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Tém tit - Trong bai bao nay, nhom tic gia dé xut sir dung nén
tang phin mém hd tro 1am viéc v6i may tinh luong tir Qiskit dé
nghién ctru céc thuat toan lugng tir sau khi dbi sanh cac dic tinh
cta bbn nén tang phd bién 1a Forest, ProjectQ, QDK va Qiskit.
Cung v6i d6, nhom téc gia khai trién hop s6 N = 15 thanh céc thira
56 bang thuat toan luong tir Shor va chay chung trén may tinh luong
tir IBM thong qua cloud ctia nén tang Qiskit. Két qua cho thdy, véi
mt bai toan gan nhu dugc xem la bat kha thi déi v6i thudt toan cd
dién lai c6 thé dé dang duoc giai bang thuat toan luong tir nhos céc
tinh chét luong tir thong qua viée chi ra cac tinh chat va “hanh xi”
cua vat i lugng tir trong tirng budc cia thudt toan.

Tur khoa - Thudt toan lugng tir Shor; mdy tinh luong t; Qiskit;
phan tich thira s6; RSA

1. Gioi thiéu

Cho dén nay, mat ma RSA (lay tir 3 chit cai ddu cta tén
3 tac gia Rlvest Shamir va Adleman) [1] van an toan so Vi
cac cudc tan cong pha ma bang thuat toan hoat dong trén
may tinh c¢b dién tot nhat hién nay. Thuat todn RSA st dung
hai khoa: Khoa cong khai (public key) va khoa bi mat
(private key). Khoa cong khai gdm s6 tu nhién N, e va ban
mi c. Khoa bi mét 1a d. Néu phan tich N = pq thi tinh dugc
khoa bi mét d nhd ed = mod(p — 1)(q — 1), khi d6, c6 thé
tim dugc ban 16 m = ¢ mod N, (mod: 1a phép chia ldy du).

Dé pha md RSA, van dé trong tdm va kho nhit 1a phai
phan tich mét hop s6 N (duge cong khai) thanh cap thira s6
nguyén t6 p va ¢ duy nhét, nghia 1a pqg = N. Do kho ciia nd
cang cao khi N cang 16n va p, ¢ 1a cac s6 nguyén t 16n gan
nhau. Chinh vi vy, RSA dang dugc sir dung phd bién trong
thuong mai dién tir va dung dé tao chit ky sé cho van ban [2].

Tuy nhién, nam 1994 Shor da dé xuit mot thuat toan
lugng tir c6 thé pha ma RSA, tirc 14 c6 thé phan tich hop s6
N thanh cac thira s6 nguyén t6 p va ¢ chi trong thoi gian da
thirc, nghia 14 nhanh hon nhiéu so véi thuat toan c¢6 dién
[3]. Thuét toan lugng tr 1a thuat toan c6 ban chét luong tur
hodc dya trén mét tinh nang thiét yéu cua tinh toan lugng
tir bao gdbm chdng chap hodc/va vudng viu luong tir. Mot
may tinh lugng tir duoc du doan sé hoat dong tdt hon may
tinh c6 dién trong mot s6 chirc ning nht dinh [4].

Pugc cho 1a s& thay doi hoan toan cac quy tic ciia may
tinh ¢ dién, may tinh luong tir dwoc ky vong s& mang lai
kha ning tinh toan gip hang triéu lan may tinh thong
thudong. Trong thoi gian vira qua, cac cong ty nhu IBM,
Google, Microsoft, D-wave déu cong bd cac budc tién méi
d6i voi may tinh luong tir, dac biét IBM da bat dau dua
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may tinh lugng tir 5 qubit 1én cloud dé ngudi dung trén thé
gidi co thé 1am quen va thir nghiém kha ning vuot troi ciia
no [5]. Bén canh do, cac ngdn ngir lép trinh luong tir va
bbn nén tang phat trién phan mém dya trén may tinh lugng
tu cling dugc cac cong ty dac biét chu y [6].

Trong bai bao nay, gidi thiéu cac nén tang phan mém
hd tro lam viéc véi may tinh luong tir, nd cung cap cac
cong cu dé tao va thao tac cac thudt toan luong tir trén thiét
bi luong tir thue hay phan mém gia lap. Bang cach so sanh
cac dic tinh ciia bon nén tang phan mém lugng tir Forest
(pyQuil) tir Rigetti, ProjectQ tor ETH Zurich, QDK (Q#)
cua Microsoft va Qiskit tir IBM, nhom tac gia s€ cung cap
cai nhin tong quét v& chung duya trén cac khia canh vé phan
clrng, yéu cau va cai dit, ngdn ngit 1ap trinh, c phap cling
nhu trinh m6 phong lugng tir. Tir d6, tinh toan thuat toan
Shor phén tich s6 15 dé 1am rd cac tinh chat lugng tir va chi
ra ban chat luong tir va trién khai trén may tinh luong tir
IBM thong qua icloud cua trinh mo6 phong Qiskit. Thuét
toan ndy dugc thuc hién trén quy mo 16n trong mt may
tinh lugng tir va tra vé két qua 1a hai thira s6 nguyén t& voi
d6 chinh xac cao. Két qua cho thay, v6i mot bai toan gan
nhu duge xem 1 bat kha thi d6i voi thuat toan c6 dién lai
¢6 thé d& dang bi pha giai bang thuat toan lwong tir Shor.

2. Cc nén tang thuec thi thuat toan lwgng tir

Viéc trién khai cac thuat toan lugng tr trén may tinh
lwong tir 14 didu khé thyc hién ddi véi cac Qudc gia hay
phong thi nghiém chua cé may tinh lugng tir. Do do, viéc
trién khai cac thuat toan luong tir thuong dugc thuc hién
trén cac thiét bi md phong lugng tir, cac trinh gia 1ap hay
nén tang phan mém tinh toan lugng tir chay qua cloud ciia
may tinh lugng tur thuc.
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Gan day, c6 nhiéu nén tang phin mém lugng tir do cac
cong ty 16n nghién ctru dién toan lugng tir phat trién co thé
lam “bdi rdi” cho nhitng nguoi lya chon st dung. Trong
d6, c6 bon nén tang phan mém phd bién, Forest (pyQuil)
cua Forest, Qiskit cua IBM, ProjectQ cua ETH Zurich va
Bo cong cu phat trién lugng tir (QDK, Q#) Microsoft [6]
cho phép cac nha nghién ciru sir dung thiét bi lwong tir thuc
va mo phong. Nhom tac gia tom luoc cac yéu cau cai dit,
ngoén ngit 1ap trinh luong tir, phan cimg luong tir, kich
thudc mo phong va déc trung mo phdong lugng tir cho tirng
nén tang dugc thé hién trong Bang 1.

Sau khi thir nghiém cac nén tang va ngoai nhimg phén
tich vé diém manh cua Qiskit trong bai bao [7], Qiskit c6
nhimng vu thé hon, nhu kich thuéc mé phong 1én dén 65
qubit qua IBM va tao ma ngdn ngir assembly lugng tir
QASM ma cic nén tang khac khong c6. Qiskit dung ngdn
ngtr lap trinh lugng tir Python gan giii v6i ngdn ngir Python
¢b dién dang dung phd bién hién nay, con cic nén 1 tang khac
su dung ngo6n ngir lap trinh lugng tir nén gay bt tién cho
ngudi dung, dic biét 1a nguoi bat dau nghién ctru thuat toan
lugng tir. Do d6, nhom tac gia lya chon st dung nén tang
Qiskit cua IBM d8 trién khai thuat toan lugng tr Shor.

Bing 1. Cdc nén ting phé bién dé thuc thi thudt todn hrong tir

Phén cirng lwong

P Aspen 11 (40 qubits)

Aspen-M-2 (80 qubits)

chuong trinh phu tro cta
IBM

Nén ting Forest ProjectQ QDK Qiskit
Nha pht trién Rigetti ETH Zurich Microsoft IBM
. . C . https://github.com/micros Lo
: . : . : .
Trang chii https://github.com/rigetti https://projectq.ch/ oft/Quantum https://qiskit.org/
Bang phat hanh 01/2017 01/2017 01/2018 03/2017
dau tién
Ma nguon mé X X X
H¢ diéu hanh hé tro’ Mac, Windowns, Linux Mac, Windowns, Linux | Mac, Windowns, Linux | Mac, Windowns, Linux
s 3 < . . Python 3.7+, Jupyter,
Yéu cau Python 3.7+, Anaconda Python 2 hodc 3 Visual Studio Code Anaconda 3, Notebooks
Ngon ngir ldp trinh . .
licong tir pyQuil ProjectQ Q# Python
Cén tai xubng va cai dat
. . NET Core SDK 3.1 tr 1én| i
QPU C6 thé duge két ndi voi ore rolent IBMQX2 (5 qubits),

Nam 2022, da cap nhat
.NET 6 thay vi NET Core
3.1 va Visual Studio 2022

thay vi VS 2019.

IBMQX4 (5 qubits),
IBMQXS5 (16qubits),
QS1_1 (20 qubits)

Kich thwéc mo 30 qubit v&i hiu hét cac khoa

~28 qubit cuc bd

30 qubit cuc bg, 40 qubit | ~25 qubit cuc bo, 65

tinh néng nhiéu trong trinh m6
phong, kénh cong dong Slack

mot sé chwong trinh gén
v6i IBM

\phong API cho QVM qua ddm may Azure qubit qua IBM
Tao ma Quil, vi du thudt toan | Xay dung vi mach, két nbi Tao ma QASM, trinh
trong Grove, trinh bién dich | véi cac m6-dun may chu Céic thuat todn va vi du bién dich céu tric lién

Ddac trung cho cau truc lién két cu thé, | IBM, tinh kha dung cua ; ; ket cu the, kénh cong

tich hop san déng Slack, bang mach,

thu vién Aqua

3. Trién khai thuat toan lwong tir Shor
3.1. Bdi todn phﬁn tich thiva s6 nguyén 10

Nhur ta biét, néu cho p, ¢ 1 hai s6 nguyén t6 thi ta d& dang
tinh dugc N = pq voi mdy tinh b dlen thong thuong. Ngugce

lai, cho mot hop sb N, can tim cip s6 nguyén to P vaq sao cho
N = pq. Con goi 1 bai toan phan tich thira s6 nguyén t0.

Nhom tac gia s& lam rd cach ma thuét toan luong tur
hoat dong va giai quyét dua trén tinh chat vat li lugng tir.
Ddng thoi trién khai trén nén tang Qiskit.

3.2. Gidi phdp cé dién

bé phan tich hop 56 /N thanh hai so nguyen t6 p va g,
thuat toan c¢d dién ndi tiéng nhét yéu cau th(n gian siéu da
thire bac exp[(log N)*/3 log(log N?/%)] [4

V6i s6 N 16n thi thuat toan ¢6 dién héu nhu khong thé
thuc hién dch nén hﬁ: théng méat ma RSA dua vao viéc
phén tich s0 nguyén to cho dén nay chua bi bé khoa.

3.3. Gidi phdp lwong tir: Thudt toan Shor
Giai phap luong tir dua trén y tuong chinh cta Shor

(con goi la thudt toan Shor) giai bai todn trén trong thoi
gian da thire O (log N %) [4]. Thuat toan gom hai phan: Phan
thir nhat 12 bién bai toan phan tich thira s6 thanh bai toan
tim chu ky cia mot ham dwoc grlen khai theo kiéu ¢ dler}.
Phén thir hai 1a tim chu ky bang cach s dung bién doi
Fourier lugng tir va thé hién uvu viét tinh toan lugng tir.
3.3.1. Phan c¢6 dién
i Phan ¢6 dién c6 thé dugc t!n,rc hiér} trép may tinh cd
dién v6i nhiing thudt todn c6 dién da bict, gom cac budc:
Budc 1: Chon mét s6 ngiu nhién a < N;
Budc 2: Tinh wéc chung 16n phét gitta a va N (ki higu:
gcd(a, N)) bang thuét toan co6 dién Euclide;
Budc 3: Néu ged(a, N) # 1 thi tim duoc thira s6 cia N,
. N
p=gcd(a,N)vaqg = >

Budc 4: Néu khong thoa mén thi tim chu ky r cia ham
fx)=a *modN, tirc laf(x+r) = f(x) Dbi véi sb ki tur
16m thi thudt toan ¢ dién thyc hién budc nay rat kho va thoi gian
chay lau. Thuét toan lugng tir chi tinh trong thoi gian da thirc;
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Budc 5: Néu r 1a sb 1é hodc ged (aE, N) # 1, quay lai
budc dau tién;

Budc 6: Néu r 1a s6 chan thi: p = ged (az + 1,N) va
q =gcd (az—1, N).

3.3.2. Phdn lwong tir, chirong trinh con tim chu ky

O phan trén, budc c6 d6 phuc tap cao nhit 1a budgce tim
chu ky r cua ham f(x). D€ tim chu ky cua mdt ham s6, ¢6
the bién d6i Fourier ham so nay, khi do két qua bién doi
Fourier s€ cuc dai tai cac gia tri s/ v6i s 1a cac so nguyén.
Do do6, budc nay c6 thé duge thuc hién bang tinh toan
luong tir nhur sau. Ham f{x) la ham tudn hoan c6 thé nhan
t6i da N gia tri, va co thé dugc biéu din bang O trang thai
co so, dé t010uu thi O dqu chon sao cho N? < Q < 2N?
[4]. Ta c6 thé trinh bay ngan gon nhu sau:

1. Thié‘t 1ap mot hé vat 1i gé)m hai thanh ghi canh qhau
dugc so do hoa nhu Hinh 1, khoi tao hai thanh ghi déu ¢
trang thai nghi |0). S6 qublt n 1a s6 nguyén nho nhat 16n
hon logarit co s6 2 ciia N, sao cho Q = 2™ > N2:

o) = [0)2"|0)®" (1
10) n [Hon 1 n v, n W n EI
10) n a*mod N n EI
T 1 T f T
[%o) [$1) [¥2) [¥3) [$a)

Hinh 1. So s6 mach thudt toan luong tir Shor
2. Cac qubit thanh ghi thir nhit qua cong Hadamard
(cong H) [5] twong tng, con thanh ghi thir hai van & trang
thai nghi |0). Trang thai cua hé hai thanh ghi sau budce nay:
HONQ®n

o) ——— 1) = @ zZ|x>|o> @
=0

O day, |x) 1a trang thai n qubit cﬁa thanh ghi thir nhat
dugc ki hiéu theo dang thap phan, vidu: |0+ 0101) = |5);
[0) = |0--- 0): Trang thai nghi cta n qubit.

3. Xay dungham f (x) = a™mod N, bépg céach ap dung
toan tir lugng tir don nguyén duoc dicu khién boi thanh ghi
thu nhat Uy vao thanh ghi thtr hai va thu dugc trang thai
moéi cua hé la

Uf 1 x
[0 1) = Q72 ) IWlatmod Ny (3)
X
Néu f{x) 1a ham véi chu ky , thi:
flxo) =flxg+71)="=f(xo +br) =
VGi xg < T, Xo + br < Q nén gia tri 16n nhat cua b 1a sb
nguyén cua [(Q — 1 — xo)/r].

4, Th};c hién do ¢ thanh ghi thir hai. Trang thai cua hé

s€ sup do thanh:
Q/r-1

1
— ) |
Jo/r ; o

5. Ap dung bién d6i Fourier luong tir 1én thanh ghi thi

nhét:
|1/J4 = _Z

ls) = + br)|f (x0)) C)

o0t )

v6i y 1a mot trong r s6 nguyén duong mod N sao cho % la
sQ

s6 nguyén s nao déy, tic lay = —ta viét lai trang thai:
r—1
o=y er | ®)
= —_— e T'
) \/? s=0 r

_ 6. Thyc hién phép do trang thai ¢ thanh ghi thu nhét
de tim r. Két qua do la trang thai |C), nghTa la

ﬂ =C- ; = 5 Thut toan s& phan tich thira s§ s/r cho

den phan s6 toi gian, trong do xac sudt dé s 1a boi s6 cua
1/r 1a cao. Gia tri & mau soO chinh la r.

7. Tha lai, bﬁng tinh toan c6 dién, xem néu
f(x) = f(x + 1/s) thi ket thac. Neu khong thi thtr voi
cac gia tri la 1/s voi cac s nguyén khac nhau bang tinh toan
c0 dién, néu mdt trong cac gia tri nay thoa man thi ket thuc.

8. Néu khong thoa man thi lap lai tir budc dau tién.

Tiép theo, nhom téc gia dung thuat toan lugng tir Shor
phan tich thra s0 N = 15 nham chi o “hanh xu” cua tinh
chat lugng tur trong cac bude tinh toan. Do do, chi tép trung
vao phan lugng tur cua thuat toan dé hiéu r6 cach ma thuat
toan lugng tir the hién tinh “quyén nang” cua no.

3.4. Phén tich N =

Véi N = 15, gia st s a ngau nhién duogc chon:

a=2-gcd(2,15) =1.

Bay gio sir dung thuat toan lwong tir Shor dé tim chu ky
r,via® =1 (mod 15) nén a” = 1 (mod 15).

Tao hai thanh ghi vét li v&i s qubit n phai théa mén
diéu kién N? < 2" < 2N?2 > n =8,Q = 2" = 256.

1. Khoi tao hai thanh ghi ¢ trang thai nghi [0) nhu biéu
thie (1), day 1a trang thai nang luong thap nhat trong hé
lugng tr.

15 bang thudt todn lugng tiv

2. Thanh ghi thir nhit qua cong Hadamard
2n-1 255

1
) = Z|>|o> 56;|x)|0> @

Nhu vay, tur trang tha1 |0) ban dau céng Hadamard tao ra
trang thai chdng chap déu, thuc chit cia cong nay 1a phép
bién d6i Fourier lwong tir tir khong gian tinh toan (co s Z)
sang khong gian Fourirer (co s& X) trén ting qubit don.

3. Tac dung bién ddi don nguyén Uy 1én trang thai ctia
thanh ghi thir hai thanh ham f(x) = a* mod N:

= ! N 2% d 15) =
) ‘E;'x“ mod 15) =
1
= = (0D + D12 +12)14) +13)18) + 19]1)
+ -+ |254)|4) + |255)|8)) =
1
W[(IO) + |4) +8) + |10) + -+ + |252)|1) +

+(|1) +[5) +19) + [11) + --- +|253))[2) +
+(12) + 16) + [10) + [12) + --- + |254))|4) +
+(I3) +17) + [11) + [13) + --- + |255))[8) ].  (8)
 Ro rang ta thay chu ky r = 4, tuy nhién ching ta van
tiép tuc thuc hién cac phép tinh dé hieu dugc » xuat hién &
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dau va lam thé nao dé thu dwoc. Nhom tac gia thuc hién
nhom lai cac trang thai thanh phan ma c6 cung gia tri &
thanh ghi thir hai. O day, cac gia & thanh ghi thir hai (gia tri
fx)) dugc in dam 1én dé d& phan biét véi gia tri thanh ghi
thir nhat. Ta nhan thay rang, Us tao ra két ndi c6 diéu kién
gilta cac qubit trong thanh ghi thir nhét va qubit thanh ghi
thir hai tao diéu kién cho giao thoa luong tir va két ndi
lwong tir. Vi du néu ta do thanh ghi thir nhat cho gia trj 1a
6, thi ta biét chéc rang thanh ghi trang thai thir hai 1a 4. Néu
do thanh ghi tht hai cho gia tri 4 thi thanh ghi thi nhét chi
c6 thé 1a chdng chap cac trang thai c6 gia tri (2+4b), trong
d6 b 1a s6 nguyén.

Dé tinh chu ky ciia ham £; ta phai kiém tra ham tai tat
ca cac diém dong thoi. Tuy nhién, vat li lugng tir khong
cho phép ching ta truy cdp truc tiép tit ca thong tin nay.
Do do, ta thuc hién do trang thai & budc 4.

4. Thyc hién do & thanh ghi thir hai. Chi y rang trong
co hoc lugng tir, phép do nghia la chiéu n6 1én mot trang
thai nao do. Gia su rang chleu 1én phép do trang thai |4).
Trang thai cua hé s€ sup d6 vé thanh:

256/r—1

1
W) === Y 124 br)|4) =
¥ 2567 ;

1

\/—(IZ) +16) +[10) + -+ + [254))[4). (9)

O thanh ghi thir nhat van con chdng chap trang thai,
ta thyc hién bién doi dé dua vé trang thai c6 xac suit
cao. Piéu nay c6 thé thyc hién nho phép bién ddi Fourier
luong tir.

5. Ap dung bién d6i Fourier luong tir (5) 1én thanh ghi
thir nhét, véi y = 2, ta viét lai trang thai:

|¢4 \/_Z 4—1'[1

Nhu vdy, sau budc nay thi chu ky » mdi xuat hién &
trang thai, pha va ca ¢ hé so chuan hoa.

2565)

(10)

6. Sau khi bién ddi Fourier, may tinh lugng tir s€ thuc
hién phép do trang thai ¢ thanh ghi tht nhéat. Nhu vy phép
do chi thuc hién 1én khong gian trang thai trong co s tinh
toan (co s¢ Z). Két qua do trang thai |C) chi c6 thé 1a mot
trong trang thai véi pha twong Gtng nhu sau:

4mi
s=0- |%>= [0), pha:eT° =e% =1

sQ

4Ti )
s=1- T> = |64), pha: er=em=-1

e?m — 1

4Tl
s=2- |¥> — |128), pha: &7 *

e3m — _1

4mi
s=3- |¥> = 192), pha: e+ *
Xéc suét do duge cac trang thai trén 1a nhu nhau, 25%:

) =5 (10) -

Néu trong mét 1an do, phép do “may mén”, nghia 1 thu
duoc trang thai |C) — |64),]192) thi ta nhan duoc gid tri
r, bang cach thyc hién t0i gian phan s6 €/Q, vi du

164) + |128) — |192)) (10)

c 192 s 3 .
—_—_—— == — =
0 256 r 4 |

théa man 1i thuyét. Va ta tinh dugc: p = ged(2%/2 +
1,15) =5-qg=3. Néu phép do cho trang thai
|C) = |128) thi r = 2, ta van tinh dugc: p = ged(2%/2 +
1,15)=3-5q=5.

Néu khong “may mén”, thi ta thuc hién do lai va thuat
toan dua vao vong lap con.

Ta thiy thuat toan dya vao kha  nang may tinh luong tir
& nhiéu trang thai dong thoi (su chong chap), trong khi mot
phép do s€ chi mang lai mét trong tat ca cac gia tri co thé
va pha hiy tit ca cac gid tri khac. Do d6, ching phai dugc
trién khai "nhanh" véi mot sb céng lwong tur th?ip, tao su
chdng chép ciia cac trang thai (nho cdng Hadamard), tim
trang thai c6 x4c sudt cao (nhd bién ddi Fourier lugng tir).

Nhu vy, khi thuc hién trén may tinh luong tur, ta moi
nhan két qua tur bude cudi ciing nay, gia tri do dugc thé
hién ¢ dang xac suat ta phai bién luan pha dé thu dugc ket
qua mong doi. Diéu nay s& dwoc 1am rd hon & Myc 3.5 trién
khai thyc té trén may tinh lwong tir.
3.5. Trién khai thudn todn trén nén ting Qiskit

Tiép theo, nhom tac gia sir dung code Python [5] va mot
sO budc cai tién dé trién khai thuat toan luong tr nay véi
a=2vaN = 15. M¢ déau 1a cac cau 1énh dé xay dung va
xuét so dd mach thuét toan.

import matplotlib.pyplot as plt
import numpy as np
from qgiskit  import
transpile, assemble
from gqiskit.visualization import plot_histogram
from math import gcd
from numpy.random import randint
import pandas as pd
from fractions import Fraction
print("Imports Successful")
def c_amodl5(a, power):
= QuantumCircuit(4)
for iteration in range(power):
U.swap(0,1)
U.swap(1,2)
U.swap(2,3)
for q in range(4):
U.x(q)
U = U.to_gate()
U.name = "%i~%i mod 15" % (a, power)
c_U = U.control()
return c_U
n_count = 8
a=2
def gft_dagger(n):
"""n-qubit QFTdagger the first n qubits in

QuantumCircuit, Aer,

circ
= QuantumCircuit(n)
for qubit in range(n//2):
gc.swap(qubit, n-qubit-1)
for j in range(n):
for m in range(j):
qc.cp(-np.pi/float(2**(j-m)), m, J)
qc.h(3)
gqc.name = "QFTT"
return qc
= QuantumCircuit(n_count + 4, n_count)
for g in range(n_count):
qc.h(q)
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gc.x(3+n_count)
for g in range(n_count):
gc.append(c_amodl5(a, 2**q),
[q] + [i+n_count for i in
range(4)])
gc.append(qft_dagger(n_count), range(n_count))
gc.measure(range(n_count), range(n_count))
gc.draw(fold=-1)

Y nghia doan code trén dé dua vao cac thong sb, cac
céng luong tir va 1énh hién thi so d6 mach cua thuat toan
nay. Két qua chay doan code trén qua nén tang Qiskit xudt
mo6 hinh mach nhu Hinh 2.

[
B

T 111
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a—
n_
@

a
a

Hinh 2. M6 hinh mach thudt toan Shor # ***

Tiép theo, ta thuc hién phép do trang thai. Két qua nén
tang phan mém Qiskit cho két qua nhu Hinh 3, c4c trang
thai do duoc |0), |64), |128) va |192) biéu dién & dang nhi
phan. V& tinh toan li thuyét thi xac sudt cac trang thai la
nhu nhau, nhung két qua d6 c6 sy khac nhau 13 do nhidu
lwong tir. Thiét bi cang nhay, cang vi mé thi kha nang nhiéu
cang cao. Trong d6 x4c sudt cua trang thai [10000000) =
|128) c6 xé4c suit 16n nhat.

aer_sim = Aer.get_backend('aer_simulator')
t_qc = transpile(qc, aer_sim)

gqobj = assemble(t_qc)

results = aer_sim.run(qobj).result()

counts = results.get_counts()
plot_histogram(counts)
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Hinh 3. Két qua do dwoc khi chay thudt toan Shor
Thuyc hién do pha ciia cac trang thai, xuat ra cac két qua
pha g véi cac gia tri chu ky . Két qua thé hién ¢ Hinh 4.

rows, measured_phases = [], []
for output in counts:

decimal = int(output, 2) # Convert (base
2) string to decimal
phase = decimal/(2**n_count) # Find

corresponding eigenvalue
measured_phases.append(phase)
rows.append([f"{output}(bin)=
{decimal:>3}(dec)",
f"{decimal}/{2**n_count}=
{phase:.2f}"])
headers=["Register Output", "Phase"]
df = pd.DataFrame(rows, columns=headers)

print(df)
Fraction(@.666)
Fraction(0.666).1imit_denominator(15)
rows = []
for phase in measured_phases:
frac=
Fraction(phase).limit_denominator(15)
rows .append([phase,
f"{frac.numerator}/{frac.denominator}”,
frac.denominator])
headers=["Phase", "Fraction", "Guess for r"]
df = pd.DataFrame(rows, columns=headers)

print(df)
Imports Successful
Register Output Phase
0 11000000(bin) = 192(dec) 192/256 = 0.75
1 10000000(bin) = 128(dec) 128/256 = 0.50
2 00000008 (hin) = 0(dec) 0/256 = 0.00
3 01000000(bin) = 64(dec) 64/256 = 0.25
Phase Fraction Guess for r
O 0.75 3/4 4
1 0.50 1/2 2
2 0.00 e/1 1
3 0.25 1/4 4

Hinh 4. Pha va chu ky r do dwoc khi chay thudt toan Shor
Céc két qua trén chua dua ra chu ky ciing nhu gia tri
thira s6 nguyén t6. Va chi y rang gia tri » do dugc c6 ba gia
tri (4, 2, 1) nén dé xac dinh gia tri p va ¢ chuén x4c ta can
dit diéu kién cho p va ¢. Sau khi thiét 1ap xong mach thuat
toan (vi tri dugce danh dau #***), nhom tac gia cai tién mot
s6 cau 1énh nhu sau:
while True:
aer_sim = Aer.get_backend('aer_simulator")
t_qc = transpile(qc, aer_sim)
qobj = assemble(t_qc)
results = aer_sim.run(qobj).result()
counts = results.get_counts()
plot_histogram(counts)

rows, measured_phases = [], []
for output in counts:

decimal = int(output, 2) # Convert
(base 2) string to decimal
phase = decimal/(2**n_count) # Find

corresponding eigenvalue
measured_phases.append(phase)
rows.append([f"{output}(bin)=
{decimal:>3}(dec)",
f"{decimal}/{2**n_count}=
{phase:.2f}"])
headers=["Register Output", "Phase"]
df = pd.DataFrame(rows, columns=headers)

Fraction(0.666)
Fraction(0.666).1imit_denominator(15)
rows = []
for phase in measured_phases:
frac=
Fraction(phase).limit_denominator(15)
rows.append([phase,
f"{frac.numerator}/{frac.denominator}”,
frac.denominator])
headers=["Phase", "Fraction", "Guess for
r]
dt = pd.DataFrame(rows, columns=headers)
frac=
Fraction(phase).limit_denominator(15)
s, r = frac.numerator, frac.denominator
p= gcd(a**(r//2)-1, 15)
gq= gcd(a**(r//2)+1, 15)
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if (p!=1) and (q!=1) :
break
print(df)
print(dt)
print("r=",r)
print("p=",gcd(a**(r//2)-1,
gcd(a**(r//2)+1, 15))

Imports Successful

15)» o nee q=",

sail
Register Output Phase

0 10000008 (bin) = 128(dec) 128/256 = 0.50
1 11000000(bin) = 192(dec) 192/256 = 0.75
2 00000060(bin) = BO(dec) 0/256 = 0.00
3 01000088 (bin) = 64(dec) 64/256 = .25

Phase Fraction Guess for r
O 0.50 1/2 2
1 0.75 3/4 4
2 Q.00 a/1 1
3 0.25 1/4 4
r=4
p= 3 q=5

Hinh 5. Chu ky va thira s6 nguyén t6 do duwoc

Két qua nhom tac gia cai tién cac vong 1énh va thu duoc
thé hién ¢ Hinh 5, may tinh c6 thé xuat ra gia tri chu ky
r = 4 va thira s6 nguyén t6 1a 3 va 5.

Nhu vay, nén tang Qiskit thuén loi dé nghién ctiu va
phat trién cac thuat toan lugng tir d6i véi nhitng nhém nurde
chua c6 mdy tinh lugng tu thuc. Qua viéc phat trién thuét
toan lugng tr trén may tinh lugng tr, nhém tac gid nhén
thdy 1a phic tap va d& bi 15i do 6n 4o (nhidu) lwong tir. Tuy
nhién, thuét toan Shor d3 thé hién kha nang phan tich thtra
s6 12 ¢6 thé. Do do, viéc can thiét 1a tang s6 qubit cho may
tinh lwong tir ciing nhu stra 18i dé may tinh lwong tir hoat
dong hi¢u qua hon.

4. Két luan

Trong bén nén tang phan mém luong tir phd bién
Forest, ProjectQ, QDK va Qiskit hd tro 1am viéc v6i may
tinh luong tu, cung cap cong cu dé tao va thao tac cac
thuat toan lugng tu trén thiét bi lugng tu thyc va phan
mém gid lap, thi Qiskit c6 wu thé hon dbi véi ngudi dung
nghién ctru thuit toan lugng tir. Viéc thyc thi thuat toan
lugng tir Shor va chay chung trén may tinh lwong td IBM

thong qua cloud cua trinh md phong Qiskit cho két qua
pht hop véi tinh toan 1i thuyét. Néu mot may tinh lwong
tr c6 dir s6 qubit hoat dong ma khong bi anh hudng boi
cac tac nhan gy nhiéu thi thuat toan lwong tir Shor hoan
toan c6 thé pha ma khoa cong khai RSA. Néu may tinh
luong tur sir dung cang nhiéu qubit thi kha ning bi nhidu
va 18i rat cao. Do do, song song voi viéc nhém nghién ctru
phan cting phat trién s qubit va giam do nhleu cho may
tinh luong tir, c6 thé két hgp gitra may tinh cb dién vamay
tinh luong tr: May tinh c¢6 dién chi xi 1i cac 1énh cb dién
dé giam thiéu viéc st dung qubit cia may tinh luong ti;
Trong khi d6, may tinh luong tr chi x li nhitng 1énh
“lugng ti” then chét cua thuat toan; Khi do, sb lugng
qubit can ding s& giam. Pong thoi, dua ra cac thuat toan
dé sira 18i luong tr. Pay 1 ¥ twong ma nhém tac gia sé
dinh huéng trong cac nghién ctru tiép theo.

Loi cam on: Nghién ctru nay duogc tai trg boi Quy phat
tri~én Khoa hgc Truong Dai hoc Su pham — Dai hoc ba
Nang trong d¢ tai c6 ma so T2022-TN-09.
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