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Tém tit - Trong bai bdo nay, déu tién, nhom tac gia xét bai toan
can bang vecto hai mire yéu. Bai toan can bing vecto hai mirc yéu
chira nhidu bai toan nhu cac trudng hop dac biét nhu bai toan quy
hoach v&i rang budc bt déing thirc bién phén, bai toan t6i wu vecto
v6i rang budc bat déng thirc bién phén, bai toan mang giao thong
v6i rang budc bét ding thuc bién phan, bai toan bat déng thirc
bién phan v6i rang bude can béng, bai toan ti wru hai murc va bai
toan bat dang thire hai mtre. Sau do, thiét 18p khai ni¢m dat chinh
Levitin—Polyak cho bai todn can béng hai mirc vecto yéu. Cudi
cung, nhom tac gia ching to réng, v6i mot s didu kién phit hop,
su tuong duong giita tinh chét dit chinh Levitin—Polyak va sy ton
tai clia cac tdp nghiém ctia bai todn can bang hai mirc vecto yéu
1a dugc gidi thiéu va nghién ciru. Mot vi du dugc dua ra minh hoa
cho cac két qua ctia nhom tac gia.

Tir khoa - Bai toan can bing vecto hai murc; dt chinh Levitin—
Polyak; dat chinh Levitin—Polyak tong quat.

1. Gi6i thi¢u

Bai toan can bang voi rang budc can bang da duogc gidi
thiéu va nghién ctru bai Mordukhovich [1] ndm 2004. Bai
toan cAn bang v4i rang budc can bang chira nhiéu bai toan
lién quan bao gdm bai toan tdi wu hai muc, bai toan quy
hoach hai mirc, bai toan bét dang thirc bién phan hai muc
va nhiu bai toan khac. Trong nhitng nim gan ddy, bai toan
can bang hai mirc da dugc quan tim boi nhidu nha nghién
clru v6i cac chii dé nhu didu kién ton tai (xem [2, 3]), tinh
chat 6n dinh nghiém (xem [4, 5]), tinh dat chinh (xem [6,
7]) va cac tai liéu tham khao & trong do.

Tinh dat chinh 1a mot khai niém quan trong trong ly
thuyét toi wu. Khai niém dit chinh cho bai toan tdi wu
khong rang budc da dugc gisi thiéu dau tién boi Tikhonov
[8] trong nam 1966, va duoc biét dén nhu 1a dit chinh
Tikhonov. Cudi nam 1966, Levitin va Polyak [9] da gidi
thiéu khai niém dit chinh cho bai toan tdi wu rang budc
nhu 1a sy m¢ rong khai niém cua dat chinh Tikhonov va
cling duoc biét dén nhur 14 dat chinh Levitin-Polyak. Gan
day, dat chinh Levitin-Polyak da duoc quan tdm cho bai
toan tdi uru (xem, [10]), bai toan bat dang thirc bién phan
(xem, [11, 12]). Rét gan day, Anh va Hung [6] d4 nghién
clru khai niém cua loai dat chinh Levitin—Polyak cho bai
toan can béng hai murc vecto loai manh. Tuy nhién, theo
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su hiéu biét ciia nhoém tac gia, hién tai cac két qua nghién
clru vé moi quan hé gitra tinh dét chinh Levitin—Polyak va
su ton tai nghiém cho bai toan can bang hai mrc vecto
yéu van chua dugc nghién ciru. Xuat phat tir cac y tuong
nhu duoc da dugce dé cap, trong bai viét nay, nhom tac gia
s€ thiet 1ap tinh dat chinh Levitin—Polyak cho bai toan can
bang hai mirc vecto loai yéu.
2. M hinh bai toan va kién thirc b6 tro

Cho X, W, Z, P la cac khong gian Banach, A va A
tuong ung 1a cac tap con khac rong cia X va W, C, c P
1a mot nén 10i, dong, c6 dinh véi phan trong khac rdng
intC, #& va Y=AxA, h:YxY >P 13 mdt ham
vecto. Khi d6, bai todn cin bang hai mirc vecto logi yéu
dugc thiet 1ap nhu sau:

(WBVEP): Tim X < graphQ™ sao cho

h(x ,y") e -intC,,Vvy" e graphQ™
Trong d6, Q(A)la tap nghiém cua bai toan tya can bang
vécto phy thudc tham s nhu sau: tim x K, (x, ) sao cho
f(x,y,A) g —intC,, vy e K, (x,A), véi C, = Z 1a m¢t nén
16i, déng, co dinh véi intC, =@, K, :AxA = Ai=12
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la cac anh xa da tri, f : AxAxA — Z 1a mdt ham vecto,
graphQ* ky higu 1a d0 thi cia Q', nghia Ia,
graphQ™* ={(x, 1) : x e Q(A)}.

Tap @ dugce ky hiéu 13 tip nghiém cia (WBVEP), va

duogc dinh nghia boi:

O ={X =(x, 1) e graphQ™*|f (x,y, 2) & ~intC,, vy € K,(x,2)

va h(x,y) e —intC,, vy = (y, 1) € graphQ'}.

] Tiép theo, sé& trinh bay lai mot s6 kién thic bo trg, cu
thé nhu sau:

Pinh nghia 2.1. (xem [13, 14]) Gia st X, Y Ia hai khéng
gian vecto topd, F: X =Y ladnhxadatriva x, € X la
mét diém cho trude.

() F dugc goi la nua lién tuc dudi (1.s.c) tai X, néu
F(x,)NU =@ véi mot tip mé U <Y thi s& ton tai
mot lan cédn V cia X, Ssa0 cho

F(x)nU = J,vx eV ndomF,

domF :={x e X|F(x) = &}

(i) F dwoc goi 1a nira lién tuc trén (u.s.C) tai X, néu véi
moi tap md U o F(x,) thi tdn tai mot 1an can V' cua
X, Sao cho U o G(x),VxeV..

(iii) F dwoc goi la lién tuc tai x, néu F viranira lién tuc
dudi, vira nira lién tuc trén tai X, .

(iv) F duoc goila déng tai x, € dom F néu voi moi ludi
{x, } trong X hoi tu vé x, va {y,} trong Y hoi tuvé y,
saocho y, e F(x,),thitaco y, e F(x,) .

M¢énh dé 2.2. (xem [13, 14]) Giur sir X, Y 14 hai khong
gian vecto topo, F: X =2Y la mdt anh xa da tri, va
X, € X 1a mot diém cho trude.

(YNéu F la usc tai x, V& F(x,) dong, thi F
la dong tai X, .

(i) Néu F nhén cac gid tri compac, thi Fla us.c tai x,
néu va chi néu véi moi ledi {x,}< X ma héi tu vé X,
va voi moi luoi {y, } < F(x,), thi ton tai y € F(X) va
mot ludi con {y,} cia {y,} sao cho Yy =Y.

3. Céc két qua chinh

DPau tién, nhom tac gia gioi thiéu cac khai niém
Levitin—Polyak va Levitin—Polyak tong quat cho bai toan
cén bang hai murc vecto yéu.

Dinh nghia 3.1. Mot day {x }:={(x,, 4,)} duoc goi la
mdt ddy xdp xi Levitin—Polyak cho bai toan (WBVEP), néu
) PF={(x. 4= AxAVneN;
(i) Ton tai mot diy {&,} < R, hoi tu vé 0 sao cho
d(x,, K (x,,4,)) <¢&,,VneN,

f(x,, ¥, 4,)+¢&,6 ¢—intC, vy e K,(x,,4,), va

h(x',y)+¢ge, g—intC,,vy e graphQ™,
trong do, d(a,M):=inf,_,, d(a,b) 1a khoang cac tir diém
dén tap, e €intC, va e, €intC,.

Dinh nghia 3.2. Bai toan (WBVEP) duoc goi 1a dat
chinh Levitin—Polyak, néu:

(i) Bai toan (WBVEP) ¢ nghiém duy nhat X3 s

(i) Véi mdi day xép xi Levitin-Polyak {x} cho
(WBVEP) héi tu vé nghiém duy nhat x,.

Dinh nghia 3.3. Bai toan (WBVEP) duogc goi 1a dat
chinh Levitin—Polyak tong quat, néu

(i) Tap nghiém ® cua (WBVEP) khéc rong.

(i) V&i mdi ddy xap xi Levitin-Polyak {x"} cho bai toan
(WBVEP), c6 mot dy con hdi tu dén mot s6 diém ctia @ .

Véi mdi AeA,e €intC,,e, eintC,va mot so thuc
duong ¢, tap nghiém xap xi ciia (WBVEP) dugc ky hiéu
bdi d(g) nhu sau:
B(e)={x K, (xA)xA: f(x y,2)+ e, &—intC,Vy e K,(x, 1)
va h(i*, y')+ee, g —intC,, vy e graphQ'}.

Chiing ta dé thdy rang, vi mdi & >0, dO)=d va
D = D(e).

B0 ¢ 3.4. Gid si cho bai todn (WBVEP) va cdc gid
thiét sau day thoa man

(i) K,dong trén Ax A, va K, lién tuc dudi trén Ax A;

(ii) flién tuc trén Ax Ax A,

(iii) h lién tuc trén Y x Y.

Khi do, ®(g)la mét tap dong, véi moi € >0,

Chitng minh. Cho X =(x,,4,)e®(¢) sao cho
X X =(%,4). Vi K, dong, nén ta suy ra ring
X, € K (X, 4,) - Bdy gi® chiing ta chimg t6 X" e graphQ*,
% €Q(4). Néu x,2Q(4) thi ton tai
Y, € K, (%, 4,) saocho f(X,,Y,,4)+e€ €—intC,.

nghia 14,

Do K, lals.ctai (x,,4,),nénton tai y, € K,(x,,4,)
sao cho y, = v,. Vi x, €Q(4,) , nén vdi moi £ >0, tacod
f(X,,Y,,4,)+¢ee &—intC,.
Liy id, : intR, —intR, 14 4nh xa dong nhit. Do f
lién tuc tai (X,, Yy, 4), VA id, lién tuc, nén ta suy ra ring
f +id, lién tuc tai (X,, Yy, 4y, €) - Vi vay, ta co:
(X, Yo, 4) + € & —intC,
diéu niy 1a mau thudn. Do d6: X" =(X,, 4,) € graphQ ™.
Tiép theo, ching ta ching to ring x" e d(g). Néu
X" & ®(¢), thi voi moi & >0 sao cho:

d (%5, Ky (%9, ) < A) > &,
ton tai y, e graphQ™* thoa man
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h(x;, Y,) + &€, e —intC,.
Vi X’ e d(g), nén voi moie >0, ta co

d0x, K (%, 4,)) <&,
va vy, e graphQ™ thoa min

h(x.,y,)+&e, g —intC,.

Ldy id, : intR, — intR, 1a 4nh xa ddng nhat. Vi h lién
tuc tai (x;,y;), va id, lién tuc, nén ta suy ra rang h+id,
lién tuc tai (x;,Y,,¢) - Do do, ta cé

d (%, K (%, )< A) <&,
va h(x,y,)+ee, —intC,.

Diéu nay 1a mau thuan. Vivdy x" e d(g). Do d6, d(e)
dong trén. O

Bo dé 3.5. Gid sir rang A compdc va tdt ca cdc diéu
kién trong B6 dé 3.4 duoc théa man. Khi dé, ®© la mot tap
dong. Ngodi ra, © la mét tdp compic.

Chirng minh. Chimng minh nay twong ty nhu Bo dé 3.4.

Pinh li 3.6. Gid si: tdt ca cdc diéu kién trong Bé dé 3.5
dwroc thoa man. Khi do, bai toan (WBVEP) la dat chinh
Levitin-Polyak tong qudt khi va chi khi ® la mét tip
compd'c ciia A va @ la nika lién tuc trén tai 0.

Chitng minh. Dau tién, gia st © 1a tdp compic cia
A va @ la us.c tai 0, chiing ta s& ching minh bai todn
(WBVEP) la dat chinh Levitin-Polyak tong quat. That
vay, lay {x'} 1a mot diy xap xi Levitin-Polyak cua
(WBVEP). Khi d96, tén tai mot diy {e,}cintR, véi
&, — 0 sao cho:

d(x,, K(x,,4,) <&, VneN,

f(x,, ¥, 4,)+¢&,6 ¢—-intC,,Vy e K, (x,,4,),
va h(x,y")+¢,e, —intC,, vy e graphQ™.

Vi vay, X ed(g,). VI ®=d(0) compic va P nira
lién tuc trén 0, nén ton tai mot day con {X;k }cta {x.} hoi
tu dén mot sé diém x; e ®(0). Vi vay, bai toan (WBVEP)
la dat chinh Levitin-Polyak tong quét.

Chidu nguoc lai, ching ta gia sir ring bai toan
(WBVEP) la dat chinh Levitin-Polyak tong quat. Khi do,
® = d(0) 1a mot tap compac. Lay {&,} < intR, 1a mot day
thy y voi g, >0 va x, e d(s,), tacod

d(x,, K, (X,,4,)) <€, Vne N,

f(x,,y,4,)+&,6 ¢—intC,,Vy e K,(x,,4,),
va h(X,y)+¢.e, —intC,,vy e graphQ™.

Do d6, ta thdy rang, {x_} 1a mot ddy xép xi Levitin-
Polyak cia (WBVEP). Béi vi tinh dat chinh Levitin-Polyak
tong quat cia (WBVEP), {x_} c6 mot diy con {X;k} cla
{x_} hoi tu dén mot s6 diém clia d = d(0) . Vi vay, ® nira
lién tuc trén tai 0.

Bay gio, trinh bay dac trung métric cho tinh dat chinh
Levitin-Polyak theo hanh vi cta tdp nghiém xap xi, trong
d6 diamA la duong kinh cia A dugc dinh nghia bdi
diamA =sup{d(a,b) =||a—b|:a,b e A}.

Pinh li 3.7. Gid sit rang

(i) K, dongtrén Ax A, va K, mia lién tuc dudi trén Ax A,

(ii) f lién tuc trén Ax Ax A;

(iii) h lién tuc trén Y xY.

Khi do, (WBVEP) dat chinh Levitin-Polyak khi va chi
khi d(g) =, Ve >0 va diamd(s) — 0khi € > 0.

Chitng minh. Néu (WBVEP) 1a dit chinh Levitin-
Polyak. Khi d6 (WBVEP) c6 mot nghiém duy nhat x; e ®
va do d6 P(e)=D,Ve>0 khi dcd(s). Néu
diamd(g) »0 khi & >0, khi do, ton tai p>0 va
&, >0 sao cho &£ -0 va diamd(g,) > p>0,vne N.

Khi do, ton tai X' = (¢, A1), X7 = (X, A7) e B(s,) sa0

chod(x?,x2) > g.

n 1 n

Vioxt =06, A4), %2 =(x2, A7) e D(s,), Nén ching ta
suy ra tlr dinh nghia cia d(g,) rang x™* va x? la cac day
xép xi Levitin-Polyak cho l?éi toan (WBVEP). Do d6, cac
day {x'} va {x’}hoi tu dén nghiém duy nhat x; cua bai
toan (WBVEP), diéu nay mau thudn véi thuc té ring

n 'n

d(xt, x%) > g >0,vn.

Chiéu ngugc lai, ta léy {x_}1a mot day xép xi Levitin-
Polyak cho bai toan (WBVEP). Khi d6, ton tai
{&,} < intR, voi &, — 0 sao cho:

d(x,, K, (x,,4,)) <€, Vne N,

f(x,, ¥, 4,)+&,6 ¢ —intC,, vy e K,(X,,4,),
va h(x,y")+¢.e, —intC,,vy e graphQ™.

Diéu nay suy ra rang X' ed(g,). Vi diamd(s) —0
khi € — 0, ta suy ra rang {X'} 1a mot day Cauchy va hoi
tu dén diém x; . Boi tinh dong ciia K, tai (X,,4,) , do d6
X, € K,(Xy,4,). Chimg minh twong tw nhu B dé 3.4, ta
cling suy ra rang X, ed.

Béy gid chimg to ring (WBVEP) ¢6 nghiém duy nhét.
That vay, néu @ c6 hai nghiém khéc nhau X va x;,
khong kho dé thdy x;,x; e d(s), Ve >0.

Khi dé, ta suy ra 0<d(xX,%) < diamd(s) — 0, diéu
nay la khong thé. Do d6, bai toan (WBVEP) 1a dit chinh
Levitin-Polyak. O

Vi du sau chimg t6 tinh duy nhat ctia dat chinh Levitin-
Polyak trong Pinh 1i 3.7 1a quan trong.

Vi du 38. Ldy X=Z=P=R,C,=C,=C=R,,

A{O,%}, A=[01],4,=0, £¢>0,e €intC,e, €intC,
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va K, K, :AxA—>2% f:AxAxA —>Z, hiYxY 5P
duoc xac dinh boi:

K, (X, A) = [o,ﬂ, K,(x,2) =[0,1],

h(x", y") =h((x 4), (¥, 4,)) = O + y*) (A +20),
f(x,y,1) ={8""%" + &} Ve >0.

Ta tinh toan duoc ring Q(A) = {0,%},‘#1 €[0.1], do do:

graphQ™ ={(,u,/1)|y € {O,%},/i € [0,1]}.

Véimdi ¢ >0,taco

[0,&],khiO<e < %
Vi

[0,—},khi5>l.
2 2

moi xe[0,¢], néu 0<5£% va XE[O,l],l’léll e>1/2,

{xe Ard(x,K,(x,4)) < e} =

ta c6 thé thay:
f(X,y,4)+¢ee ¢ —intC,,Vy € K,(x,1)
va h(x',y")+ee, € —intC,,Vvy" e graphQ™
Do do, ta co
D() ={x" =(x,4) e graphQ " :d(x, K, (x, ) < &
thoaman f(X,y,A)+¢ee ¢ —intC,, vy e K,(x,1),
va h(x',y")+ee, —intC,, vy e graphQ '}

(,u,l)|ue[0,5],/16[0,1],khi0<5£%,

(1, A) ye{o,%}ﬂe[o,l],khig>%.

D@ dang thdy rang, tit ca cac diéu kién ctia Dinh 1i 3.7
duogc thoa man, va vi vady (WBVEP) la dat chinh Levitin-

. o 1 - .
Polyak. Tuy nhién, voi moi & >§, diamd(g) 4 0 khi

e—0,

4. Két luan

Trong cdng trinh nay, nhom tac gia da nghién ciru mot
16p bai toan can bang hai muc vecto yéu. Sau do, thiét lap su
tuong duong gitra tinh dit chinh Levitin-Polyak va sy ton tai
nghiém cua bai toan nay. Ngoai ra, ddc trung métric cua
nghiém x4p xi ciing dugc thiét 1ap. Nhu da dé cap ¢ phan
gidi thidu, dén thoi diém hién tai chua co bai bio nao nghién
clru su twong duong gitta tinh d3t chinh Levitin-Polyak va
su ton tai nghiém cho bai toan cin bang hai mirc vecto yéu.
Vi véy cac két qua cia nhom tac gia trong bai bao nay 1a méi
va khéc véi cac két qua trong tai liéu tham khao.
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