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MOT VAI NHAN XET TREN SIEU KHONG GIAN PIXLEY-ROY
SOME REMARKS ON PIXLEY-ROY HYPERSPACE
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Tém tit — Bai b4o nghién ctru vé mbi quan hé giita cc tién dé tach
trong khdng gian topd (X,z) vasiéu khong gian Pixley—Roy PR[X]
ctia n6 gdm céc tap con hitu han ciia (X,7) 14 mét trong nhimg bai
todn trong tdm cua topd dai cuong. Trong bai bao nay, nhom téc gia
da chirng minh rang: (1) Neu (X,7) la mét khong gian topo bat ky,
thi siéu khong gian Pixley-Roy PR[X] la mét T, -khong gian.
(2) Ton tai mot khong gian t6pd (X, 7) sao cho siéu khdng gian
Pixley-Roy PR[X] la Tq-khong gian nhung (X,z) khong la
To -khéng gian. (3) (X,7z) 1a T, -khdng gian khi va chi khi siéu
khéng gian Pixley-Roy PR[X] ciing 1a T; -khong gian. (4) Néu
(X,7) la Ty -khéng gian, thi siéu khdng gian Pixley—Roy PR[X] I&
T; -khong gian. (5) Néu (X,r) l1a T, -khong gian, thi trén siéu
khéng gian Pixley-Roy PR[X] tacd c1([H,V1]) =[H,V]. Tuy nhién,
néu (X,7) I Ty -khéng gian, thi khang dinh khéng con diing nita.

Tuw khéa - Ty-khong gian; T, -khdng gian; T, -khong gian;
T3 -khdng gian; siéu khong gian; Pixley—Roy.

1. Giéi thi¢u

Vao mua xuin nam 1969, tai Hoi nghi tdpd dugc td
chtrc hang ndm tai Dai hoc Auburn, Hoa Ky, mét trong
nhimg két qua tha vi da dugc trinh bay. Tai day, C. PIXIey
va P. Roy dé dwa ra mot cau trac topd hoan toan méi vé
mot vi du trong Ly thuyét khong gian Moore. Sau nhiéu
nam nghién ctru, nguoi ta khang dinh rang cau tric topd
ma Carl Pixley va Prabir Roy dua ra da thuc sy quan trong
trong viéc nghién cau vé khong gian Moore. Pén niam
1978, D. J. Lutzer da chinh thirc dua ra khai niém vé topd
Pixley-Roy trén tap PR[X] bao gdm tit ca cac tap con khac
rong va hitu han cia mot khong gian t6pd X, sau nay
ngudi ta goi PR[X] 1a siéu khong gian Pixley-Roy. Tac gia
da thu duoc nhiéu két qua quan trong vé tinh dém duoc,
mdi lién hé giita cac tinh chat topd trén X vai cc tinh chat
topo trén PRX] (Xem [1]). Ttr d6, sirc hut cua topo Pixley-
Roy rét 16n, cac nha toan hoc di danh nhiéu thoi gian de
nghién ctru v& n6, nhiéu két qua hap dan da thu dugc vé
khong gian con, tinh compact . (Xem [2, 3, 4]).

Trong nhirng nam gin day, cAc nha toan hoc danh nhiéu
nghién ciru vé& méi lién hé giita cac tinh chit topd trén
khéng gian t6pd (X,z) Vai cac tinh chit topd trén siéu
khong gian Pixley-Roy PR[X]. Trong bai bao nay, nhém
tac gia nghién ctru mbi lién hé vé tién dé tach trong khdng
gian tépd (X,r) va siéu khéng gian Pixley—Roy PR[X]

ctia n6 (Xem [4, 5, 6]).

Abstract - The study of the relationship between topological
properties on topological spaces (X,r) with topological

properties on Pixley—Roy hyperspaces PR[X] consisting of finite
subsets of (X,z) is one of the central problems of general

topology. In this paper, the authors proved that: (1) If (X,z) is
any topology space, then Pixley-Roy hyperspace PR[X] is a
To -space. (2) There has been a topology space (X,z) such that

Pixley-Roy hyperspace PR[X] is a Tg-space but (X,r) isn’t
To -space. (3). (X,7) is a T -space if and only if Pixley-Roy
hyperspace PR[X] is a T; -space. (4) If (X,z) is T, -space, then
Pixley-Roy hyperspace PR[X] is a T3 -space. (5) If (X.,z) is a
T, -Space, then on Pixley-Roy hyperspace PR[X] we have
C1([H,V]) <[H,V]. However, if (X,7) is a T, -space, then the
assertion is no longer true.
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Tét ca cac khai niém va thuat ngit trong bai béo néu
khong néi gi thém thi duge hiéu thong thuong. Ngoai ra,
nhom tac gia sir dung thém mot s6 ky hiéu: A 1a bao dong
cia A trong X, con néu A la tap con cua siéu khong
gian Pixley-Roy PR[X] thi nhom tac gia ky hiéu c1(A) la
bao dong cua A trong PR[X].

2. Co s6'ly thuyét va phwong phap nghién ctru
2.1. Co s Iy thuyét
Giast (X,7) lamot khdng gian tdpd va ki hiéu PR[X]
1a ho gom tit ca cac tap con khac rdng hitu han ciia X.
Véimoi heN, tadat
PR, [X]={AcX:1<]|A| <n}
Khi d6, PR[X] = Upney PRy [X].
Giast F,Ac X, tadit
[F,A] ={H € PR[X]:F c H c A}.
Trén PR[X]. ta xét ho
B = {[F,V]:F € PR[X],V € 1}.
B6 dé 2.1.1 ([1]). B 14 co s& caa mot tBpd nao do trén
siéu khdng gian Pixley-Roy PR[X].

_Dinh nghia 2.1.2 ([1]). Topd duogc xéac dinh trong
Bo6 dé 2.1.1 dugc goi la topd Pixley—Roy cua PR[X] va
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PR[X] cung vai tOpd nay dugc goi 1a siéu khdng gian
Pixley—Roy.
2.2. Phwong phdp nghién ciru

Nhom tic gia st dung phuong phap nghién ctru ly
thuyét trong qua trinh thuc hién bai bao. Nghién ctru cac
bai bao cua cdc tac gia di trudc, bang cch tuong tu hoa,
khai quat hda nham dua ra nhiing két qua méi cho minh.
3. Két qua va danh gia
3.1. Két qui

B6 dé 3.1.1. Gid sir (X,7) lakhong gian topd. Khi do,
cdc khang dinh sau la diing:

(1) Néu X la T,-khdng gian va HcV X, thi
[H,V] latdp con dong ciia PR[X].

(2) Néu U 1amét tap me trong PR[X] thi UL la mot
tdp mo trong X.

Chitng minh.

(1) Gia st H <V c X, khi do:

- Trwong hop 1: Néu H 13 tap con v6 han ctia X, thi
[H,V]1=. Do d6, [H,V]la tap con dong PR[X].

- Truong hop 2: Néu H 14 tap con hiru han cia X, thi
ta chi can ching to rang

K = PR[X]\[H,V]
la tdp con ma trong PR X].
Giasu F e, khido F ¢[H,V]. Suyra
H z F hoiac F V.
(a)Néu F ¢V, thi
[F, X]n[H,V]=92.
Thét vay, gia st nguoc lai rﬁng ton tai
AelF, X]n[H, V]
Khi do, F c AcV, day la mot mau thuan. Do do,
F € [F,X] € PRIX]\[H,V] = K.
Boi vi, X ez nén [F,X] 1a lan c4n m& cia F trong
PR[X]. Do d6, K m¢ trong PR[X].

(b)Néu H < F, thitdntai ae H\F. Matkhac, vi X
1a T,-khéng gian nén {a} dong trong X. Ta dit
U = X \{a}, khi do

Uer, FcU, HzU.
Nhu vay, néu
[HV]INn[F,U]l= 9,
thi ton tai
G e[H,VINn[F,U]
Suy ra
HcGcV va FcGcU,
kéo theo H c U, day 1a mot mau thuan. Nhu vay,
[H,VIn[F,U]=Z,

kéo theo
F € [F,U] c PRIX|\[H,V] = K.

Béi vi U ez nén [F,U] mé trong PR[X]. Do do, K mé
trong PR[X].

(2) Giastr x e U, khidotontai F e U saocho x e F.
Boivi F el néntontaitip V motrong X sao cho

Fe[FV]cU.

Mit khac, vi F €V nén X eV. Do d6, ta chi can chiing t6
réng V < UU.

That vay, gia st Z €V, khi d6

Fc{z}UF V.
Diéu nay chimg t6 rang
{Z}UF e[F,V]c U.
Suy ra
ze{z}UF cUU.

Nhu vay, V < U, do @6 UU 1a mot tap mé trong X.

DPinh li 3.1.2. Gia sir (X,7) l& mgt khdng gian topo.
Khi do, PR[X] la T, -khéng gian.

Chitng minh

Gia st A,B € PR[X] sao cho A=B. Khi do, boi vi
X er nén U=[A X]
VY =[B, X] 1a 14n cdn m¢& cua B trong PR[X]. Ta xét c4c
truong hop sau

la 14n cdn m6 cua A va

- Truong hop 1: Ac B.

Boivi A=B nén B¢ A kéotheo Ag).

- Truong hop 2: Bc A

Boivi A#B nén A¢ B, kéotheo B¢ U.

- Truong hop 3: A¢€B va Bc A

R rangrang A¢V va Be U.

Nhu vay, PR[X] la T, -khong gian.

Vi du 3.1.3. Ton tai khong gian tdpd (X, 7) sao cho PR[X]
14 T, -khong gian nhung X khong la T, -khong gian.
Chirng minh.

Giasu X ={a,b} va r ={&, X}. Khi d¢,

PRIX] = {{a}, {b}, X};

B = {[{a}, X1, [{b}, XL.IX, X1}
Theo Pinh 1i 3.1.2, ta suy ra PR[X] |a T, -khong gian. Tuy
nhién, X khéng Ia T, -khong gian.

That vay, taxét x=a va y =b. Khi do, chi c6 mot lan
canmd cua x trong X la X. Mitkhac, vi ye X nén X
khong la T, -khong gian.

Pinh li 3.1.4. Gid sir (X,7) la mdt khong gian tOpo.
Khi d6, X 1a T, -khéng gian khi va chi khi PR[X] 1a T, -
khong gian.
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Chirng minh

Piéu kién can. Gia st X 1a T, -khong gian va A, B €
PR[X] sao cho A#B. Ta chimg minh ton tai cac 1an cén
mé U cia A va V cua B trong PR[X] sao cho

AgV, BeU.
That vay, boi vi X 1a T, -khong gian nén tdp mot diém
{x} la tdp dong trong X v&i moi X € X. Do d6, X \{x}
1a tAp mé trong X véimoi X e X.
e Néu AcB, thi ton tai X, € B\ A, kéo theo

Ac X\{x}er
Ta dat

U=[AX\{x3}, V=[B,X].
Khi @6, U, V lan luot la 1an can md cia A, B trong
P1[X] thoamanring A¢) va BelUl.
e Néu A¢ B, thi tdn tai Y, € A\ B, kéo theo

Bc X\{y}er
Ta dat

U=[AX], V=[B, X \{yo}.
Khi @6, U, V lan luot la 1an can md cia A, B trong
PR[X].théaman A¢V va Be U.

Nhu vay, PR[X] la T, -khdng gian.

Diéu kién dii. Gia st PR[X] & T, -khong gian. Ta ching
minh ring X 1a T, -khong gian. That vay, gia sir X,y € X
sao cho X#Y. Khi do, vi PR[X] la& T, -khéng gian va
{x}, {x,y} € PR[X], {x} = {x, y} nén ton tai cic lan cin m&
U cia {x} va Vcua {x,y} trong PR[X] sao cho
{xyreld; {3ev. Ta lay UWer sao cho

{x}e[{x}, U] cU;
Kyrel{x y3Wlcv.
Nhu vay,
% y}e [ U3 G e [{x yrW]
Boi vi {G{x,y} va {x,y}e[{x},U] nén {x,y}zU.
Mit khac, vi xeU néntasuyra yeU. Do do, ton tai lan
canm¢d U cua x sao cho ygU.

Tiép theo, hoan toan twong ty nhu trén ddi véi cap diém
{y}, {x,y} € PR[X] ta tim dugc lan can mé V cua y sao
cho xeV.

Nhu vdy, v6i moi X,y € X ma X#Y, ton tai cic lan
canmd U cua x vaV cua y saocho yeU va xeV,
do d6 X la T, -khdng gian.

H¢ qua 3.1.5. Gid su (X,7) la mgt khéong gian topo.
Khi d6, néu X 1a T, -khong gian, thi PR[X] 1a T,-khong
gian. Do dé6, PR[X] 1a T, -khong gian.

Chitng minh

Giastr X 14 T, -khong gian. Khi d6, theo Pinh li 3.1.4,

ta suy ra PR[X] la T, -khéng gian. Nhu vay, ta chi can
chung to rang PR[X] 1a mot khong gian chinh quy.
That vay, gia st A la tap con déng trong PR[X] va
H¢ A Béivi A dong nén PRIX]\:A mo trong PR[X] va
H € PR[X]\A. Do d6, ton tai U € 7 sao cho
H € [H,U] c PRIX]\A.
Suy ra
A c PR[X|\[H,U].
Boivi H cU néntheo B6 d&3.1.1 (1), [H,U] déng trong
PR[X]. kéo theo PR[X]\[H, U] 1a lan can m¢ cia A trong
PR[X]. Do do, néu ta dat
U=[H,U], V=PR[X|\[H, U],
thi ¢ 1alancan mocia H va V 1a14n can mo cia A
trong PR[X]. théa min U N V=, do d6 PR[X] la khong
gian chinh quy.
Nhu vay, PR[X] |a T;-khong gian, do d6 PR[X] la T,
-khong gian.
Pinh 1i 3.1.6. Gid sir (X,7) 1a T, -khéng gian, V < X
va H € PR[X]. Khi dé,
C1([H,V]) c[H.V].
Tuy nhién, néu X 1a mot T, -khong gian, thi khcfng dinh
khong con dung nita.
Cheng minh. Gia st H € PR[X] va V < X. Khi @9,
Truong hop 1: H ¢ V.
Bsivi H&V nén [H,V]=4, kéo theo
C1([H,V])=2.
Dodé, C1([H,V])=D<[H, V]
Truwong hop 2: H V.
Theo B6 d& 3.1.1 (1), [H,V] 1a tap con déng trong
PR[X]. Do do,
CL([H,VD =[H,V]
Mit khac, vi V <V nén
CL([H,V]) =[H,V]c[H.V]
Tuy nhién, néu X Ia T, -khéng gian, thi ddng thirc khong
xay ra. Thét vy, gia sdt X ={a,b,c} va

r={, X {a}{a,b}.{a,c}{o}}.
Khi do,
e X la T, -khong gian.
That vy, lay x,y e X ma X # V.
o Néu X=a va y=b, thi tdn tai lan can m¢ {a}
cua X trong X sao cho ye{a}.
o Néu X=a va y=c, thi ton tai lan cdn m¢& {a}
cua X trong X sao cho ye{a}.
o Néu x=b va y=c, thi ton tai 1an can m¢ {b}
cua X trong X sao cho y ¢ {b}.
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e X khéng la T, -khdng gian.

Thét vay, taxét X=a va y=c, khido X va {a,c} la
tat ca cac lan can mo cua y trong X. Tuy nhién, x € X
va x e{a,c}.

Béy gio, ta chimg minh rang dang thirc khong xay ra.
Thét vay, ta co

PR[X] = {{a}, {b},{c},{a, b}, {a,c},{b,c},{a, b, c}}.
Ta lay
H ={a} va Vv ={a,b},
khi 6 H V. Hon nira, theo B6 d& 3.1.1 (1), ta thu dugc
[H,V] latap dong trong PR[X], kéo theo
C1[H,V]=[H,V]={{a}.{a,b}}. 1)
Miat khac, tat ca cac tap dong trong X la
J, X ,{b,c},{c}.{b} {a,c}.
Suy ra chi c6 mot tap dong trong X vachta V la X, kéo
theo V = X. Do d6,
[H,V1={{a}{a b}.{a.c}{a,b,c}}. @)
Nho (1) va (2), tasuy ra [H,V] ¢ C1[H,V].
3.2. Ddnh gia
Céc két qua chinh trong bai bao dugc thé hién & cac
Pinh 1i 3.1.2, Vi dyu 3.1.3, Dinh 1i 3.1.4, Dinh I 3.1.5, Dinh
1i 3.1.6, trong do:

-Dinh 1i 3.1.2 va Vi du 3.1.3 nghién ciru vé mdi lién hé

gitra tinh chat T, -khong gian trén X vatrén PR[X].

- Dinh i 3.1.4 khing dinh vé sy twong duong ciia tinh
chat T, -khong gian trén X va trén PR[X]. Nho do, ching
ta thu dugc Hé qua 3.1.5 rﬁng, néu X la T, -khéng gian,
thi PR[X] la T,-khéng gian.

- Pinh 1i 3.1.6 1a mot tinh chét lién quan dén bao dong
cua mot tap trong PR[X].

4. Két ludn

Trong nghién ctru nay, nhom tac gia da dwa ra va chimg
minh chi tiét 4 két qua méi veé moi lién hé gitra tién dé tach
trong khéng gian tépd (X,z) vai siéu khong gian Pixley—
Roy PR[X] ctia no. Cac két qua nay phan nao &6 lam phong
pht cho linh vuc nghién cuu ly thuyét vé mang, 1y thuyét
k-mang trong topd dai cuong.
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