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Tém tit - Dinh Iy Liouville dugc phat biéu ring mbi ham nguyén
bi chin 1a mot ham hang, ddy 1a mét trong nhimng dinh 1y co ban
cta nganh Giai tich phurc, ung dung n6 nguoi ta chirng minh duoc
dinh 1y co ban ciia Pai s6. C6 nhiéu mé rong cho dinh Iy Liouville
nay. Trong bai bdo nay, nhom tac gia s€ mé rong dinh 1y Liouville
theo hudng xét anh ciia hdm nguyén nay trén mot lan cén cua vo
cung. MObi ham bi chén ¢6 anh nam trong mot hinh tron, do do
phin bu ciia n6 ¢6 vo sb phin tir. Trong [1], d chitng minh réng,
néu thay gia thiét bi chin ciia ham nguyén bing gia thiét phan bu
anh ctia ham nguyén c6 chira hai diém phén biét thi két luan ciia
dinh 1y Liouville vin dtng (dinh 1y Picard Nhé). Do d6, dinh 1y
Picard Nho 1la mot mé& rong cua dinh 1y Liouville. Bai bdo nay
cling m¢é rong tuong tu nhu dinh ly Picard Nho, nhung thay vi xét
anh cua ham nguyén ta xét anh cua ham nguyén nay trén mot lan
can cua vo cung.

Tw khéa - Hg‘lm Gjéi tich; Ham nguyén; Lan can; Lan cén ctua vo
cung; Cac diém bat thuong

1. Pit van dé

Dinh 1y co ban ciia Dai sb phat bicu rang, mi da thirc
hé s6 phac ¢6 bac n > 1 thi c6 it nhat mot nghiém phuec.
binh 1y nay cling c6 mét dang khac la moi da thirc hé so
phirc bac n = 1 c6 dang n nghiém phtc (ké ca cac nghiém
bdi) (xem [2], trang 545) Nguoi ta chimg minh dinh ly nay
bang cach ding Dai s6 nhung ciing c6 thé chirng minh bang
Giai tich nho dinh 1y Liouville.

Dinh 1y Liouville phat biéu ring, mot ham nguyén, bi
chan 1a ham hang (xem [1], trang 122) (ciling c6 thé xem
[6] hodc [7]).

O day ham nguyén 1a ham giai tich tir mat phing phirc
vao chinh no.

C6 vai mo rong cho dinh 1y Liouville (xem [1], [3], [4],
[5]). Trong [1] (trang 306-308), nguoi ta chimg minh dinh
Iy Picard Nho dugc phat biéu nhu sau.

binh ly (binh ly Picard Nho). Cho f: C — C la mot
ham nguyén ma c6 it nhat 2 diém phén biét nam ngoai f(C)
thi f 1a ham hang.

bay thuc sy [a mot mé rong cua dinh ly Liouville. Binh
Iy nay mo rong theo huéng xét f(C) la anh cua toan mat
phang phtrc qua ham nguyén f, trong bai bao nay ta xét anh
cua ham nguyén dugc han ché trén mot 1an can cua vo
cung.

VéimdiM > 0,{z € C/ |z| > M} dugc goi 1a mot 1an
cén cua vo cung.

Abstract - Liouville’s theorem states that every bounded entire
function is a constant function. This is among the most fundamental
theorems in Complex Analysis; it is applied to prove the fundamental
theorem of Algebra. There have been multiple directions of extension
for Liouville’s theorem. In this paper, the authors take the direction
of observing this entire function’s image restricted on a neighborhood
of infinity. Since every bounded function’s image lies inside a circle,
the image’s complement is infinite. In [1], it is showed that, if we
replace the bounded assumption by assuming the entire function
image’s complement contains at least 2 distinct elements, Liouville’s
theorem still holds (Little Picard’s theorem). Therefore, Little
Picard’s theorem is an extension of Liouville’s theorem. This paper’s
extension is similar to Little Picard’s theorem but instead of
examining the image of the entire function, we examine this entire
function’s image on a neighborhood of infinity.
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Neighborhood of infinity; Singular points

Ta c6 nhan xét rang, néu f 1a mot ham da thire v6i bac
16n hon hay bang 1 (mdi ham da thirc 1a mot ham nguyén)
thi lim £(z) = o0, do do ton tai mot 1an can cua vo clng
c6 anh qua f khéng chira vo sé diém nén khong thé thay
gia thiét “co it nhat 2 diém phan biét nam ngoai £ (C)” trong
dinh ly Picard Nho bang gia thiét “c6 it nhét hai diém phan
biét nam ngoai anh cua f dugc han ché trén mot lan can
cua vo cung” dugc.

Noi dung cia bai bdo nay la chimg minh dinh ly Picard
Nho theo cach khac trong [1] va chting minh céac dinh 1y
sau mé& rong cua dinh 1y Liouville.

2. Co sé Iy thuyét

Trong myc nay, ta s€ néu dinh nghia cac diém bét
thudng (co 1ap) va néu céc tinh chat can dung trong bai bao
(xem [7]).

Pinh nghia 2.1. Mot phan tir a € C dugc goi la mot
diém bat thuong (c6 1ap) caa ham bién phuc f néu f giai
tich trén mét lan can thang cua a.

Céc diém bat thudng duge phén ra 1am ba loai nhu sau:

e Diém bét thuong bo duge (khir duoc)

Cho a la mot diém bat thuong cua ham bién phic £,
a duoc goi la mot diém bat thuong bo dugc cua f néu cé
thé b sung £ (a) € C dé duoc thanh mot ham giai tich trén
mot 1an can cua a.
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e Cyc diém

Cho a la mot diém bat thuong cua ham bién phuc £,
a dugc goi 1a mot cuc diém cua f néu lim () = oo

e Diém bét thuong cdt yéu

Cho a la mot d%ém pét thudng cua ham bién’phl’rc f,
e}duqc goi lamot diém bat thuong cot yeu cua f néu khong
ton tai giGi han cua ham f(z) khi z - a ké ca gia tri vo
cling.

Néu a la mot diém bat thuong (co 1ap) cua ham f thi
f gidi tich trén mot 1an can thing U~ ciia a, tir d6 ta c6
khai trién Laurent :

f(2) = Xy an s

Ta c6 cac ménh d& sau day:

Ménh dé 1: Cho a la mot diém ‘bét thuong (bo duoc)
cuaa ham bién phuc f. Khi d6, cac diéu kién sau day twong
duong:

(a) a la mot diém bét thuong bo dugc coa f;

(b) 3lim f (z)eC

Z—a

+Y2 oby 2", zEU”

(c) f bi chan trong mét 1an cén thiing cua a;

(d) a,=0,VvneN".

M¢énh dé 2: Cho a 1a mot diém bét thuong (bo duoc)
cua ham bién phiic f. Khi do, cac diéu kién sau day twong
duong:

(a) a la mot cyuc diém cua f;

(b) INeN :a,#0,ImeN :vp=m,a, =0.

Ménh d@é 3: Cho a la mot diém bat thuong (bo duoc)
ctia ham bién phiic . Khi d0, cac diéu kién sau day twong
duong:

(a) a la mot diém bt thuong cbt yéu cua f;

(b) vmeN", Ip=m:a, =0.

Ta cling st dung dinh ly sau:

binh ly 2.2. (Pinh ly Picard lén): Trong mot lan can
bé bao nhiéu tuy y cua diém bét thuong ct yeu ham f(z)
nhan vo s6 1an moi gia tri hitu han ngoai trir nhiéu nhat mot
gia tri (goi la gia tri ngoai 1¢ Picard).

Khi a = oo thi cac két qua trén van dung.

3. Giai quyét van dé

Pinh ly 3.1. (Pinh ly Picard Nhé). Cho f: C — C la
mot ham nguyén ma c6 it nhat 2 diem phan bi¢t nam ngoai
f(C) thi f 1a ham hang.

Chirng minh:

Trong phan nay ta chimg minh dinh 1y 3.1 bang cach sir
dung cac tinh chat ciia diém bat thuong cot yéu va cuc diém
nhu sau.

Cho £ 1a mot ham nguyén thi co 1a mot diém bét thuong
co lap cua f.

+ Néu oo 1a diém bat thuong cdt yéu nén theo dinh Iy
Picard Lon phat biéu rang: “Trong 14n bé bao nhiéu tuy y

cua diém bét thuong cot yéu ham £ (z) nhan vo s6 1an moi
gi4 tri hitu han ngoai trir nhiéu nhat mot gié tri (goi la gia
tri ngoai ¢ Picard)”, xem [7], bat ky 1an can U cua oo,
£(U) ¢6 phan bu chira khdng qua 1 diém, nén f(C) ciing
thé, ma f(C) c6 phan bu chira 2 diém phan biét nén vo 1y.

+ Néu oo la cyc diém cua f, bang cach khai trién
Laurent cuaa ham f trong mot lan can cta vé cung thi
Im e N*,3IM > 0:

(oo}

f@=>

1
Ano—+ bo + b1z + -+ bypz™, |z| > M

n=1
Véia, € C;vn € N*,m € N, by, by, ..., b, € C.
bat g(z2) =f(z) —byz— - —bypz™; Vze C thi g

cling la mot ham nguyén.
Taco lim g(z) = by = IM' > M sao cho g bi chan
Z—00
trén tp { z € C/ |z| = M'}. Do g giai tich nén g lién tuc;
Do d6, g bi chan trén tap { z € C/ |z| < M'} compact. Tu
do g bi chan.

Ap dung dinh Iy Liouville, g 1a ham hing va bang by;
tir do:

f(z) =by+ biz+ -+ b,z™; Vz € C.
Véi moi w € C, do dinh Iy co ban cua Pai s6 phuong trinh
f(z) = w co6 nghiém nén f(U) = C ma f(U) c6 phan bu
chura 2 diém phan biét nén vo ly.

Tir cac 1ap luan trén oo 1a diém bt thudng bo dwoc cua
f,nén 3 lim f(z) € Cnén f laham bj chan, st dung dinh

Z—00
Iy Liouville, suy ra f 1a ham hang. m

Pinh Iy 3.2: Cho f: € — C la mdt ham nguyén néu ton
tai mot lan can cua vé cung U cta € ma f(U) nam trong
mot nira mat phang thi f 1a ham hang.

Chitng minh:

Cho £ la ham nguyén ma ton tai mot 1an can U cia oo
sao cho f(U) nam trong mot nira mat phang D cuaa C, cho
h: € - Cla mét phép quay ma Re h(D) bi chéan trén, do h
la mot phép quay nén né la ham giai tich va ton tai ham
ngugc cling giai tich, ta thay h o f 1a mot ham nguyén,
Re h o f(U) bi chan trén, néu ta ching minh dugc ho f
la ham hang thi f = h™' o h o f cling thé. B&i vay, bang
cach xét hop cua h voi f, khdng giam tong quat ta co thé
thay gia thiét f£(U) nam trong mot nira mat phang D cia
mat phang phac bang gia thiét Ref (U) bi chan trén.

Do Ref (U) bi chan trén nén

IM > 0:Vz € U,Ref(z) <M 1)

+ Néu oo 1a diém bét thuong cdt yéu cua f.

Theo dinh Iy Picard Lén phan bu f(U) chira khong
gua mét diém nén diéu Vz € U, Ref(z) < M 1a khong thé
x4y ra.

+ Néu oo 1a mot cuc diém cua f.

Bing cach khai trién Laurent trong mot 1an can ciia vo
cung ta tim dugc mét 1an can cia vo cung

V={z€eC/|z| >a}(a>0),maV cU
Va f(2) = Tiy bn s ™ ZEV;
& day b, € Cvéimdin € N*, m € N*, ap,ay, ..., a,, € C.

+ayt+az+ -+ apz
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Taco lim(f(z) —a;z— -
Z—00

Do (2), 38 > a:Khi |z| > B thi
lf2) — ayz — - —ap| <1.

TadatV' ={z € C/|z| >p}thiV cV cU
vavzeV'| f(z) — ayz— - —ap| <1
nén |Ref (z) — Re(ay + a;z + - + apy,z™)|

<|f@)—ay— az——azm <1
Tu d6 Re(ag + a1z + -+ + a,,z™) — Ref (2) < 1.

Hay:

Re(ag+a,z+ -+ a,z™) <1+ Ref(z) <1+ M.(3)

Chon:

w=lagl + ||+ -+ |ay ™ +M+2>0. 4)

Do mdi da thiic hé s phiic ¢6 bac I6n khong déu co
nghiém nén 3t € C sao cho

ag+at+ -+ a,tm=w.

Ta thiy t # 0 (vi néu t = 0thi ap = w nén |ay| =
lwl =w, do (4) |a;|B+ -+ lanlf™+M+2=0 la
diéu vo ly).

Giast [t]| < B = |w| = |lag + at + -+ + a,,t™|

< laol + lag|lt] + - + lan|[t]™

< laol + lag|B + - + [am|B™

<l +-+laplf"+M+2=w
nénvo 1y, vithé [t| > B nént € V.

Te(3)suyraRe (ag +a;t+ -+ a,t™) <1+ M.

Doddé Rew<1+ M
Ma  Rew =w = |ao| + |ay|B + -+ |an|f™ + M + 2
nén vo ly. Do d6, oo khéng thé l1a mét cuc diém cua f.

Do c4c lap luan trén oo la mot diém bét thuong bo duoc
cuaa f, nén 3 lim f(z) € Cnén f la ham bj chan, st dung
dinh Iy Liouville, ta théy f 14 ham hing. m

Pinh 1y 3.3. Cho f: C — C la mot ham nguyén néu ton
tai mot lan can cua vo cung U cua C ma f(U) khéng giao
v6i mot duong thang trong mét phang phirc thi f 1a ham
hang.

Chitng minh:

Ta dgt U = {z € C/|z| > a} v6i a > 0,cho d la mot
duong thang trong mat phang phac khong giao vai f(U).

Ta thay U la tap lién thong, f 1a mot ham giai tich nén

lién tuc, tir do f(U) 14 tap lién thdng trong mat phang phtic
va nam trong C\d, cho Dy D, 1a hai nira mat phang mo
trong mat phang phtrc dwoc chia ra boi d, néu £(U) n Dy #
@ va f(U) n D, # @ thi cac tap nay la cac tap khac rong,
ma trong khﬁng gian topo f) (doi voi topo cam sinh tir
C), lai c6 hgp bang f (U); diéu r]éy mau thuan véi tinh lién
théng cua f(U). Do do, f (U) nam trong mét trong hai ntra
mat phang D; hoac D,; su dung dinh ly 3.2, dinh 1y 3.3
dugc chung minh xong. m

Pinh Iy 3.4. Cho f: C — C la mot ham nguyén néu ton
tai mot l1an can cua vo cung U cua € ma f(U) khodng giao

v6i mot nira duong thing trong miat phang phie nao d6 thi
f 1a ham hing.

—amz™) = ao. )

—auz™

—apz™

Chitng minh:

Cho a 1a nira duong thing & trong dinh ly 3.4, cho
h:C - C l1a anh xa hop cua mét phép quay va mot phép
tinh tien sao cho anh cla a qua anh xa h la tap

a' ={z € C:Imz = 0,Rez < 0}.

Do cac phép quay va cac phép tinh tién la cac ham giai
tich, cac ham nguoc ciing giai tich nén h cling the. Bang
cach thay ham f bsi ham hop cua f va h, gia thiet f(U)
khong giao vai a co thé thay boi f(U) khong giao vdi a’.

Bay gio cho ¢: C\a' —» D v6i D = {w € C: Rew > 0}
duoc xac dinh béi @ (z) = +/ |z|(cos¥ + isin %), Voi
mdi z € C\a'; Khi d6 ¢: C\a’ — D la ham giai tich song
anh va c6 ham nguoc la ¢: D —» C\a' dugc xac dinh bai
dp(w) = w?, véi mdiw € D, ham ndy ciing giai tich.

Ham ¢ o h 1a ham giai tich c6 anh nam trong mot nira
mat phang cua mat‘phéng phuc C, nén theo dinh ly 3.2,
@oh la mot ham hang, do d6 h = ¢ o o hcling 1a mot
ham hang.

Pinh 1y 3.5. Cho f: € — C 1a mot ham nguyén néu ton
tai mot 1an c4n cua vo cung U va ton tai mot dﬁy‘{zn} -
ma z, € C\f(U) véi mdin € N* thi f 1a ham hing.

Chitng minh:

Cho £ 1a ham nguyén ma ton tai mot 1an can U cua oo
va ton tai mot diy {z,} - o ma z, € C\ f(U) véi mdi
neN”.

+ Néu oo 1a diém bat thuong cdt yéu cua f, theo dinh ly
Picard Lon phan bu f(U) chira khong qua mot diém nén
ton tai mot diy {z,} = c ma z, € C\ f(U) voi mdi
n € N* la dieu khong thé xay ra.

+ Néu oo la cyc diém cua f, bang cach khai trién
Laurent cua ham f trong mot lan can cta vé cung thi
Im € N*,aM > 0:

f2) = i ar

n=1

1
—+by+biz+ -+ bpz™,|z| >M

Véi a, €C; Vn € N*,m € N, by, by, ...,
bat g(z) = f(z) — b,z — -
cling 1a 1 ham nguyén.
Taco lim g(z) = by = IM' > M: g bi chin trén tip
Z—00
{z € C/|z| = M'}. Do g giai tich nén g lién tuc; do do g
bi chén trén tip {z € C/ |z| < M'} compact. Tt d6 g bi
chan.

by, € C.

—b,zm; Vze C thi g

Ap dung dinh Iy Liouville, g 13 ham hang va bang
by; tr d6
f(z) =by+byz+ -+ b,z™; Vz €C.
TaditU={z€C/|z| >a} (a>0), do {z,} -
nén ta c6 thé chon N e N sao cho
|zn| > |bo| + |by]a + - + by @™
Sir dung dinh 1y co ban cua Dai s6 ton tai u € C sao
cho f(u) = z,, néu |u| < a thi

1zn| = 1f | < |bo| + |by|a + -+ by |a™ < |2y

nén vo 1y, do d6 |u| > a vau € U, day la diéu méu thuén,
tir day dinh ly dugc chung minh xong. m
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Chu ¥ rang cac diéu kién trong cac dinh ly tir dinh Iy
3.2 dén dinh ly 3.5 la yéu dan, tuy nhién néu thém diéu
kién f 1a mot ham nguyén thi chung déu tuong duong véi
nhau (do twong duwong véi ham f bj chan), do d6 ta khong
thé tim cac vi du vé cic ham nguyén ma thoa man dicu
kién cua dinh 1y nay va khong thoa mén diéu kién cia
dinh 1y khac.

4. Két luan

Nhu vay trong bai b4o nay, nhom tic gia dd mo rong
dugc dinh ly Liouville theo hudéng xét anh cia ham
nguyén dugc han ché trén céc lan can cua vo cung, do la
cac dinh 1y 3.2, dinh 1y 3.3, dinh 1y 3.4 va dinh 1y 3.5. Co
cic mé rong theo hudng khac ngudi doc ¢6 thé xem [3],
[4] va [5].
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