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APPROXIMATION OF DERIVATIVE OF A FUNCTION
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Tém tit - Phuong phdp sai phan trén ludi déu 1a mot cong cu co
ban gitp ta tinh xap xi dao ham cua ham s6 [1, 2, 4]. Khi cac ham
s6 ¢6 d6 dbc 16n, nguoi ta thuong st dung lu6i khong déu dé cai
thién d6 chinh x4c cta phép xdp xi. Trong phuong phap sb,
phuong phép ngoai suy Richardson [3, 5] thuong duoc sir dung
de néng bac chinh xac ciia cac so do x4p xi, dic biét trong giai
gin dung phuong trinh vi phén va trong cac thudt toan tbi uu.
Trong bai bao nay, dua trén phuong phap sai phan va y tuéng cia
phuong phap ngoai suy Richardson chung t0i s& xdy dung céc
cong thirc tudng minh xAp xi bac cao cho dao ham cap mot cua
mot ham sb tai mot diém. Viéc mé rong két qua cho phép xap xi
dao ham cp hai ciing duoc xét dén.

T khoa - X?ip xi bac cao; dao ham; khai trién Taylor; phép ngoai
suy Richardson

1. Gi6i thiéu vin dé

Pao ham 1a mét phép tinh co ban cua gidi tich. Viéc
tinh dao ham ctuia ham s6 khong nhiing gitip ta nghién ctru
dang di¢u cua ham s d6 ma con duoc mg dung trong
nhiéu tinh toan khoa hoc khac, chang han nhu gidi gan
dung phuong trinh phi tuyén va tim diém cyc tri [1,2,4]
Tuy nhién, viéc tinh chinh xac gia tri dao ham tai diém can
tim trong nhicu truong hop khong phai la van dé dé€ dang,
dac biét khi ham dugc cho dudi dang biéu thl'Ig giai tich
phue tap hoac dugc cho boi cac hé thuc truy h6i’. Do Qé,
viéc tinh xap xi dao ham véi d chinh xac cao la van d¢ can
thiet va c6 y nghia.

Cho ham f(x) x4c dinh trén R. Dé thuan loi cho viéc
biéu dién, trong bai bao nay ta gia st ham f(X) c6 dao
ham lién tuc dén cip gﬁn thiét sao cho cac biéu dién c6
nghia. Stir dung khai trién Taylor, ta c6:

f'(x) = MJFO(M' )
f'(x) = wj{)(h)l )}
F/(x) = f(x+h)2—hf(x—h)+o(h2), 3)

Cong thirc x4p xi dao ham (1), (2) va (3) lan lugt dugc
goi 1a cong thic sai phan tién, sai phan lii va sai phan
huéng tam [1, 2]. C6 thé thdy, cong thirc (3) co do chinh
xac cao hon. Dé nang bac cho so dd xap xi (1), ta c6 thé s
dung phuong phap Richardson [5]. Str dung cong thirc khai

Abstract - The difference method on the uniform grid is a basic
tool to help us approximate the derivative of a function [1, 2, 4].
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trién Taylor cho ham f(X) dén cip cao hon, ta cé:

F(x+h) = f(x) +hf '(x)+h—2 f ”(X)+h—3f"’(x)

h

) ® ®)
4 — f (x)+5 f (x)+6 fO(x)+0(h").

T @6, suy ra:

g () = L0 g 2 f"(x)+“ £703)

3
f(“’(x)+2 f(s’(x)+h fO@(x)+0(h").

4

Tuong tu, ta co:

h
N (h) = N& (h) - 2N (Ej

f (X) (h' zhglj M( ) (IZ.I %]f@)(x)

h*  h* ). h .
+[§—23 5,} © 0+ ( 5 6,]f”(x)+0(h)

Do @6,
NS (h) = f'(x)+0O(h), N (h) =—f'(x)+O(h?).
Diéu nay co6 nghia la
f'(x) =N (h) +O(h?).

Qué trinh 1am nhu vy c6 thé tong quat hoa 1én va ta
thu dugc cac két qua nhu Muyc 2.
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2. Két qua chinh N®(h,a)

f'(x) =

Ne'(h,a) k
2.1. Xdp xi dao ham cip mét A (@) +O("), k=2,

Giastrham f(X) c6 thé khai trién & dang chudi Taylor:  Trong do

Fx+h)= F()+> FO ()L, (@) A@)- H(l a), k=1
i=1 i!

P \ ~ X \ K g 1, k = 0

Giasir a lamotso thue, a {-1,0,1} va x € R co dinh. ) )

Chirng minh: K&t qua nay dugc suy ra tryc ticp tr Pinh

Ta xay dung didy ham N®(h,a),i >1 nhu sau: . \ .
v Qung qay - (ha) 1§ 1 v6i lru § ring néu 1<i <k —Lthi

W o F(x+h)—f(x) 1
N®(h,a) ==, H(l—iijj=0. .
N% (h,a) =N®(h,a)-a N“’(z Jniﬂ- Dinh 1y 2: Vi k>2 ham N®(h,a) duoc biéu dién

D@ thiy rang b sa:

W(h,a)= f’ 3 fFO - NS
N (@)= £00+ 2 10007 {f(xmﬂgcm(a)f[“:j Ak(a) f(x )}

= f (x)+Zf('+1)( )

(i l)' Trong do, {Ci(l’k) (a),i=Lk>1} 1a mot mang céac s6 thue

Pinh Iy 1: Gia s ham f (X) duoc biéu didn & dang (4).  thod dicu kién:

Ak (q) _ g _
Khi d6, v6i K > 2 ta c6 khai trién: C(lk 4 (@)-a ey L
_ a)-a‘cyP(@), i=2k-2,
N© (h,a) —ﬁ(l—a‘)f ) (@)= (1(k l @
=1 -a‘c P (a), i=k-1,
o (1 (5) 0, i>k.
+Z A @i +1)IH(1_FJ' Chitng minh: Khai trién (6) dugc ching minh bang
phuong phap quy nap. That vay, vi
Chirng minh: Ta s& chitng minh bang phuong phap quy ) ) 2(h
nap. Véi k =2 ta c6 dang thirc (5) ding vi N§” (h,a) =N (h,a) -aN,” (E'aj
Nél) (h,a) = Nl(l)(h,a)—aNl(l) (E,a) 1 1 h
N =E(f(x+h)—f(x))—a A flx+—|-1f(x)
a a
- f(x)+z f 9 (x) 1 I—a{f (x)+2f('*”(x) G )1 J
= (i+1) = (i+1) i(f(x+h) af(x+ J - a)f(x)j

1

(I+1)'( _Fj :%[f(x+h)+§ci‘l’2)(a)f(x+£)—n(1—ai)f(x)}.

Gia st ddng thirc (5) ding véi k > 2. Ta co: -2

=(l1-a)f'(x)+ z f 9 (x)

Do d6, dang thirc (6) dung véi K = 2. Gia sir dang thirc ndy

N (h,a) = NP (h,a)—a“NS (g,aj dung voi k> 2. Ta co:
h
k-t N® (h,a)=N®(h,a)-a N(“( )
=[Ja-a")f (x)+2f('*”(x) ( —Iij ! a’
i-1 i1 @i l)lj a1 a"!

( j {f(x+h)+20”(a)f(x+ j ﬁl a‘)f(x)}
H(l a)f(x)+2f('+1’() Y ( j -2 {f[mi] ch‘“"(a)f[x+ .+1] ﬁ(l—ai)f(x)}

i=1 i=1 h/ i=1 i=2

f(x+h)+ (“‘)(a) ak+l }

:ﬁ(l a')f (x)+Zf<'+1>( )( 1)|ﬁ(1—%).

[ a”’
Diéu nay co nghia déng thirc (5) cling dting voi K +1. Theo
nguyén ly quy nap, dinh 1y dugc ching minh. [ |
Hé qua 1: Véi diéu kién caa Dinh 1y 1, ta c6 khai trién:

k+1

akch‘I) (a) f X+ aL}LH (1-a')f (x)}

[ (¢ (a)-a**c™P (a)) f (x+ : H
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[f(x+h)+Zc(lk*l>(a)f(x+ j ﬁ(l a)f(x)}

Vay, dang thuc (6) ciing dung véi K+1. Pinh 1y duoc
chung minh. ]

Theo cong thirc (6) gia tri N (h,a) dugc tinh thong
gia tri cia ham f tai X va tai cac gia tri ndm bén phai X
¢6 dang x+h/a',i=0,k—1 khi a>0.Khi a<0 thi cac
diém x+h/a',i=0k—1 s& nam luan phién bén phai va
trai diém x. Két qua sau ddy sé cho ta mot cong thirc khai
trién “doi xtmg hon”.

Pinh 1y 3: Cho b 1a mét sb thuc cb dinh, b {-1,0,1}.
Gia sir ham f(x) dugc biéu dién ¢ dang (1). Khi d6, véi
k > 2 ta c6 khai trién:

f,(x):i{f(x+h)+ f(x—h)}
A@)  AL(b)

k[ k)
42 =2 @ f(x+ﬂ.j—
2h = A @) a'
1-b* 1-a
+_ —
2h{ 1-b 1-a
Chitng minh: Trong Hé qua 1, ta thay h bsi —h va a béi
b ta dugc:

¢ (b)
A ()

j f (x)+O(h").

(&

N (-h,b)

0=~ = +O1). k=2
Do do,
fr(x) == {Na)(h 3) Néh(_h’b)}m(hk), k>2.
A (@) A (D)

Ap dung Dinh 1y 2 ta dugc diéu phai chimg minh.  ®
H¢ qua 2: Véi diéu kién Dinh 1y 3, ta c6 khai trién:
Fx) = f(x+h)— f(x—h)
2hA_,(2)

2hAH( )Zcuk)(a){ ( aﬂ)—f(x—aﬂj}.o(h)

Co the thy, cong thire khai trién d6i xung trong HE qua
2 véi s6 nit (diém trén ludi) da tang 1én gan nhu gap doi
(2k so v6i K+1 nut & Hé qua 1) nhung bac xp xi van
khong d6i va bang O(h*). Dé cai thién bac xép xi, ta co

thé xuat phat tir sai phan hudng tam. Cu thé, ta xay dung
day ham sau:

f(x+h)— f(x—h)
2h ’

N@(h,a)=N?(h,a)-a*N® (D a),i >1.
a

N (h,a) =

i+1
D& thiy,
N/ (h,a) = f (x)+z f A (x) —n

(2 +1)!

Béng cach thyc hién ching minh tuwong ty Pinh 1y 1, H¢
qua 1 va Binh 1y 2 ta cling c6 cac két qua sau:

Pinh Iy 4: Vi K > 2 ta c6 khai trién sau:

NG () =TT a-a)100

(2i+1) 2i - _ 1
+Zf ()(2 1)|H[1 az(ij)}

j=1

Hé qua 3: V6i K > 2 ta ¢ khai trién sau:

i) = N0 oy
A (@)
Trong dé
]‘[(1 a”), k>1,
A (@) =11
1, k=0.
Pinh 1y 5: V&i k>2 ham N®(h,a) dugc biéu dién
nhu sau:

Nk(z)(h,a):%[f(x+h)— f(x=h)]

el (3]

Trong d6, {c** (a),i >1Lk >1} 1a mot mang cac sb thuc
thoa diéu kién:

c®*V(@)—a*?, i=1
¢ (a) = ¢ P(@)-a* "M (@), i=2k-2
i _g2k-1g@kD i=k-1
0 i>k.

2.2. Xép xi dao ham cdp hai
Dbi véi phép xap xi dao ham cép hai, ta c6 thé st dung
cong thirc sai phan:
f(x+h)+ f(x—=h)—2f(x
gy = LM+ 00 -2 (9
h
St dung y tuong nang bac xp xi twong ty muc trudce, ta
tién hanh xay dung ddy ham sau:
f(x+h)+ f(x-h)— 2f(x)
h2

+0(h?).

N® (h,a) =

i+1

N@(h,a) =N (h,a) - az'N“’)[h J|>1
a

D@ théy ring
h2 i-1)
(2!

h2|
(2i+2)1

N (h,a) = f"(x)+ 22 £ (x)

= 1700+ 3 22 (1)

Su dung phuong phép chimg minh tuong tu, ta dugce
cac két qua khai trién sau day cho phép xap xi dao ham cap
hai ctia ham so:
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Pinh 1y 6: Vi k > 2 ta c6 khai trién sau:

N () =TT a-a") )

2|) k-1
+Zf(z|+2)( ) |H( e j

i1
H¢ qua 4: V&i K > 2 ta c6 khai trién sau:
N& (h,a)
A1 (@)
Pinh Iy 7: Véi k>2 ham N (h,a) duoc biéu dién
nhu sau:

f7(x) = +0(h%).

N§3)(h,a):h—12[f(x+h)+ f(x=h)]

+h—12§ci(3'k)(a)[f (x+§j+ f (x—gﬂ—

Trong d6, {c®¥(a),i =1k >1} 1a mot mang céc sb thuc
thoa diéu kién:

2A,

m f(x),

Ci(3,k—1) (a)_a2k—2, | :l
(3.k-1) 2k—2 A (3,k-1) - 5, o
cCY (a) = G (@-a""¢5 (@), i=2k-2,
i _azk_zci(ik-l)’ i=k-1
0, i >k

2.3. Vi du minh hog
Xétham f(X) trén doan [—1,1] xé4c dinh nhu sau:

5000¢e*
0,1+ x2 cos(x)

f(x)=

Ta can tinh dao ham cua f(X) tai X, =0,1. Gia sir gi4 tri
dao ham xép xi dugc tinh theo cong thirc sai phan hudng
tdm, theo HE qua 1 va theo H¢ qua 3 lan luot duoc ki hid¢u
P R va f’ 03+ Gid tri chinh xac cua dao ham tai
diém X, =01 dugc tinh xdp xi ra s thap phan la
-40248,5404696695. Ki hiéu cac sai s

Ay :| f,(xo)_ I:'l—rr (Xo) |! A|—|Q1 :l f'(xo)_ f,HQl(XO) |v

AHQ3 :| f'(Xo)— f’HQ3(X0) I .

Tir Bang 1 ta thay, ddi v6i viée xap xi dao ham bang sai
phan huéng tam, gia tri f',; s& chinh xac hon néu ta giam
h. Khi xét cting tham s6 k,h va a, nhin chung gié tri x4p
xi tinh theo HE qua 3 c¢6 muc d9 chinh xac cao hon. Véi
h =0,1lviéc ting nhe a s& lam tdng mitc dd chinh x4c cta
cac gia tri xap xi.

Tuy nhién, khi h=0,001 viéc ting a di lam cho gia
tri xAp xi giam di sy chinh xac. Piéu nay c6 thé giai thich

. h .
la khi h nho, céac gia tri c6 dang Xi;,l >1 s& khéng co

su khéc biét nhidu khi a >1 va cach xa 1. Mat khéc, cac
nhan tr a',a® trong cic cong thirc truy hoi cia
N9 N®9 c6 thé “phong dai” cac sai sb tinh todn. Diéu

ndy dan dén ta khong nén chon a 16n, dic biét khi h nho

thi nén chon a >1 va ¢ gan 1.

Bing 1. So sanh sai s6 giita cac phirong phdp

Tham s k=5h=02%a=2 k=5h=0%La=5
f' -30643,0690979360 -30643,0690979360
Ay 9605,4713717335 9605,4713717335
f "vot -40248,3155828278 -40248,5404499403
Avy 0,2248868416 0,0000197292
f'hos -40248,5404698938 -40248,5404698945
Apos 0,0000002243 0,0000002250

Thamsé | kK=5h=0,00a=2 k=5h=0,001,a=10
f' -40247,4632282500 -40247,4632282500
Ay 1,0772414195 1,0772414195
f "Hot -40248,5404847032 -40248,5516207384
Apy 0,0000150337 0,0111510689
f "o3 -40248,5404670368 -40248,5425204060
Apos 0,0000026327 0,0020507365

3. Két luan

Bai bao da thiét lap cong thirc Xap xi béc cao cho dao
ham cp 1 va dao ham cdp 2 cta ham sb tai mot diém (Hé
qua 1, 2, 3 va 4). Cac diém nat dugc sir dung c6 dang

X+ —,i>1. Khi chon a>1 thi day cac diém nit nay s&
a

hoi tu nhanh chong dén diém x khi giatri i ting Ién. Didu
nay phu hop véi viée tinh xap xi dao ham tai mot diém trén
d0 thi ma do thi tai d6 nhin chung c6 d¢ doc lon.
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