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Tém tit — Trong [1], gia thuyét Schauder phat biéu ring méi tap 161,
compact trong mdt khong gian metric tuyén tinh déu co tinh chét
diém bat dong(?) Ta biét ring mdi khong gian metric compact, co riit
tuyét dbi déu c6 tinh chit diém bat dong (Pinh 1y Borsuk, xem [2]).
Do d6, Gia thuyét Schauder lién quan dén bai todn AR sau: Mi tip
161, compact trong mét khéng gian metric tuyén tinh bét ky déu 1a mot
AR (co rut tuyét déi), xem [1]. Bai todn AR di duoc giai quyét cho
truong hop khong gian metric tuyén tinh 15i dia phuong. Trong bai
béo ndy, nhom tic gia s& chimg minh khing dinh cho Bai toan AR
trong truong hop khong gian metric tuyén tinh ¢6 co s& (Schauder),

c6 nghia rang chimg minh moi tap 161, compact trong mot khong gian
metric tuyen tinh c6 co s& déu 1a mot co rit tuyét dbi (do do, cling c6
tinh chét diém bat dong). Nhom tc gid cling cho vi du vé cac khong
gian metric tuyén tinh c6 co s& ma khong 15i dia phuong.

Tir khéa — Khong gian metric tuyén tinh; gia thuyét Schauder; co
s0 Schauder; tinh chat diém bat dong; khong gian co rat tuyét doi.

1. Pit van dé

Cho X 1a mot khong gian topo va A 1a mot tép con
cua X, A dugc goi la mét co rut cia X néu ton tai mot
anhxaliéntuc r: X — A saocho r(a) =a, véimoéi a e A.

Ta nhan xét rang néu X 1a khéng gian topo Hausdorff
va A lamdtcoratcia X thi A dong trong X .

Mot khong gian topo kha metric Y dugc goi 1a mét co
rit tuyét ddi néu thoa man diéu kién néu Y dong phoi voi
mot tdp con A dong cia mot khéng gian metric X thi A
la mét co rit cta X .

M01 khong gian topo tuyén tinh 1a mot khong gian
tuyén tinh, ¢ topo ma phep cong trén khong gian tuyén
tinh va phép nhan mdi phan tir ctia phan tir trén khong gian
tuyén tinh voi vo hudng déu lién tyc.

M01 khong gian metric tuyén tinh 1a mot khong gian
tuyén tinh, c6 metric ma phép cong trén khong gian tuyén
tinh va phép nhan mdi phan tir ciia phn tir trén khong gian
tuyén tinh vi vo hudng déu lién tyc.

Cho X 1a mot khong gian metric tuyén tinh véi metric
p ta c6 thé chon mot metric d trén X twong duong véi

p, hon nira d 1a metric bat bién (c6 nghia 1a véi mdi
X, ¥,ze X, d(x+z,y+2z)=d(x,y).

Néu p 1a metric day dii thi d ciing 1a metric day di.

Abstract — In [1], The Schauder Conjecture states that every
convex, compact set in any linear metric space has the property
of fixed points(?) We know that every compact, absolutely retract
metric space has the property of fixed points (Borsuk's theorem,
see [2]). Therefore, the Schauder Conjecture is related to the
following AR Problem: Every convex, compact set in a linear
metric space is an AR (absolute retract), see [1]. The AR problem
has been solved for the case of a local convex linear metric space.
In this paper, we will prove the claim for the AR Problem in the
case of a linear metric space having a basis (Schauder), i.e.,
proving that every compact, convex set in a linear metric space
having a basis has an absolute retract (thus, it also has the property
of fixed points). We also give some examples of basic linear
metric spaces having a basis, but nonlocal convexity.

Key words - Linear metric spaces; Schauder conjecture;
Schauder basis; fixed point property; absolute retract spaces.

Khi do, X duoc goi 1a mot khong gian metric tuyén tinh
day du (xem [3]).

Khi n6i mét khong gian metric tuyén tinh thi ta quy udc
metric dugc xét 1a metric bat bién.

Mot khong gian topo tuyén tinh (hay metric tuyén tinh)
duoc goi 1a 101 dia phuong néu bat ky m(f)t‘lén can cia phan
tor khong déu chira mdt 1an cén 16i cia phan tir khong do.

Mot khéng gian topo X dugc goi 1a ¢6 tinh chat diém bét
dong néu bt ky mot anh xa lién tuc f 1 X — X déu co diém
bat dong (c6 nghia Ia ton tai mot phan tir X, € X : f(X,) =X, ).

Nam 1910, Brouwer ching minh duoc mdi don hinh
dong trong mot khong gian tuyén tinh dinh chuén hitu han
chiéu bat ky déu co tinh chét diém bat dong. Sau d6, nam
1930, Schauder mé rong két qua nay cho cac tap 16i,
compact trong mot khong gian tuyén tinh dinh chuan bét ky
(khong nhat thiét 13 hiru han chiéu). Pén niam 1935,
Tychonoff m¢ rong két qua trén cho cac tap 16i, compact
trong mot khong gian topo tuyén tinh 16i dia phuong bét ky.
(xem [4]).

Schauder dit ra gia thuyét 1a két qua trén ciing dung cho
cac khong gian khong 16i dia phuong.

Gid thuyét 1.1 (Gia thuyét Schauder). Méi tdp 16,
compact cua mot khong gian metric tuyén tinh bdt ky déu
cé tinh chdt diém bdt dong? (xem [1]).
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Co vai tac gia “cong bd” da giai quyét dugc gia thuyét
nay nhung cac “loi giai” nay cling dang dugc tranh cai.

Tinh chét diém bat dong va tinh chat co rut tuyét ddi co
su lién quan theo dinh ly sau.

_ Dinh Iy 1.2 (Pinh Iy Borsuk, xem [2]). Méi AR compact
déu co tinh chat diem bat dong.

Do d6, gia thuyét Schauder c6 lién quan v&i bai toan sau:

Bai toan AR: MSi tap ‘l(k)i, compact cia mot khong gian
metric tuyén tinh bat ky déu la mét AR? (xem [1]).

Né@m 1951, Dugundji chirmg minh duge rang mi tap léi
trong mot khong gian metric tuyén tinh 10i dia phuong bat
ky deéu 1a mot co rat tuyét doi (xem [3]). Nhu vay, Bai toan
trén dugc gidi quyet cho truong hop khong gian metric
tuyen tinh 161 dia phuong, hién nay nguoi ta chwa giai quyét
duogc bai toan nay cho trudng hgp tong quat.

C6 mot sb truong hop riéng cua Gia thuyét Schauder va
Bai toan AR duoc giai quyét trong [5], [6], [7] va [8].

Cho X 1a mét khong gian metric tuyén tinh day du, hé

vector {el,ez,...,en,...} duoc goi 1a mot co sé (Schauder)

néu voi mdi ton tai duy nhat

pe) M X =Y a8,

cua X xe X,

(a4, ay,...cx

~ Mot khong gian metric }uyén tinh dugc goi la c6 co s¢
ncu khong gian metric tuyén tinh d6 day du va c6 mot co
s0. Bén canh do, cling c6 cac khong gian metric tuyén tinh
khong co6 co s (xem [9]).

_Trong bai bao nay, nhom tac gia s& chimg minh rang
mdi tap 10i, compact trong mot khong gian metric tuyén
tinh ¢6 co so déu 1a co rat tuyét ddi. Nhu vay, ching c6
tinh chat diém bat dong theo Pinh 1y Borsuk.

Nhom tac gia ciing cho cac vi du vé cac khong gian
metric tuyén tinh c6 co s& khong 16i dia phuong, cling nhu
cac khong gian metric tuyén tinh cé co s& khac cac khong
gian I,(0< p<1). Do do, bai bao nay la thyc sy mo rong

cua [7] trong trudng hop compact.

2. Cac két qua

Trudc khi ching m,inh Kkét qué chjnh, chung ta néu mét
khong gian metric tuyén tinh can thiét.

Cho E={u=(u,u,..u,..)/u,eR,VneN"}. Vi

mdi U= (Uy,U,,..U,..),V=(V,V,,.V,,..) €E,

- |

pUN) = Z2”1+|u v |

Khi d6, E 1a mot khong gian metric tuyén tinh voi
metric bat bién p. Bay gio ta kiém tra E 1a khong gian
metric tuyén tinh 1i dia phuong.

2—n hoi tu nén ta tim duoc
n=1

NS S IR N §
mot s6 nguyén Ny e N : —<—.
n:no+12 4

Véimdi r >0, do chudi

Néu Vv 1a tap con cua E dugc cho bai:

{v:(vl,v2 )/|vk|< Vke{l2 no}},
thi v 1a mot tap 16i. Khi d6, véi mbdi
V=(V,V,,.,V,..) eV,

SIS AR S S 2 R O S

— — +

L e AT e 22 Tl
o l1lr &1 ror
ﬁn:lgz+n:nzo+1gﬁz+z<r.

Do d6, V < B(0,r) (qua ciu tim gbc toa do, ban kinh
r trong E). Vi vidy, E 1a mot khong gian metric tuyén
tinh 161 dia phuong.

Két qua chinh 14 dinh ly

Dinhly2.1. Mbi tdp 16, compact trong mgt khong gian
metric tuyen tinh ¢é co sé déu la co rit tuyét daoi.

Chirng minh.

Cho (X, d) 1a mot khong gian metric tuyén tinh v6i co

s {€,,€),..

moi

} 0] day, d 1a mot metric bat bién. Vi

neN, véi mdi xe X, thn tai duy nhét

(2,0 ty,.) MR X =D 8,

Néu f (x)=gq, thi f,
tuc (xem [7], trang 69, 70).
Cho F: X — E duoc xac dinh baoi
F(x) = (f,(x), f,(x),..., T,(X),...), Vxe X .
Khi d6, F 1a mot 4nh xa tuyén tinh gitra cac khong gian

metric tuyén tinh. P& chimg minh F lién tuc ta chi cin
ching minh né lién tyc tai phan t 0.

: X = R 1a ham tuyén tinh lién

. X X d 1 A A N
V6imoi € >0, do chuoi Z—n hoi tu nén ta tim dugc

n=1
N A A <. w1 e . N
mot sO nguyén n,eN : Z — <-—, do cac ham
n:n0+12 4
ffiX->R, f,:X>R,.., f 1 X>R lién tuc nén ton

tai mot & >0 sao cho khi d(0,x) <& thi

|f1(x)|<%,|f2(x)|<%, i (x)|<§.
Do d6, néu d(0,x) <& thi
RACN
PFOLF0) = pOF W)= ey e

B SR LIIINS LG
et D" l+|f ()| o n0+l2” 1+|f ()|
1 =1
< —£+ > — < 8 g
n=1 2n 4 n=ny+1 2n
Vivay, F: X — E lamot anh xa tuyén tinh lién tuc tai
0 nén ciing 1a mot anh xa tuyén tinh lién tuc.
Bay gio cho K la mot tap 161, compact bat ky trong X.
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Khi 6, F(K) la mét tap 16i, compact trong khong gian
metric tuyén tinh 16i dia phwong E . Do K 1a tap compact
nén F(K) dongphoivsi K Do F(K) 1a mot tap 10i trong
mot khdng gian metric tuyén tinh 16i dia phuong nén né 1a
mot co rat tuyét dbi. Vi thé, K dong phoi véi nd ciing 1a
mat co rat tuyét dbi (xem [3] hodc [2]).

Mot vai vi du vé cac khong gian metric tuyén tinh
khong 16i dia phuong.

Céc khong gian metric tuyén tinh khong 10i dia phuong
don gian nhat I cac khong gian | (0 < p <1) nhu sau:

Vpe(0,1), 1, latap hop tat ca cac ddy sO thue x = (x,)

520 cho 3 [x,|” <+ (chudi 3|x,[" 14 chudi hoi tw). Ta cd

n=1 n=1

VX = (%) (Vn) €L D% = Yal” < D015 17+ D] yal” < om0,
n=1 n=1 n=1

VaeR,x=(X,) el,,ax=(ax,),

Slax, " <3| || <+,
n=1

n=1

Do do, I, 1a mot khong gian vector. Ta dat:

WX = (), (9) €y dx,Y) = D, -y,

thi d 13 mot metric bat bién trén l, ta c6 nhan xét sau:
Dinh li 2.2. Khdéng gian I,0<p<1) la mot khong
gian metric tuyén tinh khong l6i dia phuwong co co so.
Chung minh.
Diu tién ta ching minh | la khong gian metric tuyén
tinh khong 161 dia phuong.
Gia sir | 16i dia phuong. Khi do, ta tim dugc mot lan
can 16i V coa 0 ma V <cB(0,1), ta chon &>0:
B(O,&)cV,

1
vne Ny, :((g)p'0,0,...,0,0,0,_,_),
£ 1
U, =(0.5).0,.,0,0,0,.)...,

1
u, = (o.o,o....,(g)P,o,o,...) €B(0,&) cV
Do Vv 1a tap 16i nén

1
u==(u +u,+..+u,) eV
n

1er1ler 1,64
= U= __p,__p’.__’__P’O’__. V
G20 ()00 e
3d(0,U)=1£:n1’pi
n® 2 2

Do ueV < B(0,1) nén n*° g <1 didu nay vo Iy khi

chon n du lon; Nhu vay khong gian || khong 16i dia phuong.

Béy gi¢ ta ching minh | ¢6 co s

Ta dat
elz(ZLO,O,...),ez:(O,ZLO,...),e3:(O,O,ZL...),...elp.
Khi d6, Wx=(, &, ;.. n,...)elp, ta xét chudi

0 . n
Zanen , €0 «cac tong riéng la S, = Zakek ,
n=1 k=1
vneN",d(x,S,) =Y |a]",

k=n+1

0 p
do Xelp:>2|an| 1a
n=1

lim > |, P =0,

2% St

chudi  hoi tw, do d6

limd(x,S,) =0=>limS, =x = x=> ae,.
n—oo =)

n—oo
Bay gio gida su x= i pe, , ta s€ chi ra
n=1
a,=p3,vneN". That vdy, gia st nguoc lai thi
ImeN":q, # A, , taxét chudi i B.e, , cb cac tong riéng
n=1

0

n
AT =Zﬁkek ,do X=Zﬂnen nén limT, = X tacling c6:
k=1

n=1 n—o
limS, =x
= limd(x,T,)=0,limd(x,S,) =0

= limd(T,,S,) =0.
Ma véi mdi n>m,
d(Tn’Sn) :Zlak _ﬁklp 2|am _ﬂmlp'
k=1

Piéu nay mau thuan véi limd(T,,S,) =0.

Nén ¢, = f3,,vneN".

Tu do, h¢ vector {e,e,,8,,...,€,,...}1a mot co so cua I,
va | 1a khong gian metric tuyén tinh khong 16i dia phuwong
c6cos0. O

Nhu vay theo Pinh 1y 2.1‘, moi tap 164, compact trong
khong gian 1 ,(0<p<1) déu la mét co rat tuyét doi
(xem [7]).

. Mot vi du vé mot khong gian metric tuyén tinh khong
161 dia phuong ¢6 co' s¢ ma khong la | .

Cho day s6 thue {p,} ma p, €(0,1),VneN",
Cho X 1a tap hop tit ca cac diy sd thuc X = (X,)sao
cho i|xn
VX =n:(1xn),(yn) € X,
PITESALED Y
Va eR,X :n(=)1(n) el,,ax= EZXH),
Slax” <3l %) < max{L > |x,
= =} P}

Do d6 X 1a mot khong gian vector, ta dat

" <400 (chudi Y [x,|™ 1a chudi hoi tu).
n=1

P < oo,

DN
n=1

<+

Xﬂ
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VX = (%), (V) € X,d (6, Y) = 3] %, v, [P

n=1

thi d 1a mot metric bat bién trén X ta c6 nhan xét sau

Dinh 1i 2.3. Khoéng gian X la mét khong gian metric
tuyén tinh ¢é co s¢ va né loi dia phwong khi
sup{p, /ne N}<1.

Chitng minh.

Dau tién ta ching minh X 1a khong gian metric tuyén
tinh khong 16i dia phuong khi sup{p, /ne N} <1.

Ta dit p=sup{p,/neN}<1. Gia st X 15i dia
phuong; Khi d6, ta tim dugc mot 1an can 16i V. ciia 0 ma
V < B(0,1),tachon ¢ >0:B(0,&) cV,

1
vne N, u, = ((g)pl 0,0,...,0,0,0,...),

1
u, :(0,(2)"2 0,..,0,0,0,..), ..,
1

u, = (o.o,o....,(g)?n,o,o,...) €B(0,£) cV

Do V latap 16inén u :E(u1+u2 +..+U) eV
n

1
1le5 1,65 1 &5
(—( )pl r]( )pz (—)p",O,---)eV
1 1.¢
=dO0,u)=(—+ 4.+ =
( ) (npl npz npn)z
RN SN SV Y
n® nf n® "2 2

Do ueV < B(0,1)nén n*® g <1 didu nay v 1y khi

chon n du 16n; Nhu vay khong gian X khong 16i dia
phuong trong trudng hop sup{p, /ne N}<1.

Bay gio¢ ta chung minh X ¢6 co so:

Ta dat

e =(0,0,..),e,=(010,..),e,=(0,0,1,..),...€ X,
khi do Vx=(ay,0,04,...a,,..) €l , ta xét chudi
Zanen, c6 cic tong riéng la Sn:Zakek,

n=1

vneN’ d(xS)_Z|a|kp* do x6x:>Z|a| la

k=n+1
lim z e |™ =

n—oo
k=n+1

chubi hoi tu, do  do
limd(x,$,)=0=limS, =x = x= Zae
n=1
Bay gio gid su X=Zﬂnen, ta s€ chi ra
n=1

o, = ﬁn,VneN*; That vay, gia st ngugc lai thi

ImeN :a, # 3, taxét chudi Y Be,, co cic tong

n=1

rieng 1a T, Z,Bkek ,do x= Zﬂnen nén limT =x ta

n=1 e
cling ¢o IImSn =X
= limd(x,T,)=0,limd(x,S,)=0
= limd(T,,S,) =0.

Ma véi mdi n>m,

A(T,.8,) = Xl ~ i)

Pm

& = |am _ﬁm

Diéu nay mau thuan véi limd(T,,S,) =0.
n—o
Nén o, =3, vneN".

Tir do h¢ vector {e;,€,,€;,...,€,,..}lamdt co sé cua |,

va | 1a khong gian metric tuyén tinh khong 16i dia phuong
c6cosd. O

Theo Pinh Iy 2.1, mdi tap 16i trong khong gian X déu
1a mot co rat tuyét doi.

3. Két luan
Nhu vay ta da chiing minh dugc:

(1) Mai tap 161, compact trong mot khong gian metric
tuyen tinh c6 co so 1a mot co rat tuyét ddi, do d6 co tinh
chét diém bt dong.

(2) Ching minh 1 (0 < p <1) c6 co's6.

(3) Tim dwoc mot s6 khong gian metric tuyén tinh khong
16i dia phuong c6 co s ma khong 1a cac khong gian Ip.

Loi cdm on: Nghién cuu dugc tai trg boi Tap doan
Vingroup — Cong ty CP va hd tro boi Chuong trinh hoc
bong thac si, tién si trong nudc cua Quy Podi méi sang tao
Vingroup (VINIF), Vién Nghién ctru Dir liéu 16n, ma sb
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