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Tém tit - Trong bai bao ndy, nhém tac gia nghién ciru phuong
phép Newton nira tron cho bi toan bu phi tuyén trong khong gian
R™. Strdung ham NCP ¢ (a, b) = min{a, b}, nhém tdc gia chuyén
bai todn bu phi tuyén vé bai toan tim nghiém cua phuong trinh
khong tron trong khong gian R™. Dé c6 thé 4p dung dugc phuong
phap Newton nira tron cho phuong trinh khong tron vira nhéan
duoc, nghién ctru tinh kha vi Newton ciia ham sé NCP ciing nhu
ham s& & bén trai ciia phuong trinh nay. Tinh kha nghich va bi
chin ctia dao ham Newton ctia ham s dugc chung minh véi mot
s6 didu kién phu hop. Tir do, trinh bay phuong phap Newton nira
tron dé giai phuong trinh khéng tron. Phuwong phap duoc chimg
minh c6 tdc d hoi tu bac hai dia phuong dén nghiém ciia bai toan.
Day la két qua chinh cta bai béo nay.

Tw khoa - Pao ham Newton; Kha vi Newton; dao ham Newton
manh; Kha vi Newton manh; Phuong phap Newton ntra tron

1. Pat vin dé
Trong bai bao nay, nhém tac giakihiéu I = {1,2,...,n}
va nghién cuu bai toan bu phi tuyén NCP (F) nhu sau: Tim
x € R™ thoa man
x; 2 0,F(x) =2 0,x;F;(x) =0,Vi €, 1)

Trong d6, ham sb6 F:R"™—>R"™ xac dinh boi
F(x) = (F{(x),Fy(x),..., E,(x)) la ham kha vi lién tuc va
x = (xy,%p,...,%,) €ER™

Bai toan bu phi tuyén dugc 4p dung trong rat nhidu Gmg
dung nhu nghién clru cac toan tir, hé can béng kinh té cling
nhu trong khoa hoc ki thuat va duoc gidi thiéu 1an dAu trong
ludn 4n tién si cua Cottle nam 1964. Phuong phap thuong
dung dé giai bai toan bu phi tuyén nay 1a dua vé bai toan
tim nghiém cta phuong trinh twong dwong. Sau d6, su
dung phuong phép s6 dé tim nghiém ciia phuong trinh nay.
Mot trong cac phuong phap thuong dugc sir dung la dua
bai toan NCP(F) vé giai hé phuong trinh ®(x) = 0 cua
Mangasarian dugc gidi thi¢u trong [1] va st dung gidi thuat
Newton dé tim nghiém.

Hién nay, c6 mot s6 ky thuat dé dua bai toan NCP (F) vé
bai toan giai hé ®(x) = 0 trong d6 ham ®(x) duoc chon
khéc nhau, xem [2, 3, 4, 5, 6, 7]. Tuy nhién, cac ham & déu
14 cac ham khong tron nén ngudi ta cAn mé rong giai thuat
Newton cho bai toan NCP (F). Cach tiép can thir nhat 1 sir
dung giai thuat Newton nura tron cho ham ®(x) dua trén
khai niém dudi vi phan cua Clarke [8], cia Qi va Sun [9].
Mot trong nhiing giai thuat Newton nua tron dugc dua ra

Abstract - In this paper, we study the semismooth Newton
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sém nhét 1a caa Harker va Pang [10] va dugc phat trién boi
Kanzow [11]. Tuy nhién, véi cach chon ham P (x) gom céc
ham thanh phan 1 ¢ (a, b) = min{a, b}, céc bai viét nay chi
méi nghién ciru cho bai toan bu phi tuyén vai F Ia ham tuyén
tinh. Mot cach tiép can khac 1a sir dung ham & gém cac ham
thanh phan 1a ¢(a, b) = Va? + b% — (a + b) cta Fisher-
Burmeister, xem trong [3, 4]. Sau nay, giai thuat duoc cai
tién dé nhan dwoc sy hoi tu toan cuc ciing nhu tée do hoi tu
tuyén tinh boi Luca [6], Qi [12], Facchine va Soares [2]. Mot
trong nhing wu diém cua phuong phdp nay la c6 thé 4p dung
linh hoat cho cé4c bai toan ba phi tuyén NCP(F).

Céch tiép can thu hai dugc s dung rong réi trong
nhitng nam gan day 1a x4p xi ham ®(x) boéi ham @, (x)
V6i u >0, dugc goi 1a tham sd tron héa, théoa mén
lim,, o @, (x) = ®(x). Tir day, thay vi gidi h¢ ®(x) =50,
ta giai h¢ @, (x) = 0. Phuong phép nay co nhfrng uu diém
laco the ap dung truc tlep giai thuat Newton dé tim nghiém
truc tiép ciia bai toan. Dén nay, da c6 rat nhiéu bai béo sir
dung phuong phap nay nhu Kanzow [5, 13].

K§ thuat dé dua bai toan bu phi tuyén NCP(F) vé bai
toan tim nghiém ctia phurong trinh phi tuyén 14 sir dung ham
NCP. Ham NCP 1a mot &nh xa ¢: R? - R c¢6 tinh chat

o(a,b)=0a=>0,b=0,ab=0.

Trong bai b&o nay, nhém tac gia s€ ding mot ham NCP
cu thé. 6 1a ham ¢ xac dinh boi

¢(a, b) = min{a, b}. 2
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Luc nay, néu ta dinh nghia toan tor ®: R" - R™ xac
dinh boi

@ (xy, F1(x))
O(x) = ( : ) 3)
@ (xn, Fy(x))

thi ta c6: x* 1a nghiém cua bai todn NCP(F) khi va chi khi
x* la nghiém cta phuong trinh ®(x) = 0. Vi vay, giai bai
toan NCP(F) tuong duong véi viéc giai phuong trinh phi
tuyén &(x) = 0.

Trong céc phan tiép theo cuia bai bao, nhém tac gia s&
trinh bay phuong phap Newton ntra tron dé giai phuong
trinh & (x) = 0 v&i ® 1a ham cho bai (3).

2. Mgt sb tinh chét ciia toan tir ®

Bo dé 2.1 Ham ¢ xdc dinh boi (2) la ham lién tuc
Lipschitz va kha vi theo hieéng tai moi diém trong R2.

Chuzng minh. Truéc hét, dé dang nhan thay ham ¢ xéc
dinh bai (2) co6 thé dugc biéu dién dudi dang

1
¢(a,b)=1[a+b—|a—bl]

Khi d6 véi moi x = (ay,by);y = (ay, by) € R?, ta co:
lo(x) — eI

1
SE“(% —ay) + (by — by)| + |ay — by| — |a; — by]]

IA

(I(ay — az) + (by — by)| + |(a; — az) — (by — b2)|)

IA
N = N =

(I(ay — az) + (by — by)| + |(a; — az) — (by — b2)|)

< % 2V2y/(a; — a,)? + (b, — b,)?

<V2|x -yl

Do d6, ham ¢ xac dinh bai (2) 1a ham lién tuc Lipschitz
véi hang sb Lipschitz L = v/2.

Tiép theo, ta s& chang minh ham ¢ xéc dinh bgi (2) 14
kha vi theo huéng tai moi diém x = (a, b) € R? véi dao
ham theo huéng d = (d;, d,) € R? x4c dinh béi

dy, néua < b,
@'(x;d) =1{dy, néua > b,
min{d,,d,}, néua = b.

Néu a < b thi ta c6 thé chon 2 —» 0% du bé sao cho
a+Ad, < b+ Ad,. Khi db,
I i loOxtAd)-e(x)| . _
¢'(;d) = lim =———== lim d, = d,.

Do d6, ¢'(x;d) =d,. Tuong tu, néu a>b thi
@'(x;d) = dy.

Néu a = b thi
ey e G~ ()]
¢'(x;d) = lim, 2
_ 1. [dy+dr)-ldy—dal] .
= ;113(1)1+ ——— —— =min{d;, d,}.
Viay, Bb dé 2.1 dugc chimg minh. O

Pinh nghia 2.1 Cho U 1a mét tdp md ctia Q < R"™ va f
1a mot anh xa xac dinh trén Q. Anh xa f: Q — R" duoc goi
ld& kha vi Newton tai x €U néu ton tai &nh xa
F:U - L(Q,R™) sao cho

lim fCGeth)—f)—F(x+m)R|| _ ‘ (4)
h-0 [[R]]
Trong do, £(Q, R™) 1a tap cac phiém ham tuyén tinh lién
tuc tr Q vao R™. Khi do, F dugc goi la mot dao ham
Newton cua f tai x.
Dinh nghia 2.2 Cho U la mft tip mé cta Q c R™ va f
Ia mot anh xa xac dinh trén Q. Anh xa f: Q — R™ duoc goi
la kha vi Newton manh tai x € U néu tdn tai anh xa
F:U - L(Q,R™) sao cho
. If(x+h)—f(x)-F(x+h)h||
Him Ik =0 ®)
Khi @6, F duoc goi la mot dao ham Newton manh cua
f tai x.
DPinh li 2.1 Ham ¢ xdc dinh bdi (2) kha vi Newton manh
tai moi diém véi dao ham Newton manh cho béi ma trdn
co'1 X 2 sau:

GW) = (p:(0) @20,
trong dé6y = (v1,v2) € R?,

néuy; <y,,
néuy; >vy,,

néuy, =y,

1Y) = 01V, ¥2) =

NIR O

va
, néuy; <y,
, néuy, >y,
, néuy; =y,

Chang minh. Ta s€ ching minh G (y) € L(©, R™). That
vay, G(¥)(-) 1a mot phiém ham tuyén tinh va

Néu y; < y, thi

eIl = ||§ll|l|91”6mh” <L

Néu y; > y, thi twong tu nhu trén, ta c6 ||G(y)]|| < 1.

©2(¥) = 0201, y2) =

NIR kO

Néu y; =y, thi
1
NGOl = sup [[G)A]| =3
[lh]|=1

Vay,tacd G € LIQ,RM) va ||GY)|| < 1 véi moi y.
Tiép theo, s& ching minh G 1a mot dao ham Newton
manh cua ¢. That vay, véi mdi y = (v1,y,) € R? va
h = (hll hz) € RZ.
Néu y; <y, thi vi h > 0 nén ta c6 thé chon h sao cho
y1 + hy <y, + h,. Khi do,
lim II<p(y+h)—<p(y)2—G(y+h)hI|
h—0 1Rl
= lim H1tha)—yi—hall _ 0
h—0 [Ih]]? '
Néu y, > v, twong ty nhu trén ta c6 thé chon h sao cho
y; + hy >y, + h,. Khi d6, ta ciing thu dugc
lim ||<P(Y+h)—¢(3’)2—6(3’+h)h|| =0.
h—0 1Rl
Néu y, = y, thi ta xét cac truong hop sau:
Truong hop hy; < hy,:
lim ley+h)-e¥)-G(y+h)h||

h—0 [1hl|2
= lim HGatha)—yi—hall _ 0
h—0 [Ih11?
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Truong hgp hy > h,: twong tu nhu trén.
Truong hop hy = h,:
lim lle+h)—@()-G(y+h)h||
h-0 [Ih1|?
. 1+hy)-y1—3(ha +h)|
= lim
h—0 [|R112
Do vay G la mot dao ham Newton manh ciia ham ¢ xac
dinh béi (2) tai moi diém. o
Pinh li 2.2 Ham & xdc dinh boi

(‘P(xl' F1(x))>
P(x) =
(xn, Fu (X))

kha vi Newton manh tai moi diém x € R™ véi dao ham
Newton manh cho boi

=0.

@' (x) = A(x) + B(x)F'(x), ©)
Trong do
@1(x, Fi(x)) .. 0O
0 v 0100, Ey ()
<(p2(x1'F1(x)) 0 )
B(X) =|: .ol )
0 v 300y, F (%))

va
F'(x) = ( )la ma tran Jacobi cla f tai x.

Ching minh. V&i mdi x € R™ va w € R™, xét hiéu
O(x + w) — P(x) — ¢'(x + w)w. Bang cach khai trien
va tinh toan tryc tiép ta thu dugc vecto biéu dién hiéu trén
véi hang tha i xac dinh boi

M; = o(x; + w;, Fi(x + w)) — (x4, Fi(x))
—p1(x; + Wy, Fi(x + w))w;
_<P2(xz + (‘)L'F(x + w))Z} =1 ox;j w
bat
a={jly <F)}
B ={lx > F(x)},
y = {lx = F ()}

Ta xét cac truong hop sau:

Véii € a, chon w du bé sao cho x; + w; < F;(x + w),
ta co:

IMil _ |y Fideimxizod _ 0.
w-0 ||wl] w-0 [lowl]

Véi i € B, chon w @i bé sao cho x; + w; > F;(x + w),

ta co:

aF;
n
|Fi(x+w)_Fi(x)_Zj=1a_x;wj|

w—-0 [lo]]

|M;]
w-0 ||wl]
do F; 1a cac ham kha vi.
Véii ey, taco
Néu x; + w; < F;(x + w) thi twong tu trudng hop
i €a,taco
Ml

w-0 [|w]]

Néu x; + w; > F;(x + ) thi twong ty trudng hop
i €p,taco
Ml _
w-0 |w]]
Néu X + w; = Fi(x + (1)), thi ta Cé
M)
w-0 [|w]]

n OF;

1
|Fi(x+“’)_Fi(x)_§“’i_zzl 13%;

. wll
= lim
w—0 [lwl]

(R Gctw)—Fi(0—S 30 1Z§]w,>|

= lim =0.

w-0 [lwl]
Do d6, trong tat ca cac truong hop ta déu co
lim [|D(x+w)—D(x) -’ (x+w)w||
w—0 [lwl|

<y lim Ml _

w—»O ||w||
Vay @' xac dinh boi (6) 1a mot dao ham Newton manh
cua ham &.

Dinh nghia 2.3 Mot ma trin M € R™™ dugc goi la
P-ma tran néu véi moi x € R™\{0}, ton tai mot tap chi s6
lp = ip(x) < I sao cho x; [Mx];, > 0.

Pinh li 2.3 Gid su F'(x) la mgt P-ma trdn. Khi do, dao
ham Newton cua @ xdc dinh boi (6) kha nghich.

Chirng minh. D& thiy A(x) va B(x) la cac ma tran
duong chéo xac dinh duong. Hon nita A(x) + B(x) xac
dinh duong nén voi gia thi€t F'(x) la P —ma tran, theo
DPinh li 2.7 trong [13] ta c6 dieu phai ching minh. U

Trong [14], ta d4 biét rang véi A, B la cac ma tran vudng
va C 1a mot ma tran c6 chiéu thich hop thi
(A+CBCTY 1 = A1 — A"1¢(B™ + CTA™IC)1CTA .

Xét ma tran vuong khdi c6 dang

_ (A B

m=(3 ) (7
Trong d6, A,B,C,D lan luot la cidc ma tran c&
kxm,kxn,lxmvalxnsaoghok+l=m-|-n. Khi
do6, theo [15] va[16] ta c6 ménh d¢ sau:

Mgnh aé 2.1 (i) Gia si- A kha nghich. Khi d6, ma trén
khoi M xdac dinh bgi (7) kha nghich khi va ch7 khi phan bu
Schur D — CA™1B cua A kha nghich va

M-l = (mn m12)

My Myy)’

trong do

my, =A1+A7B(D — CA™1B) 1CcA™},
=—-A"1B(D-CA™B)™},

my, = —(D — CA™1B)™1cA™1,

m,, = (D — CA™1B)™1,

’(ii) Gia sir D la ma trgn khd nghjch. Khi do, ma‘trc_in

khoi M xac d@inh bai (7) kha nghich khi va chi khi phan bu
Schur A — BD™C cua D khd nghich va

M-l = (mn m12)

My Myy/’
trong do

my;, = (A—BD™10)71,
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my, = —(A—BD™1C)"1BD1,
my, = —-D"1C(A—BD™1C)71,
My, =D~ 14+ D71C(A—BD™1C)"'BD1.
Véi mai X = (X1, Xz, e, Xp) € R® va
F = (F,F,, ..., F,), taki hi¢u céc tap chi s6 nhu sau
a={iel|x; < Fi(x)},
B ={i€llx; > F;(x)},
y ={i €l|x; = F;(x)}.
Cho M la mot ma tran vudng cap cap n. Ta ki hiéu M,
la ma tran con cua M ung vaéi cac hang a va cac cot 8. T

day, ta dinh nghia cac ma trén con cia ma trén Jacobi
JF;

F'(x) = (6_x]> = (Fi’j)lsi,jsn cua f tai x:
F/:L’p = (Fi,j):i EWjED,
V6i u, p 12 tap cac chi s ctia ma trén Jacobi F'(x).

Khi @6, tinh kha nghich ctia ma tran

M) = (F’%ﬁ @ o) )
Fp(x) Fy(x)+1,
duogc dua ra trong dinh 1i sau.

Dinh 1i 2.4 (i) Néu véi mdi x € R", Fyp(x) kha nghich
va phan bii Schur ciia Fgp(x) kha nghich thi ®'(x) xac
dinh béi (6) kha nghich.

(i) Néu véi méi x € R, F), (x) + I, kha nghich va
phan bu Schur cua F,,(x) + I, khd nghich thi ®'(x) xac
dinh boi (6) kha nghich.

Chang minh. Véi mdi x € R™, ta co

Q1(x;, Fi(x)) = 1,92 (%, Fi(x)) = 0,Vi € a,
P1(xp, Fi(x)) = 0, 92 (x, Fi(x)) = LVi € B,
0100, F () =35, 020, Fi(x) =5 Vi €.

Do d6, dé don gian céc ki hiéu ta viét lai cac ma tran

A(x),B(x),F'(x), ®'(x) duédi dang

a

I, 0 0
A):=4=(0 0% 0
0 0 I
0, 0 0
Bx):=B=|% & 0 |
0 0 I
Féa Folc[f Fozy
F’(x).—F'_<F,;a Fap Fgy ),
Fra Fyg By
o,
P'(x):=0 = Dp
@y
Khi d6, véi d,y € R™ bat ki, ta c6
d'd=y
dg = Ya

Fgody + Fgpdg + Fp d,
1 1 1 1. _
Edy +5Fyada +EF1:BdB +5Fy},d}, _yy

dg = Ya
& { Fgpdp + Fpyd, =Yg — Fpada
Fypdg + (Fy, + 1,)d, =2y, — Fad,
Tu day suy ra @' kha nghich khi va chi khi hé phuong
trinh
{Féﬁdﬁ + Fgydy =Yg~ Fgada
Fypdg + (Fy, + Ly)d, =2y, — F,d,
¢6 nghiém duy nhat. Hon nita, hé trén c6 nghiém duy nhat
khi va chi khi ma tran khoi

Fj Fj
M= ( oo Py )
Fyﬁ Fw + Iw
kha nghich. Do d6, ma tran ctia dao ham @’ kha nghich khi

va chi khi ma tran khéi M xéc dinh 6 trén kha nghich. Theo
Dinh 1i 2.1 ta c6 céc két luan (i) va (ii). U

3. Phuong phap Newton nira tron

Trong phan niy, nhom tic gia trinh bay giai thuft
Newton ntra tron cho bai toan bu phi tuyén. Giai thuat dugc
mo ta nhur sau: Chon x° € R™. V&i mdi k > 0, xét day {x*}
xac dinh boi

xk* = xk — @' (x*)D(x¥).
Gia thiét 1 Cho QO c R" la tdp mo khdc réng. Xét ma
tran
3 Fgp(x) Fg,(x)
Mx)=\ ., ,
Fp(x) F,(x)+1,
voi = {i € I|x; > Fi(x)},y = {i € I|x; = F;(x)}. Gia si
mot trong hai diéu kién sau day thoa man

* Fgg(x) khd nghich va bj chan déu trén Q. Phan bu
Schur cua Féﬁ (x) kha nghich va bi chan déu trén Q.

* B}y (x) + Ly, kha nghich va bi chin déu trén Q.. Phan bii
Schur cia F,, (x) + L, kha nghich va bi chan déu trén Q.

Pinh li 3.1 Gid su Gia thiét 1 théa man. Khi dé, dao
ham @’ (x) kha nghich véi moi x € Q va [®'(x)]~! bi chan
deu trén D. Hon nita

3+ Fgo ()
')V <1+ M~ Y(x l,ga ,
19 G I < 1+ M7 Go) ( I E) |
trong do
M) = (Féﬁ(x) Fg, () )
Fp(x) E,(x)+ 1,
va
a={i€l|x; < Fi(x)},
B = {i €llx; > F;(x)},
y ={i €l|x; = F;(x)}.

Chitng minh. Theo Dinh 1i 2.4, &' (x) kha nghich. Phan
con lai cua dinh li duwoc chimg minh twong tu nhu ching
minh cua B6 dé 3.6 trong [17] va B6 dé 3.4 trong [18]. That
vay, voi d,y € R™ sao cho ®'(x)d = y, tir chimg minh
cta Pinh 1i 2.4 va tinh kha nghich cua ®'(x), ta c6

dg
(@' )y =d=|dg

e (M-tconen)

Y
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trong do
— Fg,(x
NG = (yg 305( )V )
ZyV - Fya (x)Ya
Twr d6 suy ra

190y 1= [ (s o)
<Il yu Il +I M=) Il N(x) Il
Hon nira,
Il NGO NIy — Fp ()Y Il 41 25, — Fye () I
<l yp I+ Fa GO Iy 142 1y, I +11 Ejg () 1l g .
Do do,
I (') y i
<Ny I+ M2 I (Il yg I 41 Fao G Ny I
+2 1y 1T+ Ejp () Iy 1)
< (141 M7 @) 1 (14 o () I +24+0 B GO 1)) 1y 1

< (1+|| M) 1| (B4 Fpo(x) Il +11 Ejg (%) ||)) Iyl O
Pinh li 3.2 Gid sir ham F théa man Gid thiét 1. Khi do,
voi x° € R™ du gan nghiém x* € Q Cua phwong trinh
@ (x) = 0 thi giai thudt Newton nvra tron xdc dinh boi
Xk+1 — Xk _ [(Dl(xk)]—l(p(xk),
héi tu béc hai vé nghiém x*.
Chirng minh. Vi Gia thiét 1 dugc thoa man nén ton tai
M >0 sao cho [ [®(x)]*ISM véi moi x€Q.
Mat khac, vi @ la ham kha vi Newton manh nén ton tai
€ € (0,1) sao cho véi moi x € B(x*, €) tacod

| &(x) — D(x*) — D' (x)(x —x*) II< % I x —x* 12
Khi d6, véi x, € B(x*,€) vagiast x, € B(x",€),tacd
Il Xy — 2™ |l
= x, —x* = [®'(xF)] LD (xF) + [@'(xF)] 2D (x*) Il
< @ DI @ () — (™) — D' () (e — %)

€
SMﬁllxk—x* 1= € Il x,, — x* II2.

Diéu nay chi ra rang, x,,, € B(x",€) va ddy {x;} hoi
tu bac hai vé nghiém x*. O

4. Két lugn

Trong bai bdo nay, da trinh bay giai thuat Newton nira
tron cho bai toan bu phi tuyén. Nhém tac gia sir dung ham
NCP ¢ (a, b) = min{a, b} dé dua bai toan bu phi tuyén vé
bai toén tim nghiém cua phuong trinh ®(x) = 0. Nghién
ctru chimg minh rang, ham & kha vi Newton manh va
phuong phap Newton nira tron héi tu dia phuong bac hai dén
nghiém ctia phuong trinh néu Gia thiét 1 dugc thoa man.

Loi cam on: Mot s6 két qua trong bai bao nay duogc tac gia
Duong Xuan Hiép nghién ctru trong thoi gian hoc thac si
tai Vién toan hoc, Vién khoa hoc va cong nghé¢ Viét Nam.
Téc gia Duong Xuan Hiép xin gui 161 cam on Quy Unesco
da ho tro trong dé tai nghién ciru danh cho tai nang tré ma
s6 ICRTMO03_2021.03.
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