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Tom tét - Trong ly thuyét vanh, médun tw do én dinh, hang (tw do  Abstract - In the ring theory, stably free modules, (stably free) rank

4n dinh) cGia ma tran va céc tich chat dac trung cta ching dwoc
st dung trong bai toan phan tich ciu triic vanh Hermite va da dat
dwoc nhiéu két qua tha vi. Tuy nhién, khi xem xét trén nira vanh
thi mét sb tinh chét déc trung ctia ma tran tu do 6n dinh khéng con
dang niva, va van chwa c6 nhidu két qua nghién ctu vé van dé
nay. Trong bai bao ne‘ly, tac gia chi ra mét I¢p nlra vanh ma trén dé
hang tw do 6n dinh ctia ma tran Iy déng tdn tai duy nhat; So sanh
hang tw do &n dinh va hang nhén t&r ctia ma tran lay déng trén lop
ntra vanh co s6 phan ti sinh khéng bi chan manh; Chirng minh
diéu kién can va da dé ntra modun tw do n dinh la tw do; Mo ta

cAu truc vi nhém SFV (R) cac lép twong dwong cla cac ma tran
tw do 6n dinh, trén madt sé I&p niva vanh déc biét.

Twr khéa - Niva vanh; ma tran Ity déng; hang tw do 6n dinh; hang
nhan ttr; sO phan ti sinh khéng bi chan manh

1. Pat van dé

Médun tu do 6n dinh trén vanh duoc sir dung kha nhiéu
trong nghién ctru cdu tric cua cac vanh Hermite va da thu
duoc nhiéu két qua tha vi (xem [1], [2]). Trong dé, viéc md
ta cac vanh Hermite thong qua ngon nglt ma tran dugc st
dung phé bién, dic biét 1a hang cuia ma tran iy déng ung
v6i cac médun ty do 6n dinh (hitu han sinh) trén vanh noi
riéng va cac modun xa anh (httu han sinh) néi chung (xem
[1, Proposition 0.4.4]). Tuy nhién, khi xem xét cac dac
trung hang cta cac ma tran lily ding trén nira vanh thi
khong con dung nhu trén vanh nira, va mot sO van dé lién
quan vé hang clia ma tran lity dang, dic biét 1a hang ty do
On dinh cua ma tran trén nia vanh dugc dit ra nhu sau:
Trén lop nwra vanh nao thi hang tw do on dinh cua ma tran
la ton tai khong am duy nhdt? hay so sanh hang tw do én
dinh ciia ma trdn voi hang nhdn tir cia né? hay chi ra cdc
tinh chat ddc trung ciia cdc ma trgn tw do éon dinh trén cac
|6p nira vanh cu thé?...

Dé giai quyét mot phan cac cau hoi trén, trong bai bio
nay, tac gia chi ra mot 16p nira vanh ma trén ¢6 moi ma tran
tir do 6n dinh déu c6 hang khong am duy nhét, dua ra két qua
so sanh hang tu do on dinh va hang nhan tir ciia ma tran liy
dang trén 16p nira vanh c6 SUGN (strongly unbounded
generating number) va chi ra mot s tinh chat dic trung ctia
ma tran tu do 6n dinh trén mot s6 nira vanh dic biét.

2. Mot s6 dinh nghia va két qua lién quan

Trong bai viét nay, tac gia chi xét cho nira vanh c¢6 don
vi va cac nira modun déu duoc xét 1a nira médun phai trén
ntra vanh da cho. Dé thuén tién cho viéc trinh bay, mot ma
tran A cAp mxn trén nira vanh R dugc ky hiéu A, néu

xn 2

A 1a ma tran vudng cip nxn thita viét A .
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of matrices and their characteristic properties have been used to
analyze the structure of Hermite rings, which achieved many
interesting results. However, some characteristic properties of stably
free matrices are no longer true in the semiring theory, and there are
not many research results about this problem at present. In this
paper, the author indicate a class of semirings in which stably free
rank of idempotent matrices are unique; Compare stably free rank
and factor rank of idempotent matrices on class of semirrings having
strongly unbounded generating number; Prove the necessary and
sufficient conditions for stably free semimodules to be free; Describe

structure of monoid SFV(R), equivalent classes of stably free
matrices, on a number of classes of special semirings.

Key words - Semiring; idempotent matrix; stably free rank; factor
rank; strongly unbounded generating number

Pinh nghia 2.1 ([3]). Nira vanh 1a mét dai s6 (R,+,1,.,0)
sao cho (R,+,0) 1a mét vi nhém giao hoan véi phan tir don
vila 0, (R,.,1) 1a mét vi nhém véi phﬁn tir don vi 1a 1,
phép nhan phan phdi hai phia dbi voi phép cong va
Or=r0=0véimoi reR.
néu

Nta vanh R dugc goi kha doi

a+b=0=a=b=0,va,beR.

& phi

Nira vanh R duoc goi 1a nguyén néu ab=0=a=0
hodac b=0,va,beR.

Ntra vanh R duoc goi nira vanh chia néu moi phﬁn tr
khac 0 cua R déu kha nghich.

Dinh nghia 2.2 ([3]). Mot nika médun phdi trén nira
vanh R 1a m¢t vi nhém giao hoan (M, +, Onm) cung vdi phép
nhan ngoai (m,r) > mr tr M xR dén M théa mén cac
didu kién: m@rr’) = (mr)r’, (m + m)r = mr + m'r,
mr +r)=mr+ mr’,ml=m, Our = Om = mO véi
moi mm'eM va r,r'eR. Dinh nghia nira médun trai
duogc phat biéu twong tu.

Pinh nghia 2.3 ([3]). Cho M la mét nira modun
trén nira vanh R, N 1a tap con cua M. Ta noi M dugce sinh
badi N néu moi phan tir cia M déu biéu thi tuyén tinh dugc
qua cdc phan tir cua N. Ky hiéu (N)=M . Hon nita,
néu N c6 hiru han phan tir thi ta n6i M 12 nita médun hiru
han sinh.

Dinh nghia 2.4 ([4]). Cho R la nua vanh, P la nura
modun trén R, P duoc goi 1a nira médun xa anh néu voi
moi R-toan cdu oM =N va moi R-dong cau
S:P—N luén ton tai R-ddng cu y:P —M sao cho
aoy=p.
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Pinh nghia 2.5 ([3]). M6t nira modun F trén nira vanh
R dugc goi 1a fw do véi tap co so | néu F = _69|Ri voi

R =R,,Viel.

Pinh nghia 2.6 ([3]). M0t nira m6dun xa anh P trén nira
Vé,lnh R duoc goi 1a miza modun xa anh manh (hitu han sinh)
neu P dang cau voi mot hang tir truc ti€p cua mot nira
modun tu do (hitu han sinh) nao do.

Ménh dé 2.7 ([3, Lemma 4.3]). Cho P la mét nita
modun hitu han sinh trén nira vanh R Khi do, P la nita
médun xq anh (mqnh) kﬁi va cigi khi ton tai mot ma tfdn h?y
dang (manh) A cap n lay hé so trén R sao cho P dang cau
voi A(R"), o day A(R") la nita modun con cua R" dwoc sinh
boi cac vecto cot cua ma tragn A.

Pinh nghia 2.8 ([5]). Cho R la nua vanh,

EeM,..(R),FeM,_,(R) lacacmatran liy dang. Tanoi
E va F 1a fwong dwong véi nhau néu ton tai cac ma tran
AeM,_ . (R),BeM, . (R), sao cho E = AB va F = BA.
Ky hiéu: ExF .

Ménh dé 2.9 ([5, Ménh dé 2.7]). Cho P va Q la cac
nira modun xa anh hitu han sinh trén nita vanh R, P dwoc
sinh tir cdc vecto cdt ciia ma trgn lily dang E€M ., (R),

nxn

nxm

O duwoc sinh tir cdc vecto cft cua ma trdn liy dang
FeM_ . (R).Khido, PzxQ< Ex=F.

Goi V(R) la cac 16p dang cau cua cac nira modun xa
anh httu han sinh trén ntra vanh R. Khi do, V(R) 1a mét vi
nhom giao hoan véi phép toan cong dugc dinh nghia badi
[P]+[Q]=[P®Q].¥[P[Q]eV(R). Do moi nia
mddun xa anh hiru han sinh P img v&i mot ma tran liy dang
A, sao cho P = A(Rn ) , nén dé thuan tién cho viéc trinh
bay cac ching minh, ta c6 thé xem V(R) 1a vi nhom cac 16p
tuong duong (theo quan hé twong duong nhu trong Dinh
nghia 2.8) cua cac ma tran lily dang trén nira vanh R, véi
phép toan cong duoc dinh nghia turong ung la:

(A+(e]-[a0el-| (5 ]| v[aLfalev(®

Tép cac 16p tuong duong cua cic ma tran lity ding
manh (ng véi cac nira médun xa anh manh hiru han sinh)
dugc ky hi¢u 1a SV (R). Khi d6, SV (R) la mét vi nhom
con cua vi nhom V (R).

Pinh nghia 2.10 ([5]). Cho A 14 ma trén cap mxn trén
nira vanh R, hang nhén tir ciia A 1a s6 nguyén khong am k
bé nhit sao cho ton tai cac ma tran BeM_, (R),
CeM,, (R) vaA=BC. Ky hiéu: f(A). Qui uéc hang
nhan tir ctia ma tran khong thi bang 0.

kxn

Ma tran vuéng A, dugc goi la ma tran dﬁy néu
f(A)=n.
Mg¢nh dé 2.11 (|5, Ménh d@ 2.11]). Cho R la nika vanh,
EeM,. .(R),FeM_, (R) lacdcmatrin liy dang tuong
dwong voi nhau. Khi do, f(E) = f(F).
Pinh nghia 2.12 ([5]). Cho A 1a mdt ma tran tuy y trén

nxn

ntra vanh R, hang nhan tu 6n dinh cua ma tran A (néu co)
f(A) va duoc xic dinh boi
r] . Trong d6, A@® 1, dugc hiéu

duge ky hi¢u la
f(A)=lim[ f(A®I,)-

A O
la ma tran 01 ,VreN.,

r

Ma tran vuong A, duoc goi la on dinh day néu

T(A)=n.

Dinh nghia 2.13. ([3]). Nua vanh R dugc goi 1a c6 IBN
(invariant basis number) néu théa man diéu kién:
R"=R"=m=n,VmneZ".

Dinh nghia 2.14. ([6]). Nua vanh R duoc goi 1a ¢6
UGN (unbounded generating number) néu théa man diéu
kién: Néu ton tai cac sb nguyén duong m, n va nira modun
Psaocho R"®@P=R" thi m<n.

Dinh nghia 2.15 ([6]). Ntra vanh R dugc goi la c6

SUGN (strongly unbounded generating number) néu thoa
min diéu kién: Néu c¢6 cac ma  trén

Ann €M . (R),B, ., eM, . (R) sao cho AB=I thi
n=m.

Nhan xét 2.16. D& dang ching minh dugc r‘éng, moi
ntra vanh ¢ SUGN thi c6 UGN (xem [6, Ménh dé 3.3]) va
moi nira vanh ¢6 UGN thi c6 IBN.

Moi ntra vanh chia déu 1a ntra vanh nguyén phi kha
d61, va do moi ntra vanh nguyén phi kha doi déu c6 SUGN
(xem [6, Dinh 1y 3.8]) nén moi ntta vanh chia déu co
SUGN.

Ménh dé 2.17 ([6, Pinh 1y 3.6]). Cic ménh dé sau la
tuwong dwong trén nira vanh R cho truoc:

i) R la nita vanh co SUGN.

ii) Moi ma tran kha nghich trén nira vanh R déu la ma
tran day.

i) f(1,)=mVmeN".

3. Két qua nghién ctru

Trong muc nay, tac gia s€ chirng minh moi ma trén tur
do 6n dinh trén nra vanh c6 UGN déu ¢6 hang (tu do on
dinh) khong am duy nhat va chi ra mot so tinh chat dac
trung cua hang ty do 6n dinh cua ma trén lily dang trén cac
16p nira vanh cu thé. Trude hét, ta c¢6 dinh nghia sau dugc
phat biéu twong ty nhu trén vanh nhung bang ngén ngit ma
tran (xem [2]):

Dinh nghia 3.1. Cho R la nira vanh va A e M, (R) la
mot ma tran liy déng, matran A, dugc goila twdo on dinh
néu ton tai cac sd nguyén khong am r,s sao cho

A®Il =
on dinh cia ma tran liy déng A, (hay goi tat 1a hang cua
A) va dugc ky hiéu 1a rank(A) .

I, . Khi do, gia tri S—r dugc goi 1a hang tu do

Ntra modun xa anh hitu han sinh P trén nua vanh R
duoc goi la nita médun tw do on dinh néu ton tai ma tran tu

do én dinh A, saocho P = A(R").
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Vi du 3.2. Xét trén nira vanh cac sb thuc khong am R*,

tacO matran A= [

NN
INTERENI

J 12 ma tran tran liy déng va thoa

man:
110\ (0 &
O I PO
2 2 - 2110
0 01 10
0 35
\ 00 1 10
va 0 3|= ,
110 01
10

suy ra A®Il, =1, hay A la ma tran tu do on dinh va

rank (A)=1.

Céc két qua sau day cho ta cac 16p nira vanh ma trén d6
Dinh nghia 3.1 ton tai va tinh duy nhat hang cua ma trén tu
do 6on dinh. Trudc hét, nhac lai rang, nira vanh xa anh tu do
la nira vanh ma trén d6 moi nira médun xa anh déu tu do.
Mot sO 16p nira vanh xa anh ty do da dugc xem xét trong
[7] va [8], ta co6 ménh dé sau:

Ménh dé 3.3. Moi ma trdn liiy ddng trén nira vanh xa
anh tw do deéu la tw do on dinh.

Chitng minh.

Gia st R 1a nira vanh xa anh tw do va A e M, (R) la
ma tran lity déng trén R. Khi d6, nira modun A( R”) la tu
do, suy ra ton tai sb nguyén k sao cho A(R”) = R* hay
An = Ik

Mé}nh daé 34 Néu R ld nita vd’nh IBN thi moi ma trin
tw do on dinh déu c6 hang duy nhat.

. Vay A la ma trén tu do on dinh.

Chitng minh.

Gid sit A, €M, (R) 1a ma trén ty do 6n dinh. Khi do,
ton tai cac sb nguyén khong am r,s sao cho A @1, =1,
suy ra rank(A)=s—r. Néu ton tai s6 nguyén t ma

rank (A) =t thi ton tai s6 nguyén khong am ¢ sao cho

A®l =l,. Taco A@l @l =l &l =1, va
Ael el =l @l =1, suyr I,  =I., hay
R*=R¥"". Do R la ntra vanh IBN nén

S+q=0g+t+r<s=t+r<t=s—r. Vay hang tur do
on dinh cia ma tran A, 1a duy nhét. o

Nhén xét 3.5. Trén ntra vanh IBN thi hang tu do on
dinh cia moi ma trn don vi luén bang céap cua no.

Dinh 1y 3.6. Néu R la nita vanh ¢6 UGN thi moi ma tran
tw do on dinh A, trén R déu co hang khong am duy nhat.

Ngwac lai, néu moi ma trdn tu do én dinh trén nira vanh R
déu co hang khong am thi R co UGN.

Chitng minh.
Gia st A, € M (R) 1a ma tran ty do 6n dinh. Khi do,
ton tai cac sb nguyén khong 4m r,s sao cho A @1, =1_.

Do R ¢c6 UGN nén R 1a nta vanh IBN suy ra
rank(A)=s-r 1a duy nhit. Mt khdc,

A®l =l < AR )OR =R suyrar<s (do R c6
UGN) suy ra rank(A)=s—-r>0.

Nguoc lai, néu ton tai cac sd nguyén duong m,n vanta
mod dun P sao cho P®R™ =R", goi A 14 ma tran liiy
ding sao cho A(R*)=P.Khido, A®I, =

ma tran tu do on dinh, suy ra
rank(A)=n—m>0=n>m hay R la nira vanh c6 UGN.

I, suyraAla

Dudi day 1a mét s6 dic trung thl vi cia hang tu do on
dinh cuia ma tran trén 16p nira vanh c6 UGN.

Mg¢nh dé 3.7. Cho A,,B, la cdc ma trdn tw do 6n dinh
trén nira vanh R co UGN. Khi do,

i) Néu A=B thi rank(A)=rank(B).

ii) A®B cing la ma trin tw do én dinh va
rank (A®B) =rank(A)+rank(B).

Chirng minh.

Do A B la cic ma tran ty do 6n dinh nén ton tai cac sb
nguyén khéng am r,s, p,q sao cho

A®I, = I, L
B@l, =1, @)
. A@II'JrqEISJrq
i) Tue (1) suy ra
B@l =1,

Do A=B nén A®I_ =B®I,  suyral  =I

p+r

Do R ¢c6 UGN nén R la nta vanh IBN suy ra
S+0=p+r< p-q=s—r hay rank(A)=rank(B).

ii) Tur (1) suy ra
A®B®I

r+q

=(Ael)e(Bl, )=l @1, =1,

+p
suy ra A®B 1a ma trdan ty do 6n dinh va
rank(A@B)=p+s—(r+q)=(p—q)+(s—r) suy ra
rank (A® B) =rank (A)+rank(B).

Pinh nghia 3.8. Cho R la ntta vanh c¢6 UGN, goi
SFV (R) la tap cac 16p twong duong céc ma tran tw do 6n
dinh trén nra vanh R v6i quan hé twong duong dugce xac
dinh nhu trong Dinh nghia 2.8.

Nhén xét 3.9. Cho R 1a nira vanh ¢6 UGN, d& thiy moi

ma tran ty do 6n dinh déu 14 ma tran liy dang manh, va moi
ma tran don vi déu 12 ma tran tu do On dinh nén ta co

{(0)}¢SFV( )CSV( )CV(R). Mit khac, trong [3,

Example 4.7], da chi ra mot nira modun con ctia nira modun
tw do B? trén ntra vanh Boolean B 13 nira modun xa anh
nhung khong phai 1a nira médun xa dnh manh. Diéu nay
chimg t6, trén nira vanh Boolean ton tai ma tran lity déng
nhung khong phai 1a ma trén liy dang manh, do dé, n6
khong phai 1a ma tran ty do 6n dinh. Vi vay, SFV (R) la
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vi nhém con ctia vi nhém giao hoan V (R) vanéi chung la
khéng bang V (R). Két qua sau cho ta mot truong hop ma
SFV (R) va V (R) la bang nhau.

Ménh @& 3.10. Cho A, la ma trdn lily ddng trén nira
vanh chia R. Khi do, cac ménh dé sau la twong duong:

i) Ton tai duy nhdt sé6 nguyén k khong &m sao cho
A=l

i) A la ma trdn liiy dang manh.

iii) A, la ma trdn tw do on dinh.

Chirng minh.

i) = ii) : Hién nhién.

ii) = iii): Do A 1a ma tran liiy ddng manh nén nira
modun A( R" ) la nira médun xa anh manh hitu han sinh. Theo

[3, Theorem 4.5], do R 1a nira vanh chia nén A(R") 1a nira
mddun tir do, suy ra ton tai s6 nguyén m khéng am sao cho
A(R")=R" hay A =1, suyra A, lamatrin tydo ondinh.

iii)=1i): Do A, lama tran ty do 6n dinhnén A ciing
1a ma trén lily dang manh. Theo chimg minh trén, Eén tai Sf:)
nguyén k khong &m sao cho A =1, . Gia sir ton tai sO
nguyén m sao cho A =Il,. Khi do, I, =1, suy ra
R ~R™. Do R la nira vanh chia nén R cd IBN, suy ra
m=Kk.

Tiép theo, tac gia tién hanh so sanh hang nhan tir va
hang ty do on dinh ctia ma tran trén 16p nira vanh kha rong
da duoc khao sat trong [6], d6 1a 16p nira vanh c6 SUGN.

Ménh dé 3.11. Cho R la nita vanh ¢6 SUGN va A la
ma trdn ty do on dinh trén R. Khi do, A c6 hang duy nhat

va0<rank(A)=f (A)< f(A).

Chitng minh.

Do R ¢6 SUGN nén R ¢6 UGN, suy ra ma tran A c0
hang khong 4m duy nhat. Gia s rank (A)=s-r>=0 véi
r,s la cac s6 nguyén khong am sao cho A® |1, = I_, theo
Ménh ¢ 2.17 ta cé:

s=f(1,)=f(A®I,)< f(A)+f(1,)=f(A)+r
suy ra f(A)>s—r=rank(A). Do R c6é SUGN nén theo
[5,Dinh Iy 3.2], ma tran A c6 hang nhan tir 6n dinh khong
am, gia su f(A)=m. Khi do, lim[ f (A®1,)—k]=m.
Do {f (A® Ik)—k} la mot diy sb nguyén nén ton tai
k, eZ* f(A®@I,)-k=mvk>k, suy ra
f(A®1,)=k+m,Vk >k, . Ta cé cac truong hop sau:

sao cho

-Néu r>k, thi s=f(I,)=f(A®I )=m+r suyra
f(A)=m=s-r=rank(A).

- Néu r<k, thi tr A®Il =I_ suy ra

A®I, @I, =1,®I,_, hay A@I =1  suy ra

stko—r="F(l, )=f(A®I )=m+k, suy ra

S+kg—r
m=s—r hay f(A)=rank(A).
Trudng hop diu bang xay ra cia bat dang thirc & Ménh

dé 3.11 dugc xem xét trén 16p nira vanh hep hon 16p nira
vanh ¢6 SUGN. Trudc hét, ta c6 ménh dé sau:

Ménh dé 3.12. Cho R la nita vanh théa man diéu kién:
Véi moi ma tran vuéng A,BeM, (R), néu AB =1 thi
BA=1,. Khi do, R c6 SUGN.

Chirng minh.

Gia sir R khong phai 1a nira vanh ¢6 SUGN, khi d6, ton
tai cic matrin Ae M, (R),BeM,_ (R) sao cho

mxn nxm

AB=1_van<m.

1
bat A{ A\ }B:(Bixn
Ai XN

m-n)

2
an(m—n) )
ta co

1 1pl 1n?2 I 0
g A (8 B7)- AB ABY) (I,
A AB* AB*) |0 I,

AB' =1 ,A'B*=0,A2B' =0,A’B2 =1 ___ .
Do A'B'=1 nén B'A' =1,
0=0A' = AZB'Al = A?|_ = A2
suy ra I, =A’B’>=0B"=0 (vdly).
Vay R 1a ntra vanh ¢c6 SUGN.
B6 dé 3.13. Cho A, la ma trdn liiy ddng trén nira vanh
R.Khidé, f(A)=Kk khiva chi khi ton tai ma trn lily ding
ddy B, € M, (R) saocho A =B,.

suy ra

suy ra

Chitng minh.
Néu f (A)=k thi ton tai ciac ma trAn
EeM,(R),FeM, (R) sao cho A=EF. Dit

B, = FAE . Tac6 B? =(FAE)(FAE)=FAAAE, do A la

ma trin lily ddng nén A°=A suy ra B’ =FAE =B hay
B 14 ma tran lily dang. Mat khéc,

A=A’ =A(EF)A=(AE)(FA)
{B = FAE = FAAE = (FA)(AE)
suy ra A, =B,.
Theo Ménh dé 2.11 taco k= f(A )= f(B,). Vay B, la
ma trén liy dang day va B, = A,. Nguoc lai, neu ton tai
ma trin lily ddng ddy B, e M, (R) sao cho A =B, thi
f(A)=f(B,)=k.

Tir Ménh dé 3.11, Ménh dé 3.12 va B6 dé 3.13, ta thu

duoc hé qua sau vé dicu kién can va du dé nira modun tu
do on dinh 1a tu do.
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H¢ qui 3.14. Cho R la mita vanh théa man diéu kién:
V6i moi ma trdan vuéng E,F e M, (R), néeu EF =1 thi
FE =1,. Gia sir A la ma tran tu do on dinh trén R. Khi
dé, rank(A)= f(A) khi va chi khi ton tai duy nhdt sé
nguyén k khoéng &msao cho A=, .

Chirng minh.

Néu ton tai s6 nguyén k khong &m sao cho A= 1, thi
rank (A) =k . Theo Ménh d¢ 2.11 va Ménh dé 2.17, R c6
SUGN suy ra f(A)=f(l,)=k=rank(A). Nguoc lai,
néu f(A)=rank(A)=t thi t>0 va ton tai so nguyén r
khéng &m sao cho A®@ I, =1, (2)

Mit khac, do f (A)=t néntheo Bo dé 3.13, ton tai ma
tran lily ddng ddy B, € M, (R) saocho A= B, (3)

T (2) va (3)suy ra B, @1, =1, . Khi d6, ton tai cac
ma trgn  vubng E,FeM, (R) sa0  cho
B,®I, =EF;l,,, = FE. Theo gia thiét, FE =1, suy ra
EF =1 suyra B®I =1_ suyra B, =1.Vay A=1,.
Gia sir ton tai s6 nguyén khong 4m ¢ sao cho A= I, suy
ra |, =1, hay R'=R". Do R la nira vanh c6 SUGN nén R
lantavanh IBNsuyra t=q.0

r+t

Hé qua 3.15. Cho R la nita vanh théa man diéu kién:
Véi moi ma trgn vuong E,F e M (R), néu EF =1, thi

FE =1,. Gia sw A, la ma trdn tu do on dinh trén R. Khi
do, A, la ma trdn 6n dinh day khiva chi khi A, =1, .

Chitng minh.

Néu A =1, thi f(A)=rank(A )=rank(l,)=n
suy ra A, la ma tran 6n dinh day. Nguoc lai, gia st A, la
ma tran On dinh day, theo Ménh d¢€ 3.11 ta co

n=f(A)=rank(A)< f(A)<n
suyra f(A) :?(A) =rank(A)=n.
Ap dung H¢ qua 3.14 ta dugc A =1, suy ra tdn tai cac
ma tran vuéng E,F e M (R) saocho A =EF;I =FE.
Theo gia thiet, EF =1, suyra A =1, .0

Nhin xét 3.16. Néu R 1a nira vanh théa man diéu kién:
V6i moi ma trdn vuong E,F e M, (R), néu EF =1 thi
FE =1, . Khi d6, moi ma tran tw do én dinh khac khong
déu c6 hang duong. That vay, gia st A e M_ (R) lama
tw do o6n dinh. Theo Ménh d&& 3.11,
rank (A) = T (A)2 0. Mit khac, theo [5, Ménh d& 3.9] ta

tran

c6 f(A)>0,suyra rank(A)>0.

4. Két luan

Bai bao da dat duoc mot sb két qua chinh sau day:

+ Chi ra mot 16p nra vanh ma trén dg') moi ma tran tu
do 6n dinh déu c6 hang khong d&m duy nhat qua Dinh 1y 3.6
va mét 16p nira vanh ma trén d6 cac vi nhom SFV (R),

SV (R) va V(R) trung nhau.

+ Pua ra két qua so sanh han tu do on dinh va hang
nhan tir ciia ma tran liiy dang trén 16p nira vanh kha rong
(ntra vanh c6 SUGN) qua Ménh d& 3.11, tir d6, chi ra diéu
kién can va du dé nira modun tu do On dinh 1 tu do trén
mot 16p nira vanh dac biét va dugce thé hién & Hé qua 3.14.

+ M6 ta mot 55‘3 tinh chat dic trung ciia ma tran ty do on
dinh qua Ménh @é 3.7, Hé qua 3.15 va Nhén xét 3.16.
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