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Abstract - This paper presents the theoretical analysis of the average
symbol error rate (ASER) of free space optical (FSO) communication
system combined with multiple-input multiple-output (MIMO) relay
based on Amplify-and-Forward (AF) technique employing subcarrier
quadrature amplitude modulation (SC-QAM) signal over strong
atmospheric turbulence, which is modeled by Gamma-Gamma
distributions and pointing error. The pointing error effect is studied by
taking into account the influence of beamwidth, aperture size and jitter
variance on the ASER. The influence of the number of relay stations,
link distance and different MIMO/FSO configurations on the system’s
ASER are also discussed in this paper. The numerical results present
the impact of pointing error on the performance of systems and how
we use proper values of beamwidth and aperture to improve the
performance of such systems.

Key words - AF; atmospheric turbulence; ASER; FSO; QAM;
pointing error.

1. Introduction

Free-space optical (FSO) communications have gained
significant research attention due to their ability to cater to
high bandwidth demand. However, the optical links are
vulnerable to adverse channel conditions caused by
atmospheric turbulence and pointing error [1]. The
turbulence induced scintillation and misalignment-fading
is modeled using the Gamma-Gamma distribution, which
is suitable for moderate to strong turbulence regimes [2].
To mitigate the impact of turbulence, multi-hop relaying
FSO systems have been proposed as a promising measure
to extend the transmission links and the turbulence-induced
fading. Recently, performance of multi-hop relaying FSO
systems over atmospheric turbulence channels has been
studied in [3-10].

In this work, the ASER expressions of systems in the
Gamma-Gamma atmospheric turbulence channel are
analytically obtained by taking into account the influence
of pointing errors represented by beam-width, aperture size
and jitter variance. The SC-QAM scheme is adopted for the
performance analysis. Moreover, the number of relaying
stations is included in the statistical model of the combined
channel together with atmospheric loss, atmospheric
turbulence and pointing error.

The rest of the paper is organized as follows: Section 2
introduces the system description. Section 3 discusses the
atmospheric turbulence model of AF MIMO/FSO/SC-
QAM systems with pointing error. Section 4 is devoted to
ASER derivation of AF MIMO/FSO links. Section 5
presents the numerical results and discussion. The
conclusion is reported in Section 6.

2. System description
2.1. AF relaying SISO/FSO system using SC-QAM signals

Figure 1. A serial relaying SISO/FSO system
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Figure 2. The source node, relaying node and destination node
of SISO/FSO systems
We consider an AF relaying FSO system using
SC-QAM signals depicted in Figure 1, with single
transmitter and single receiver, in which signal from the
source node S is transmitted to the destination node D
serially through c relay stations R}, R,,...,R_;, R . The
schemes are illustrated in Figure 2, QAM symbol is first
up-converted to an intermediate frequency f.. The
electrical SC-QAM signal at the output of QAM modulator
can be written as

e(t) =51 () cosr f 1) — sq () sin(27 £ 1) )
where s(t) =X a; () g(t —iT,) and
sp(t) = Zj:fi b;(t)g(t—jT,) are the in-phase and the
b;(t)are the
in-phase and the quadrature information amplitudes of the
transmitted data symbol, respectively, g(¢)is the shaping
pulse and 7, denotes the symbol interval. The QAM signal

is used to modulate the intensity of a laser of the
transmitter, the transmitted signal can be written as

5(£)= P {1+ s, () cosrf,t) = so(Osin@z£0]]  (2)

where P, denotes the average transmitted optical power per
symbol at each hop and x is the modulation index. Due to
the effects of both atmospheric loss, atmospheric
turbulence and the pointing error, the received optical
signal at the first relay node can be expressed as

si(1)=XP, {1 +&{s; (1) cos(2z f,0) — s () sin(27, ;;t)]} (3)

where X presents the signal scintillation caused by
atmospheric loss, atmospheric turbulence and the pointing
error. At each relay node, AF module is used for signal

quadrature signals, respectively.q; (¢),
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amplification as shown in Figure 2b. Due to slow
turbulence changes, the DC term{X Ps}can be filtered out
by a bandpass filter. The electrical signal output of AF
module at the first relay node therefore can be expressed as

e (1) = RXRPxe(t) + (1) ©)
where ®R is the PD’s responsivity and £ is the amplification
power of the first relaying node. The receiver noise v (¢)

can be modeled as an additive white Gaussian noise
(AWGN) process.

Repeating such manipulations above, the electrical
signal output of the PD at the destination node can be
derived as follows

(1) = Re)| [T Xk [« @ )
2.2. AF relaying MIMO/FSO system using SC-QAM signals
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Figure 3. The source node, relay node and destination node of
MIMO/FSO systems

In this section, we consider a general AF relaying
M x N MIMO/FSO system using SC-QAM signals with
M-lasers pointing toward an N-aperture receiver as
depicted. The schemes are illustrated in Figure 3. The
MIMO/FSO channel can be modeled by M x N matrix of

the turbulence channel, denoted as X =[X,,, ]Z”]il The

electrical signal at the input of QAM demodulator of the
destination node can be expressed as

(1) =Pse<r){f§f[()cﬂ ),,,,,9?2”‘1?}

m=1n=1i=0
(6)
] ®

c( M N
)P
i=0 \im=1n=1
where X, denotes the stationary random process for the
turbulence channel from the m™ laser to the n™ PD. In this
system model, the instantancous electrical SNR can be
expressed as a finite sum of sub-channels as

(S

where y; = is the random variable defined as the

instantaneous electrical SNR component of the sub-channel
from the m™ laser to the n™ PD, it can be expressed as

2
{MN R HPSEIXHJ?J (e 2
=71 [ 1% (3)
i=0

No

}/ =
where 7 is defined as the average electrical SNR.

3. Atmospheric turbulelce models with pointing error
In Egs. (7) and (8), X is the channel state. X models the

optical intensity fluctuations resulting from atmospheric

loss X;, atmospheric turbulence fading X, and pointing

error X ,. They can be described as
X=XXX, ©)
3.1. Atmospheric loss
Atmospheric lossX;is a deterministic component and

no randomness, thus acting as a fixed scaling factor over a
long time period. It is modeled in [4] as

X, =e " (10)
where o denotes a wavelength and weather dependent
attenuation coefficient, and L is the link distance.

3.2. Gamma-gamma atmospheric turbulence

For moderate to strong turbulence, the most widely
accepted model is the gamma-gamma distribution, which
has been validated through studies [4, 5]. The pdf of the
irradiance intensity of gamma-gamma channel is given as

a+p

2(aB) 2 2

Jx (Xo) ==~

(@) (p)

where I'(@), I'(f) is the Gamma function and K, _4(.)

denotes the modified Bessel function of the second kind. The

positive parameter « represents the effective number of

large-scale cells of the scattering process, and the positive

parameter / represents the effective number of small-scale
cells of the scattering process in the atmospheric.

Lavia)
X2 K, y(2Jepx,) an

r -1
0490,

a=|exp 2 — -1 (12)

(1+0.184 +0.5607")
/6 -l

0510, (1 + 0.690;”)

B =|exp -1 (13)
1+0.9d° +0.620,"°

In Egs. (12) and (13), d = s[kD2/4L where k =27/2 is
the wave number, A is the wavelength, L is the link
distance, and D is the receiver aperture diameter, and o, is
the Rytov variance, it expressed by [4]

o; =0.492Ck"°L"*

where C? is the refractive-index structure parameter.

(14)

Through c relay stations, there are (¢ +1) turbulence
channels, The pdf of X! is as follows:

a+p
c+l\ _ 2(0{ﬂ)T a+ﬁ727 :
P (X'} = (@)™ (15)

xK,_p (2 afX,., )

3.3. Pointing error model

A statistical pointing error model is developed in [7, 8],
the pdf of X, is given as [7]
: |
Tx,Xp)==5Xp
4

(16)

E 0< X <4,
where 4y =[erf (v)]2 is the fraction of the collected power

at radial distance 0, v is given by v =zr/ (2w, ) with » and
@, respectively denote the aperture radius and the beam
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waist at the distance z and &=, /20, where the
equivalent beam radius can be calculated by [7]

0,4y = 0, N7 erf(v)/ 2vx exp(—v?))!"2 (17)

o2 .
where, @, =, [1 +&(AL/ mayy) J with @, is the
transmitter beam waist radius at z =0, & = (1+ 20)3 Y, pg and
po = (0.55C*k*L)™" is the coherence length.

3.4. Combined channel model

We derive a complete statistical model of the channel
considering the combined effect of atmospheric turbulence,
atmospheric loss and pointing error. The unconditional pdf
of the channel state is obtained [8, eq. (17)].

X0)= [0 (K12 1y, (x,) 4, (18)

wherefX‘ X X,,) denotes the conditional probability

given a turbulence state, and it can be expressed by [8].

1 X
= Ix ( j (19)
XX, "\ XX

As a result, we can derive the unconditional pdf. The
pdf can be expressed by

fX‘XH

28 (aB) @2 N
foon) - =) XX
(c+D(4,X)" T(@)I(B)
2 @ (20)
x j X, 2 K, 5 (2JapX, x,
X/X,4,

The modified Bessel function of the second kind
K, ,(.) can be expressed as a special case of the Meijer
G-function, given by the following relationship [11]

M—l—c
) 52(0(,8)”1 X 2
M o r@ ) [a A% ]
-2 ﬂ+§ +c -
Gl330 ﬂi

Eq. (21) can be further 51mpliﬁed using [12, eq.
(9.31.5)] as

2 c+l
P ()
(c+ (4 XN (@)I(F)
o (22)
X G13’30 afp X
’ AX | E —La-1-c,f-1-c

4. Aser calculation

We can derive the average symbol error rate of AF
relaying MIMO/FSO/SC-QAM, which can be generally
expressed as

P =[RS,y (23)

where P () is the conditional error probability (CEP),
[ ={Tp.n=l..N;m=1,.,M} is the matrix of the MIMO/FSO
channels. For using SC-QAM modulation, the conditional
error probability presented as

P(y) =1-[1-24(M QA W |[1-24(M)0(Ap7) |24)

where ¢g(x)=1- x_l, 0O(x) is the Gaussian Q-functiolg,

0(x) = 0.5erfc(x2), =(6/[ 1} -n+r -]}
12

AQ=(6r2/[(M§ D+ (M —1)]) , in which r =d /d, as the

quadrature to in-phase decision distance ratio, M, and M,

are in-phase and quadrature signal amplitudes,
respectively. Eq. (24) can further be written as follows

P.(r) =2g(M QA7) +2q(M ,)O(4\7)
~4g(M,)q(M,)O(4,[1)O(A,\7)

Assuming that MIMO sub-channels’ turbulence
processes are uncorrelated, independent and identically
distributed, according to Eq. (8), Eq. (22) and formula
contact between probability density function, we obtain the
pdfs of AF relaying MIMO/FSO systems over gamma-
gamma channel as

(25)

e+l 2 c+l
R y-—t D) €L
" (c+ 1)(A0X1 )F(a)r(ﬂ)

26
o] o] € e

*G13 )
X | E-La-1-c,f-1-c

Substituting Eq. (25) and Eq. (26) into Eq. (23), the
ASER of the systems can be obtained as

P.(7)=2q(M )| QA7) [ ()dy +2a(M) [ O(4, J?)f(y)dym)

~49(M,)qg(My) [ QNP f ()Y

5. Numerical results and discussion

Using previous derived expressions, Eq. (26) and Eq.
(27), we present numerical results for ASER analysis of the
AF relaying MIMO/FSO systems. The systems’s ASER
can be estimated via multi-dimensional numerical
integration with the help of the Matlab™ software.
Relevant parameters considered in our analysis are
provided in Table 1.

In Figure 4, the system’s ASER is presented as a
function of transmitter beam waist radius under several of
number relay stations. In these figures it is clearly depicted
that for a given condition including specific values of
number relay stations, aperture radius and average SNR,
the minimum of ASER can be reached to a specific value
of w,. This value is called the optimal transmitter beam
waist radius. Apparently, the more the value of transmitter
beam waist radius comes close to the optimal one, the
lower the value of system’s ASER is.

Table 1. Sysem parametters and constants

Parameter Symbol Value
Laser Wavelength A 1550 nm
Photodetector responsivity R 1 A/W
Modulation Index P 1
Total noise variance No 107A/Hz
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ir;p?ase/Quadrature signal M, /MQ 8/4
plitudes
Index of refraction structure C ,f 3Ix 10714 rnfz/3

Average symbol error rate, ASER
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Figure 4. ASER performance versus transmitter beam waist
radiusay for various values of o, with the aperture radius
r=0.065m, the average SNR = 23 dB and L =1000m.
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Figure 5. ASER performance against o, for various values of
aperture radius with transmitter beam waist radius
ay =0.022 m, the average SNR = 23 dB and L =1000m.

Figure 5 illustrates the ASER performance against the
pointing error displacement standard deviation of the AF
relaying MIMO/FSO systems with different MIMO
configuration of 2x 2 and 4 x 4 MIMO/FSO systems. As it
is clearly shown, the system’s ASER is improved
significantly with the increase of number of lasers,
receivers and relay stations. In addition, the pointing error
effects impact more severely on the system’s performance
since higher values of ASER are gained. The impact of the
aperture radius and the transmitter beam waist radius on the
system’s performance is more significant in low o regions
than in high o regions.

Figure 6 illustrates the ASER performance against the
aperture radius under various relay stations of the AF
relaying MIMO/FSO systems. As a result, the system’s
ASER significantly decreases when the values of aperture
radius and number relay stations increase. It is found that,
in low-value region when aperture radius increases,
system’s ASER does not change much. However, when
aperture radius exceeds the threshold value, ASER

plummets when aperture radius increases.
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Figure 6. ASER performance against the aperture radius r for
various values of o, with the beam waist radius a =0.022 mthe
average SNR = 23 dB and L =1000m.
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Figure 7. ASER performance versus link distance with of SISO,
2x2 and 4x4 MIMO/FSO systems.c, =0.08 m, beam waist
radiusayy =0.022 m, r = 0.055 m and L =1000m.

Figure 7 depicts the ASER performance as function of
the transmission link distance L for various number of relay
stations with different MIMO/FSO configurations. It can
be seen from the figure that the ASER increases when the
transmission link distance is longer. In addition, when
using relay stations combined with MIMO/FSO systems,
ASER will get better performance. Figure 8 illustrates the
ASER as a function of the average electrical SNR for
different number relay stations and different MIMO
configurations. The ASER decreases with the increase of
the SNR, number of relay stations and MIMO/FSO. It can
be found that simulation results show a closed agreement
with analytical results.

L L
1100 1200
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Figure 8. ASER performance versus average SNR of SISO, 2 x 2
and 4 x4 MIMO/FSO system.c, =0.08 mbeam waist radius
ay=0.022m, r = 0.055 m and L =1000m.

6. Conclusion

In this paper, we have theoretically analyzed the ASER
of AF relaying MIMO/FSO communication systems
employing SC-QAM signals over Gamma-Gamma
atmospheric turbulence and pointing error.The results
present the theoretical expressions for ASER performance
of SISO and MIMO systems by taking into account the
number of AF relay stations, MIMO configurations and the
pointing error effect. The numerical results show the
impact of pointing error on the system’s performance. By
analyzing ASER performance, we can conclude that using
proper values of aperture radius, transmitter beam waist
radius, partially surmounted pointing error and number of
relay stations combined with MIMO/FSO configurations
could greatly benefit the performance of such systems.
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