién qua
duong di p, ky hiéu b(p), theo cdng thic sau:

h+1

p) = Z bE(el

3. Ludng trén mang mé rong

h
)+ va(ui, €, it1)

i=1

)

Cho mang mé rong G = (V,E, cg,cy,bg, by). Gia
thiét G ¢6 dinh ngudn s va dinh dich t.
Tap céac gia tri

f(x, y)I(x,y
oi 12 ludng trén mang G néu thoa man

() 0 < f(x,y) < cr(x,y) V(x,y) € G
(i) V6i moi dinh z khong phai ngudn hoic dich

vaz Zfzv

(v,2)eG (z,v)EG

)e G

(iii) V6i moi dinh z khong phai nguon hoic dich
Z f(v,z) <cv(z)
(v,2)eG
Biéu thiic
> f(sv)
(s,v)EG

goi 12 gia tri ctia ludng F.
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« Bai toan ludng cuc dai:
Cho mang md rong G = (V,E, cg, ¢y, bg, by) véi dinh
ngudn s va dinh dich t.

Nhiém vu ctia bai toan 12 tim ludng c6 gid tri 16n nhét.

Bai toan ludng cuic dai 12 bai todn quy hoach tuyén tinh.
Gid tri clia ludng bi gi6i han bdi tong kha ning thong hanh
ctia cdc cung di ra tit dinh ngudn, vi vdy ta c¢6 thé khang
dinh dinh ly sau:
Pinh Iy 1. V6i mdi mang mé rong G = (V, E, cg, cv, by,
by) v6i dinh ngudn s va dinh dich t, ludn ludn ton tai ludng
cuc dai.

4. Thuat toan Ford-Fulkerson mé rong

+ Ddu vao. Mang mé rong G = (V, E, cg, cv, bg, by)
v6i dinh ngudn s va dinh dich t.

Cic dinh trong G dudc sap xép theo thii tu nao do.

+ Dadu ra. Ludng cyc dai F = f(x,y)|(x,y) € G

+ Cdc budc.

(1) Khdi tao

Ludng xuét phét: f(x,y) := 0,V(x,y) € G.

Cic dinh, xuat phat tir dinh nguodn, sé dudc lan lugt
gén nhan 1an thd nhit L; gdm 4 thanh phan Ly(v) =
[prevy (v), c1(v),d1(v), bit; (v)] va c6 thé dugc gdn nhan
1an hai Ly (v) = [preva(v), ca(v), da(v), bita (v)]

Dit nhan cho dinh ngudn 1a

Li(s) = [@, 00, 00,1]

Tao 1ap tap S gdm cdc dinh da c6 nhin nhung chua dugc
dung d€ sinh nhan, S’ 1a tap dinh dugc gan nhian nhd céc
dinh cta tap S. Khéi dau

S'={s},S =0

(2) Sinh nhan

(2.1) Chon dinh sinh nhan

* Trusng hop S # @: Chon dinh u € S
nhd nhit (theo thd tu nao d6). Loai u khoi
S, S := S\{u}. Gid sG nhin cudi cia u la
[previ(u), ¢;(v),d;(v), bit;(v)],i = 1 hodc 2. Ky
hiéu A 12 tap cic dinh chua c6 nhan lan 2 va ké dinh
sinh nhan u. Qua budc (2.2).

e Trudng hgp S = @0 va S # ©: Gan S := S’ va
S’ := ©@. Quay lai budc (2.1).

» Trudng hop S = @ va S’ = @: ludng F 1a cuc dai.
Két thiic.

(2.2) Gan nhan cho dinh chua cé nhan va ké dinh sinh

nhan

e Trudng hdgp A = @: Quay lai bude (2.1).

 Trudng hop A # @: Chon v € A nhd nhét (theo thi
tu). Loai v khdi A, A := A\ {v}. Ky hiéu j la chi sb
lan gan nhan, j = 1 hoic 2 tuong ting v6i nhan lan 1
hodc nhan lan 2. Ta thiét 14p nhan L;(v) cda dinh v
theo tiing truong hgp sau:

@) (u,v) 1a canh c6 hudng tf u dén v.
Néu bit;(u) = 1 va f(u,v) < cg(u,v), dit nhan dinh v
nhu sau:
prevj(v) :=u;
¢j(v) :== min{c;(u), cg(u, v) — f(u, v)}, néu d;(u) = 0,
¢j(v) = min{c;i(u), cg(u, v) — f(u,v),di(u)},
néu d;(u) > 0;
dj(v) ==cev(v) = X
(i,v)eG
bit;(v) := 1, néu d;(v) > 0,
bit;(v) := 0, néu d;(v) = 0.
(ii) (v, u) 1a canh c6 huéng tit v dén u. Néu f(v,u) > 0,
dat nhan dinh v nhu sau:

f(i,v);

previ(v) := u;¢j(v) := min{c;(u), f(v,u)},

d(v) = oy(V) = 3 £ (i, v); bity(v) i= 1.
(i,v)eG

(iii) (u, v) 1a canh v6 hudng.

Néu f(v,u) > 0, dit nhan dinh v giéng trudng hop (ii).

Néu f(v,u) = 0 va f(u,v) > 0, dit nhin dinh v giéng
trudng hgp (i).

Néu v khong dugc gan nhan thi, quay lai budc (2.2).

Nél{ v dudc gan nhan va v = t, thi sang budc hiéu chinh
tang luong (3).

Néu v dugc gan nhdn va v # t, thi thém v vao S/,
S’ := S’ U {v}, va quay lai budc (2.2).
(3) Hiéu chinh ting ludng

Gia st t c6 nhan [prevy(t),cy(t),d;(t), bity(t)]. Ta
hiéu chinh ludng F nhu sau:

(3.1) Khéi tao

y = t,x := prevy(t),d := c1(t).
(3.2) Hiéu chinh
(i) Trudng hgp (x,y) 1a canh c6 hudng tli x dén y: dat
f(x,y) :==1f(x,y) + 0.
(ii) Truong hop (y, x) 1a canh c6 huéng tir y dén x: dit
f(y,x) := f(y,x) — 4.
(iii) Truong hdp (x, y) la canh v6 hudng:
Néu f(x,y) > 0 va f(y,x) = 0, thi dit
f(x,y) :=f(x,y) + 9.
Néu f(y,x) > 0, thi dit:
f(y,x) := f(y,x) — 4.
(3.3) Tinh tién 1ui
(i) Truong hop x = s: Xoa tit ca nhan ctia cic dinh trén

mang, trit dinh ngudn s, va quay lai budc (2).
(i) Trudng hgp x # s: Paty := x.
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Néu y ¢6 nhin Ly(y), thi dit x := prevs(y) va xéa nhan
La(y);

Néu y khong c6 nhan Ly (y), thi dit x := prevy (y).

Sau do6 quay lai buée (3.2).

Chitng minh tuong ty nhu trong tai liéu [1] ta nhén dugc
céc dinh ly sau.

Pinh Iy 2. Néu cdc kha ning thong qua canh va kha ning
thong qua dinh 12 s6 nguyén, thi sau hitu han budc qua trinh
giai két thic.

Pinh Iy 3. Néu cdc kha ning thong qua canh va kha ning
thong qua dinh 1a sb hitu ti, thi sau hitu han bu6c qué trinh
giai két thiic.

Dinh ly 4. (tinh diing cia thudt todn Ford-Fulkerson cdi
bién). Cho mang mang mé rong G = (V,E, cg, cv, bg,
bV) véi dinh nguén s va dinh dich t, F = f(x,y)|(x,y) € G
12 ludng nhan dugc khi két thic thuat todn tim ludng cuc dai.
Khi d6, F 1a ludng cuc dai.

* Do phic tap ctua thuit toan.

Gia thiét kha ning thong qua canh va kha ndng thong
qua dinh 12 s6 nguyén. O mdi budc lip tim dudng di ting
ludng ta phéi duyét qua nhiéu nhét 1a |E| cung va d€ hiéu
chinh ludng ta phai duyét qua nhiéu nhét 1a 2.|V| cung trén
dudng di ting ludng. Nhu vdy do phiic tap mdi 1an ting
ludng 12 O(|E| +2.| V). Ky hiéu v* 1a tri cGa ludng cyc dai.
S6 14n ting ludng nhiéu nhét 1a v*. Vi vy do phiic tap ctia
thuét toan 1a O(v*(|E| + 2.]V])).

5. Vidu

Cho so dd mang md rong & Hinh 1.

Mang c¢6 6 nit, 6 canh ¢6 hudng va 3 canh v6 hudng.
Kha ndng thong hanh canh cg cho  Bang 1 va kha nang
thong hanh nit cy cho & Bang 2. Pinh ngudn 1a 1, dinh
dichla 6.

Trong bai toan tim ludng cuc dai, tam thoi chua sit dung
chi phi canh by, va chi phi dinh by.

oqzn}e

Hinh 1: So d6 mang md rong

Bdng 1: Khd ndng thong hanh canh

Canh | cg
(1,2) | 10
1,3) | 9
23 | 5
2,5 | 7
B4 | 7
(3,5 | 6
4,6) | 10
45 | 5
5,6) | 9

Bdng 2: Khd ndng théng nuit
binh | 1 2 1314156
cv oo | 10911019 | oo

Xuét phat tir ludng 0 cho & hinh 2:

Hinh 2: Luong gid tri 0

Két qua sinh nhan cho & Bang 3:
Bdng 3: Két qud sinh nhan ldn 1

binh L1 L2
1 [@,00,00,1]
2 [1,10,10,1]
3 [1,9,9,1]
4 [3,7,10,1]
5 [2,7,9,1]
6 [4,7,00,1]

Két qua hiéu chinh ting ludng cho & Hinh 3 va gia tri
ludng v(F) = 7.

Hinh 3: Ludng gid tri 7

Bdng 4: Két qud sinh nhdn lan 2

Dinh L1 L2
1 [@, 00, 00,1]
2 [1,10,10,1]
3 [1,2,2,1]
4
5 [2,7,9,1]
6 [5,7,00,1]

Két qua hiéu chinh ting ludng cho & Hinh 4 va gia tri
ludng v(F) = 14.

Hinh 4: Luong gid tri 14
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Két qua sinh nhin cho  Bang 5: hon. Tiép theo, thut toan Ford-Fulkerson cai bién tim ludng
cuc dai trén mang mé rong dugc xay dung. Cubi ciing, mot

Bdng 5: Két qud sinh nhdn ldn 2 A )
vi du cu thé dudc trinh bay d€ minh hoa thuat toan Ford-

Dinh L1 L2 A
I 5 1] Fulkerson cai bién.
) m’ CXJ
2 [1,3,3,1] Seen 2
3 [1.2.2.1] 2.22.1] Tai lieu tham khao
4
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