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Tém tit - Trong nhitng nim gan déy, mdt trong nhimg huéng dugc
nhiéu nguoi quan tim 1a nghién ctru vé mdi lién hé gifra c4c tinh
chét topo trén khong gian topo (X,7) véi cac tinh chét topo trén

siéu khong gian Pixley-Roy PR[X] gdm céc tap con hitu han khac
rong ciia x. Trong bai bao nay, nhom téc gia nghién ctru vé tinh
tri mat, khong gian L’indeldf yéu, mang Pytkeqv chat, cn-mang va
da thu dugc nhiing két qua mdi nhu sau: (1) Néu ¢ 1a mot tdp mo
trong siéu khong gian Pixley—Roy PR[X], thi Uz 1a mét tdp mo
trong x. (2) Ton tai T, -khong gian X sao cho U4 mo trong X
nhung 4 khéng mé trong PR[X]. (3) Néu 4 tri mit trong siéu
khong gian Pixley-Roy PR[X],thi U4 trd mat trong X. (4) Néu
siéu khong gian Pixley—Roy PR[X] 1 Lindel6f yéu, thi X ciing la
khong gian Lindel6f yéu. (5) Néu X c¢6 mang Pytkeev chit, thi siéu
khong gian Pixley—Roy PR[X] c6 mang Pytkeev chat.

Tir khéa - Lindel6f yéu; Fréchet-Urysohn; T, -khdng gian; mang
Pytkeev chat; siéu khong gian; Pixley—Roy.

1. Gi6i thiéu

Nam 1978, David J. Lutzer da dq’a ra khai niém vé topo
Pixley-Roy trén tdp PR[X] gOm tat ca cac tap con khac
rong hiru han ctia mot khong gian topo (X,7), sau nay
nguoi ta goi la siéu khong gian Pixley-Roy PR[X]. Tac gia
d3 thu dwoc nhidu két qua quan trong vé gia-dic trung dém
dugce, tinh hoan chinh cua siéu khong gian Pixley-Roy
PR[X] va moi quan hé cua cac tinh chat topo trén khong
gian topo (X,7) vdi cac tinh chat topo trén siéu khong gian
Pixley-Roy PR[X] cta n6 (xem [1]). Tu d9, siéu khong
glan Pixley-Roy da thyc sw thu hat nhiéu nha toan hoc trén
thé gidi quan tdm nghién ctru, nhiéu két qua tha vi da thu
dugc veé khong gian con, tinh kha metric, tinh compact, tinh
paracompact, tinh Lindeldf, tinh di truyén cua topo Pixley-
Roy, déc biét 1a cac tinh chat mang (xem [2, 3, 4]).

Trong bai béo ndy, nhom tac gia nghién ciru mdi lién
hé ctia mot sb tinh chét topo giita khong gian topo (X,7)
va siéu khéng gian Pixley—Roy PR[X] cua nd.

Tat ca cac khong gian topo trinh bay trong bai bao nay
duoc nhom téc gia quy udc la khong gian Hausdorff, con
khai niém va thuat ngir khac néu khong ndi gi thém thi
duoc hiéu thong thuong. Ngoai ra, nhém tac gia sir dung
thém mot s ky hiéu: A 1a bao dong cia A trong X, con
néu A la tap con cua siéu khong gian Pixley-Roy PR[X],
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thi ky hiéu c1(.A4) 1a bao déng ciia Atrong PR[X] va
=U :U eA}.

2. Co 6 li thuyét va phwong phap nghién ctru
2.1. Co 56 li thuyét

Gia str (X,7) la mdt khong gian topo va ki hiéu
PR[X] 1a ho gdm tit ca cic tap con khic rdng hiru han
cua X.

Véimoi neN, ta dit

PR, [X]={Ac X :1<| Al<n}.
Khi do, PRIX]= | J PR,[X].
neN
Giasir F,Ac X, tadat
[F,Al={H € PR[X]: F c H c A}
Trén PR[X] ta xét ho
B={[F,V]: F e PR[X], V e7}.

B6 dé 2.1.1 ([1]). B Ia co sé ciia mot topo néo do trén siéu
khéng gian Pixley-Roy PR[X].
Pinh nghia 2.1.2 ([1]). Topo dugc xac dinh trong B6 dé
2.1.1 duogc goi 1a topo Pixley—Roy cua PR[X], va PR[X]
cung véi topo nay dugce goi la siéu khdng gian Pixley—Roy.
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Pinh nghia 2.1.3 ([2]). Khdng gian topo (X,7) duogc goi
1a Lindeléf néu moi phi mé U cia X, ton tai phi con
dém duoc.

Khéng gian topo (X,7) dwoc goi la Lindelsf yéu néu
moi phi mé ¢ cua X, ton tai ho con dém dugc V « U/ sao
cho Uy triu mat trong X.

Nhan xét 2.1.4 ([2]). Mdi khong gian Lindelof 1a khong

gian Lindeldf yeu.

DPinh nghia 2.1.5 ([2]). Gia st (X,7) 12 mot khong gian

topo, A< X va X e X. Khido, tandi A tu tai diém x hay

x la diém tu cia A néu moi 1an cén cia x chira vo han

phan tir cia A

DPinh nghia 2.1.6 ([2]). Gia st (X,7) 1a mot khong gian

topo va P 1a mot phu gdm cac tip con nao d6 cua X.

Khi do,

(1) P duogc goi la cn-mang ciia x néu véi mdi lan can
U cua x trong X, tip hop {PeP:xePcU} la
lan can cia x.

(2) P dugc goi 1a mang Pytkeev ciia X néu n6 1a mang
clia X va voimdilancan U cua x trong X, va véi
mdi tip con A trong x cé diémtula x, tontai Pe P
sao cho p~A lavohanva PcU.

(3) P duoc goi 1a mang Pytkeev chdt cia x néu né la
mang cia X va voi mdilan can U cua x trong X,
va v6i mdi tap con A trong x cé diém ty 1a x, ton tai
PeP saocho p~A lavohanva xePcU.

2.2. Phwong phdp nghién ciru
Nhom tac gia st dung phuong phap nghién ciu ly

thuyet trong qua trinh thyc hién bai bio. Nghién ctru cac

bai bao cua cdc tac gia di trudc, bang cach tuong tur hoa,
khai quat hoa nham dua ra nhiing két qua méi cho minh.

3. Két qua va danh gia

3.1. Két qui

B6 dé 3.1.1. Gid sir (X,7) la mét khéng gian topo. Khi

as, néu U la mét tdp mé trong siéu khong gian Pixley—

Roy PR[X], thi UU la mét tdp mo trong X.

Chimg minh. Gia st x € U4, khi d6 ton tai F € U sao cho
XeF. Boivi F el néntdn taitap V motrong X saocho
Fel[FV]cU.

Mit khac, vi F <V nén xeV. Do do, ta chi cin chimg

to r??mg V < UU.

That vay, gia st z eV, khido

Fc{z}UF cV.

Diéu nay chimg t6 rang

{3UF e[FV]cU.
Suy ra
ze{z}uUF cUlU.

Nhu vay, V < Ui, do d6 UU 1a mot tip mo trong X.
Vi du 3.1.2. Ton tai T,-khéng gian x sao cho U.A mé
trong x nhung A khong md trong siéu khong gian
Pixley—Roy PR[X].
Chitng minh. Gia st X 1a tap vo han véi topo Zariski
r={Ac X: A= hodc X\A hitu han}.
Khi d6, x la T,-khdng gian. That vay, gia sit a,b € X sao
cho a=#b. Ta dat
A=X\{b}, B=X\{a}.
Lac nay, a€ A b e B. Hon nita, vi
X\VA={b}, X \B={a}
nén X\ A va X\B la cac tap con hitu han cua X, do do
A /B e 7. Nhu vdy, A va B 14n luot 12 cac 1an can m& cua
a,b trong x théamin a¢ B vabe A Boithé, x 1aT,
-khdng gian.
Bay gio, ta dat
A={{G:xeX}.
R6 rang UA = X 1a mo trong X. Tuy nhién, A khong
mé trong PR[X].
That véy, gia s nguoc lai ring .4 mé trong PR[X].
Boivi {X}e.A néntontai V €7 sao cho
{Gel{xtVlc A
Mat khac, vi {x}# < va X \{x} vo han nén {X} ¢ r. Hon
nita, vi V €7 va xeV néntasuyraV #{x}, dodo ton
tai Yy eV \{x}. Béi vi
{Gc{x ycVv
nén ta suy ra {x, y}€ A, day la mot mau thuan. Nhu vay,
A khong 1a tap con mo trong PR[X].
Pinh 1i 3.1.3. Gia sir (X,7) la mét khong gian topo. Khi
dé, néu siéu khong gian Pixley-Roy PR[X] la Lindelsf
Yéu, thi X ciing la khéng gian Lindeldf yéu.
Chirng minh. Gia st U 1a mot phu mé ciia X. Ta dat
U={[{x} X]:xe X}.
Véi moi F ePR[X], tacd F=@, dodo ton tai xeF.
Boi vi
{3cFcX
nén ta suy ra F e[{x}, X], kéo theo F e Uy, Mat khéc,
Vi [{x}, X] mo trong PR[X] véimoi X€ X nén Y 1a mot
pht m¢ cua PR[X].
Boi vi PR[X] la khdng gian Lindelf yéu nén ton tai
ho con dém dugc U< U sao cho UY tra mat trong
PR[X]. Do d6, ton tai diy {x,} < X sao cho
U ={[{x,}, X]: neNj}.
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Boi vi, U 1a phi cia X nén v6i mdi neN, ton tai
U, €U saocho x, eU,. Tadat
V={U,:neN}L

Khi d6, V 12 mét ho con dém duge cia Y. Nhu vay, dé
hoan thanh ching minh ta chi can ching to rang UV tru
mat trong X.

That vay, gia str nguoc lai raing )Y khong tri mat trong
X, nghiala

X\UY = @.

Suyratdntai x e X \UV. Béy gio, gia stV 1a mot 1an can
mé bat ki caa x trong X. Khi d6, [{x},V] 14 1an cdn m&
cua {x} trong PR[X]. Ba&ivi {x} e PR[X] va UL tro mat
trong PR[X] nén {x} e c1(UY). Do do,

[{x}V]In(UD) = D.

Suy ra tén tai H € UZ sao cho

{}cHCcV.
B&ivi H e U nén ton tai NN sao cho

H e[{x} X].
Do do,

{X,JcHcX,
kéo theo x, V. Mat khac, vi

X, €U, eV

nén x, e UV. Suyra

X, eV nUV),
kéo theo

VY=

va xeUy, day 1a mot mau thuan.
DPinh 1i 3.1.4. Gid sir (X,7) la mét khong gian topo. Khi

ds, néu A trii mdt trong siéu khong gian Pixley—Roy
PR[X], thi UA tru mdt trong X.

Chitng minh. Gia sir raing
X\UA = @.

Khi do, ton tai x e X \UA. B&i vi C1(A)=PR[X] nén
{x} e c1(A). Matkhac, vi [{x}, X] 1a mot 14n cAn ma cua
{x} trong PR[X] nén tasuy ra

[} X]InA =D
Do do, ton tai K e[{x}, X]N.A. Bsivi K €[{x}, X] nén
X € K. Honnitta, vi K € A suyra K < U.A. Do d9,

xeUAcUA,

day 1a mot mau thuan. Nhu vay, UA tra mat trong X.

H¢ qua 3.1.5. Gia s (X,7) la mot khéng gian topo. Khi

d6, néu siéu khéng gian Pixley-Roy PR[X] la khéng gian

kha li, thi x ciing la khong gian kha [i.

Chirng minh. Gia st PR[X] la khong gian kha li. Khi do,

ton tai tap con dém duoc A < PR[X] sao cho
C1(A)=PR[X].

Theo Pinh 1i 3.1.4 ta suy ra UA = X. Boi vi mdi phan tir
cia A hitu han va A dém dugc nén UA dém duoc. Do
do, x khali.
B6 dé 3.1.6. Gia sir (X,7) 1A T,-khéng gian. Khi do,
Xe X ladiém tucia A khiva chikhi x e A\{x}.
Chirng minh. Diéu kién can. Gia sir x 1a diém ty ciia A VA
U 1a 1an can mo bat ky ciia x. Khi d6, U chira vo han
phan tir cia A, suy ra U chira vo han phéan tir cua tip
A\{x}. Nhu vay,

Un(A\{x}) =<.
Diéu nay kéo theo rang x e A\{x}.

Diéu kién dui. Gia st x e A\{x} va U 1a lan can mo
cia x, Ta chimg minhrang U chita v6 han phan tir ciia A.
That vay, gia st nguoc lai ring U chira hitu han phan tir
clia A, gia sir rang

U (ADE) ={x,.... X, }-
Béivi x la T;-khong gian nén {x,,...,x,} doéng trong X.
Do @0,
V=U\{X,....x,}
1a 14n cdn m& cua x va

V AA\D}) = 2.

Diéu nay mau thuan véi x e A\{G.
B6 dé 3.1.7. Gia sir (X,7) la T,-khong gian. Khi do, moi
mang Pytkeev chdt la cn-mang ciia X.
Chirng minh. Gia st P 1la mang Pytkeev chat ctia T, -khéng
gian x va U lalancancua x trong X. Pat

V=U{PeP:xePcU}
Ta chi can ching minh V 1a 1an cin cua x. That vay, gia
sir nguoc lai rang V khong 14 1an c4n cta x. Khi do,

W &V v6i moi 14n cin mo W cua

nghia 14 ton tai y €W \V. Do d6, véi moi 1an can mo W
cua x, taco

WN(X\V)=W\V =,
kéo theo x e X \V. Mit khac, vi XeV nén xg X \V,
kéo theo

XAV =(X\V)\{x}.

Do do,

xe X \W = (X \W)\{x}
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Hon nita, theo B6 dé 3.1.6, vi x 1a T,-khéng gian nén x
la diém tu cia X \V. Bsivi P la mang Pytkeev chat cta
X néntontai PeP saocho xe PcU va PN (X \V)
la vo han. Lai vi PV nén
PA(X\V)cVn(X\V)=0g,
nghia 1a PN (X\V)=@. Diéu nay mau thuin véi
PN (X \V) 1av6 han. Nhu vy, P la cn-mang ciia X.
Pinh 1i 3.1.8. Gid sir (X,7) la T,-khdng gianva P la ho
nao dé gom cdc tdp con cia X. Véi méi F e PR[X], ta
dat
(P)e ={PeP:PnF =T},

B ={[F,UF]: F e PR[X],

va F la ho con nao dé ciia (P)g}.
Khi @6, néu P la mang Pytkeev chdt ciia X, thi B 14
mang Pytkeev chat cua PR[X].
Chirng minh. Gia st P la mang Pytkeev chit ciia X,
U 1alan can cia F trong PR[X] va F la diém tu cta
A trong PR[X]. Khi d6, theo B6 dé 3.1.7, vi x 1a T;-

khong gian nén P la cn-mang ctia X. Mat khac, vi U
12 14n can cia F trong PR[X] nén ton tai V €7 sao cho
FcV va

Fe[FV]cU.

Do dé, véi moi X € F, ton tai P, € P sao cho
xeP, cV,
va
U{Pe(P),:PcV}
la 1an cén cua x trong X, trong do
(P),={PeP:xeP}
Bay gio, ta dat
F={Pe(P)g :PcV}= XLE_JF{P e(P),:PcV}.

Suy ra véimoi xeF, UJF lalancancua F trong X. Do
do, ton tai U € 7 sao cho

FcUcUFcaV,

kéo theo
F e[F,U]lc[F,UF]<[F.V]

Diéu nay ching t6 raing W =[F,UF] 1a lan cén cua F
trong PR[X] thoa man
WeBva FeWcl

Hon nira, boi vi F 1a diém tu cia A trong PR[X] nén
WA 1a vo han. Nhu vdy, 98 1a mang Pytkeev chit cua
PR[X].
3.2. Ddnh gia

Cac két qua chinh trong bai bao duoc thé hién & cac
Bo dé 3.1.1, Vi du 3.1.2, Pinh li 3.1.3, 3.1.4 va 3.1.8.
Trong do:

-B6 @& 3.1.1 va Vi dy 3.1.2 1a mdi lién hé giita mot tap
m¢& U trong siéu khong gian Pixley—Roy PR[X] vd&i tap
tap hop Ul trong khéng gian topo X.

- Pinh 1i 3.1.3 khang dinh rér,lg, néu siéu khong gian
Pixley—Roy PR[X] la Lindelof yéu, thi X clng la khong
gian Lindelof yéu. Tuy nhién, chiéu nguoc lai cia khing
dinh nay van dang con mo.

- Pinh 1i 3.1.4 chi ra ring, néu 4 tri mét trong siéu
khong gian Pixley—-Roy PR[X], thi UA ciing tri mat
trong X. Chiéu nguoc lai cua khing dinh nay van dang
coOn mo.

- Dinh 1i 3.1.8 chi ra rang, néu X c6 mang Pytkeev
chat, thi siéu khong gian Pixley—Roy PR[X] c6 mang
Pytkeev chat. Chiéu nguoc lai ciia khing dinh nay van dang
con mo.

4. Két luan

Trong nghién ctru nay, nhom tac gia da dwa ra va chimg
minh chi tiét 5 két qua madi vé moi lién hé gitra cac tinh
chat topo ctia khong gian topo (X,7) véi siéu khong gian
Pixley—Roy PR[X] cua no. Cac két qua nay phan nao d6
lam phong ph cho linh vyc nghién ctru ly thuyét vé mang,
1y thuyét k-mang trong topo dai cuong.
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