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Tém tit - Trong bai bio nay, tac gia tién hanh khao sat cac didu
kién d¢é mot ham hang xa anh trén nira vanh c6 thé mo rong dugc
nhu trén vanh theo quy tic rrank(M) = min{r(E) | M = NEP},
v6i M 14 ma tran tiy v, E 1a ma tran liiy dang va rrank dugc goi
1a ham mé réng cua r. Tir d6, chimg minh dwgc mot sé tinh chat
co ban dbi voi cac ham mé rong cua cac ham hang xa anh c6
the mo rong dugc. Téc gia da cung cAp céc ntra vanh ma trén do
tOn tai it nhat hai ham hang xa anh co thé mo rong dugc. Hon
nita, néu mot nira vanh ma trén d6 c6 it nhat mot ham hang xa
anh c6 thé mo rong duogc thi nra vanh do co sb phﬁn tir sinh
khong bi chan manh va moi ham mé rong tuong ung ludn bi
chén trén boi hang nhan tu.

Tir khéa - Nira vanh; Ma trén liiy ding; Ham hang xa anh; Hang
nhén tir; Hang Gondran-Minoux

1. Pit van dé

Trén mot vanh S cho trude, moi ham hang xa anh r
lubn c6 thé mo rong duge ddi véi ma tran tuy ¥ theo quy
tic rrank(M)=min{r(E)|M =NEP}, véi M la ma
tran ty y va E 14 ma tran lily dang (xem [1]). Piéu nay c6
nghia 1a: V&i moi ma tran liily dang E ta ludn c6
rrank (E) =r(E) . Khi d6, ham rrank di tir tip hop M (S)
s gém cac ma tran trén vanh S, vao tap hop cac $6 thuc
khong &m R* dugc xem nhu mot ham mé rong ctia ham
hang xa anh I dé cho. Viéc nghién ctru cac tinh chét dic
trung cua ham hang xa anh trén vanh va ham mo rong cua
n6 da thu dwoc nhiéu két qua quan trong trong bai toan
phan loai cu tric vanh (xem [1], [2], [3]). Cu thé, trong [1,
Corollary 20] da chi ra rang: Trén mot vanh S khéc khong,

f(M)= frank(M),¥M e M (S) khi va chi khi vanh S Ia
xa anh tu do. Trong d6, f la ham hang nhan t&r ctia ma
tran. Tuy nhién, khi m& rong ham hang xa anh theo quy tic
nhu trén cho cac ma trdn tuy y trén nra vanh, mot s6 két
quéa khong xay ra nhu trén vanh, do trén nira vanh S tong
quat, tp hop S cung v6i phep toan cong khong phal l1a mot
nhom. Mot s6 yéu cau dat ra 1a: Voi diéu kién nao thi ham
hang xa anh trén nira vanh cé thé mé réng dwoc theo quy
tdc nhu trén? Chi ra cdc 10p nira vanh nhie vay? Ham mo
rong cua mot ham hang xg anh cho trudc co nhitng tinh
chdt co ban nao?...

Trong thoi gian gan day, ham hang ma tran 1a chu de
dugc nhic dén nhidu trong cc nghién clru ve phan loai ciu
triic nira vanh, kha nhiéu két qua dat duoc vé cac tinh chat
dac trung cua ham hang ma trén trén ntra vanh, ché“ing han
nhu: Nira vanh Tropical, nira vanh Max-plus va cac ntra
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vanh cu thé khac (xem [4], [5]). Thong qua cac dic trung
clia cac ham hang ma tran dé mo ta cdu triic cling nhu phan
loai cac 16p nra vanh cling dugc quan tam nghién ctiru (xem
[6] - [12]). Tuy nhién, nhing két qua nghién ctru vé ham
hang xa anh trén nira vanh chua nhiéu. Trong cac két qua
cua bai bdo nay, tac gia tap trung giai quyét mot phan cac
yéu cau dugc dat ra ¢ trén nhu: Xem xét mot s6 diéu kién
dé mdt ham hang xa anh trén ntra vanh cé thé mo rong
duoc, va khao sat cac tinh chét co ban cta cac ham mé& rong
tuong ng. Ngoai ra, tic gia cung cap mot 16p nira vanh ma
trén do ton tai it nhat hai ham hang xa anh c6 thé mo rong
duoc va nhan théy ré“mg: Céc nira vanh ma trén d6 ton tai
ham hang xa énh c6 thé mo rong dugc 1a cac “nura vanh c6
) phﬁn tu sinh khong bi chin manh” (xem [9, Pinh nghia
3.2]) va moi ham mo rng cia cac ham hang xa anh tuong
ung luon bi chan trén bdi hang nhan tir.

2. Pinh nghia va két qua lién quan

Nira vanh (xem [4]) 1a mét tap hop R c¢6 chtra cac phan
tr 0 va 1, trén R co trang bi hai phép toan cong (+) va
nhan (.) sao cho:

i) R clng v&i phép toan cong tao thanh vi nhém giao
hoéan c6 phan trdonvila 0 ;

ii) R cung véi phép toan nhan tao thanh vi nhom véi
phan trdonvila l;

iii) t.(u+v)=tu+ty; (t+u)v=tv+uy,vt,uveR,;

iv) Ou=u0=0,YueR.

Ta c6 thé viét ab thay vi viét ab voéimoi a,beR.Ta

n6i ntta vanh R 1a  zerosumfree  néu
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r+s=0=r=s=0, Vr,seR; ntra vanh R dugc goi 1a
khong c6 wéc cua khéng (hay con goi la nguyén) néu
r<0 . .
{S 0 =rs=0, Vr,seR; R dugc goi 1a liiy dang néu
+
r+r=r,vreR;
rs=sr, vr,seR.
Nhéc lai trong [7] ring, néu nira vanh R giao hoan va
lly dang thoa dicu kién: Va,beR, dceR,c#0:
ac+bce {ac, bc} thi R dwoc goi 1a nika vanh tua lywa chon.

R dugc goi la giao hoan néu

Nhic lai trong [4] ring, mot nira médun phai M, trén
nira vanh R cho truéc, 1a mot vi nhém (M, +) giao hoan,
¢6 phan tir don vi ky hiéu 1a 0,, , cing v6i anh xa tir M xR
vao M dugc xac dinh boi (m,s) — ms duge goi la phép
toan nhan ngoai véi cac phan tir cua R, thoa man cac didu
kién sau: vx,ye M va Vs,ueR taco:

i) x(su)=(xs)u

ii) (X+y)s=xs+ys;

iii) X(s+u)=xs+xu;

iv) x1=x;

v) 0,,s=0, =x0.

Dinh nghia nita médun trdi trén R dwoc phat biéu twong
tu, cac két qua trong bai vict nay déu xét doi vai nira modun
phai, do d6, khi khong s¢ nham lan, ta chi can noi nita
modun thay vi nira moédun phai.

Nutra médun M trén nira vanh R dugc goi 1a hitu han sinh
kp} cla

rpeR ma

néu ton tai tap con hitu han phan tir K = {kl, Ky,

M sao cho v6i moi me M, ton tai I,I,,...,

m:Zp:kiri .
i=1

Nura m(‘)(,iun P trén pfra Vg‘lnh R 12 xg anh néu thoa diéu
kién: Vai bat ky cac dong §£1u qﬁa modun a G - H va
B:P—>H, a latoan cau, ton tai mét dong cau nira
modun y:P — G théaman aoy=2.

Trén ntra vanh R cho trudc, mot ma tran M ¢é cép
mxn (nxn) dugc ky hiéu la M (M), mot ma tran

OA"*” B””“j dugc ky higu 1a A, ®B

khdi c6 dang [

pxn pxq
hay A@ Bnéu khong so nham lan vé cap cua chiing.
[/ (R) I tap cac ma tran cap mxn, M (R) la tap cac
ma tran tily y. Mot ma tran vuéng A dwoc goi 1a liy dang
néu A* = A. Taky hiéu IM (R) la tap hop cac ma tran liy
dang c6 hé s6 thude R.

Theo [3], hai ma tran ldy déng E, F duogc goi 1a twong
dirong, ky hiéu 1a E=F , néu ¢6 cac ma tran M, N sao
cho E=MN, F =NM . Chii y ring, theo [10, Lemma 4.3],
trén nira vanh R cho trudc, moi nira moédun xa anh Q co tap

sinh hitu han luén dang cdu véi nira médun E(R”) nao
do, voi E ( R”) l1a ntra médun con cua R"c6 hé sinh gém
céc vecto cdt cua ma tran lily ddng E, € IM(R) . Hon nita,

theo [11, Ménh d& 2.9], néu céc nira mddun xa anh P, Q
duoc sinh bdi cac vecto cdt cua cac ma tran liy dang tuong
ung G, Hthi PzQ«<G=H.

Theo [6], hang nhdn tir cia mot ma trdn A trén nira
vanh R, ky hiéu f (A) , 1a sb tu nhién k bé nhét sao cho

A=MN véi MeM_, (R),NeM,_ (R).

Theo [3], hang nhdn tir 6n dinh chiama tran Be M (R)
(néu c6) duge ky hidu 1a T (B) va xéc dinh béi cong thitc
f(B)=lim[ f(B®I,)-r].

N trén nura vanh

mxn ! nxm

Theo [9], néu moi ma tran M
R thoa man diéu kién MN = I, =n>=m thi R dugc goi 1a

c0 56 phan tir sinh khong bi chan manh hay duoc goi 1a nira
vanh c¢d SUGN. Chu y rang, theo [9, Pinh 1y 3.6], nira vanh
R ¢6 SUGN khi va chi khi f(I,)=m,vmeN".

Nhic lai trong [5] rang, mot ho {al,...,ah} cR"™, gom
cac vecto cot léy hé sd trén ntra vanh R, duoc goi 1a phu
thuoc tuyén tinh GM néu co cac phén tr 4,4,,...,.4, €R
khong dong thoi bang 0 va cac tap hop 1, J sao cho
1nd=@, 1ul={L2,..n} va >ai=>aj.

icl jed
Truong hop ho {a1 - } khong phu thudc tuyén tinh GM
thi duoc goi 1a déc Idp tuyén tinh GM. D6i véi ma tran trén
nura vanh R, hgng ¢t GM cuiamdt ma trdn Ae M, (R) ,
ky hiéu mcg,, (A), 1a s6 vecto cot 16n nhét clia ma tran A
ma chlng doc 1ap tuyén tinh GM.

Duéi day 1a mot s6 két qua da duoc chimg minh lién
quan dén bai bao:

Ménh dé 2.1 ([6]). Cho R 14 nira vanh, v&i moi ma tran
M,.: N, taluéncd f(MN)<min{f(M), f(N)}.

Ménh dé 2.2 ([9, Ménh dé 2.8]). Trén nira vanh R tlly
y,néu G,;HelIM(R) va G=H thi f(G)=f(H).

Mg¢nh dé 2.3 ([9, Pinh Iy 3.13]). Néu R 1a nira vanh c6
SUGN thi ?(M ) >0,vM e M (R) . Nguoc lai, néu ton tai

M eM (R) saocho (M) tdn tai thi R c6 SUGN.

Mgénh dé 2.4. ([7, Corollary 2.11]). Trén nua vanh R
nguyén, tua lya chon, néu cac ma tran A, B, C dugc biéu

dién duéi dang A=AA,..A,, B=B +B,+:--+B, va
C=(C,---C,). Khi do,

i) mcgy, (A)<min{mcg, (A).i

siZ;:mcGM (B);

:1,...,n};

i) mcgy, (B
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iii) mcg,, (C)S_Zn:mcGM (C)-

Trong do6, (Cl --C, ) 12 ma tran khéi dugc tao ra tir cac

ma tran C,,C,,...,C,.

3. Két qua nghién ctru

Trong phan nay, tic gia khao sat mot s6 diéu kién dé
mot ham hang xa anh trén ntra vanh c6 thé mo rong duoc,
ching minh mot so tinh chat ctia cac ham mo rong cuia
cac ham hang xa anh c6 thé mo rong, mo ta cau tric nira
vanh ma trén d6 co6 it nhat mot ham hang xa anh co6 thé
mo rong duge.

Pinh nghia 3.1 ([1, p. 269]). Cho R 1a nira vanh, mét
anhxa r:IM (R) — R dugc goi 1a ham hang xa dnh trén
ntra vanh R néu no théa mén cac didu kién sau v6i moi ma
tran lily dang P,Q:

i) P=Q=r(P)=r(Q);
i) r((P®Q)=r(P)+r(Q);
iii) r((1))=1.

Dinh nghia 3.2 ([1, p. 269]). Gia st I'la mdt ham
hang xa anh trén nwta vanh R, m{t anh xa
rrank : M (R) - R

rrank (A) =min{r (E)|A=BEC,E € IM (R), véi moi

dugc xac dinh boi quy tic

AeM (R), duoc goi 1a ham md réng cua ham hang xa
anhrnéu rrank(F)=r(F),VF € IM(R). Khi do, ta con

noi I 1a ham hang xa anh mao rong dwrgc cho ma tran tiy
y trén R.

Dinh ly 3.3. Cho r [a ham hang xa dnh trén nira vanh R,
cac dicu kién sau 1a tuong duong:

i) r 4 ham hang xa anh mo rong duoc.
ii) Véi moi E,FelM(R), néu c6 cic ma tran

G,H e M (R) sao cho F =GEH thi r(F)<r(E).

i) Véi moi M,,N, € IM(R), néu MN =NM =M
thi r(M)<r(N).

Chirng minh.

i <ii: Gia st I' 1a ham hang xa anh m¢ rong dugc
trén nira vanh R, v6i moi ma trén lily dang E,F € IM(R)
sao cho F = BEC , v6i c4c ma tran B,C € M (R) nao do,
suy ra r(F)=rrank(F)<r(E).
A €M, (R) 1a ma trgn liiy dang thi rrank(A)=r(A).
That vay, do AeIM(R) va A=IAl  nén
rrank (A) <r(A). Mit khac, gia st rrank (A) =k thi ton

Nguoc lai, néu

tai ma tran liy déng EeIM(R) va cac ma tran

M,N eM(R) sao cho r(E)=k va A=MEN, suy ra
r(A)<r(E)=k. vay k=rrank(A)<r(A)<r(E)=k
hay rrank (A)=r(A).
ii = iii : Hién nhién.
iii = ii: Giasa E,,F, 1a cic ma tran lily dang va c6
cac ma tran B ,C

saocho F=B_EC
tran U = ECFBE ta c6

m e EnCosn » 43t ma
Uuz= (ECFBE)(ECFBE) = ECFFFBE = ECFBE =U

sy ra U 1a ma tran iy dang. Do
F=F?=BECF=(BE)(ECF) nén F=U suy ra
r(F)=r(U), mit khic, do E 1a ma trén liiy dang nén
{EU = EECFBE = ECFBE =U

UE - crBeE—ecrpe—y Y 1@ T(U)=r(E)

(theo gia thiét). Vay r(F)=r(U)<r(E).o

Két qua sau cung cap cho ta mot vai vi du vé su ton tai
cua ham hang xa anh m¢ rong dugc trén 16p nira vanh da
dugc dé cap trong [7].

Ménh dé 3.4. Cho R 1a nira vanh tya lya chon va R
nguyén. Khi do, hang nhén tir va hang ¢6t GM cua ma tran
trén nira vanh R 1a cac ham hang xa anh mé rong dugc.

Churng minh.

Do R 1a ntra vanh tua lya chon va R nguyén nén
theo [8, Pinh 1y 3.2] va [8, Pinh 1y 3.5] ta c0, hang nhan tu
va hang cot GM la cac ham hang xa anh. Mat khac, véi
moi ma trén liy dang E, F sao cho F =BEC ta co,

f(E)=f(BFC)<f(F) (theo Ménh d& 2.1) va
MCey (E)=mcg, (BFC)<mcg, (F) (theo Ménh dé 2.4).

Vay hang nhan to va hang cft GM cla ma tran trén
nta vanh R 1a cac ham hang xa anh mé rong dugce. O

Tiép theo, tac gia khao sat mot sé diéu kién du dé mot
ham hang xa anh trén nira vanh ¢6 thé mo rong dugc

Pinh nghia 3.5. Cho r 1a mt ham hang xa anh trén
nira vanh R, néu ma tran liy dang J €M (R) co
r(J)=n thi J duoc goi la r-day.

Ménh dé 3.6. Cho r 1a mot ham hang xa anh trén nira
vanh R, néu cac diéu kién sau xay ra thi r la ham hang xa
anh mo rong dugc:

i) Véi moi ma tran lity déng E, taludn co I‘(En ) <n.

iil) Vaimoi E€IM (R) ,tdontai FeIM (R) la ma tran
r-day sao cho E=F .

Chirng minh.

Gia st E,,F,
F =B,,,E,C,., - Theo gia thiét, ton tai ma tran liiy dang
r-ddly U, eIM(R) sao cho E=U, nghia la ton tai

GeM,,(R),HeM,,(R) sao cho E=GH, U=HG

la cic ma trdn liy dang sao cho
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suyra F = BGHC .Dit V = HCBG suy ra V? = HCFBG.
Do F 1la ma trén Iy dang nén ta cé

(vz)2 = HCFBGHCFBG = HCFFFBG = HCFBG =V?2

o

suy ra V? cing la ma tran liiy dang. Mat khéc,
F =F?=BGHCF =(BG)(HCF) suy ra F=V? suy ra
r(F)= r(VZ) <k=r(U)=r(E). Vay ham hang xa anh
I 12 mé rong dugce (theo Pinh 1y 3.3). o

Nhén xét 3.7. Néu hang nhan tir f 1a mot ham hang
xa 4nh trén nira vanh R thi f thoa cac diéu kién duoc néu
trong Ménh dé 3.6. That vy, véi moi ma tran lily dang E,_
talubnco f (Em ) <m. Mit khéc, v6i moi ma tran lily déng
A, co f(A)=k, theo[11, B6 dé 3.13] thi ton tai ma trdn
liiy dang U, sao cho A=U, va do d6 ma tran U la f-diy
(do f(Uk): f (A):k).

Nhic lai trong [11] ring, mdt ma tran liiy dang E, 1a
tw do on dinh neu c6 cac sO tu nhién M, n thoa
E@I, =I

on dinh cia E. Khi d6, cac nira médun xa anh hitu han

. va rank(E)=n-mdugc goi 1a hang tur do
sinh dang cdu v6i E (Rk) duogc goi 1a nika mé dun tw do
on dinh.

Dinh ly sau cung cAp mot 16p nira vanh ma trén d6 moi
ham hang xa anh déu mo rong dugce.

Pinh Iy 3.8. Néu trén nira vanh R ¢6 SUGN, cac nira
modun xa anh hiru han sinh Ia ty do 6n dinh thi moi ham
hang xa anh trén R ludn mé rong duoc.

Chitng minh

Gia sir r la mot hém hang xa anh trén m:ra vanh R va
A, 1a ma tran liy dang tuy y. Theo gia thiét, A Ia tu do
6n dinh suy ra tdn tai cac s6 tu nhién I, k sao
cho A, @1 =1, suyra k=r(l,)=r(A®I)=r(A)+l
suyra r(A)=k—l=rank(A). Do R lanita vanh c6 SUGN
nén theo [11, Ménh d& 3.11] ta ¢
r(A)=rank(A)< f(A)<m.

Bay gio xét E,F, la hai ma tran liy déng tuy ¥ sao

cho F=BEC, do E la ma trin tu do 6n dinh nén
E, @l =1, v tseN
M e M(pH)XS(R). N e Msx(pﬂ)(R) 1a c4c ma tran trén R
sao cho E@ 1, =MN, I, = NM . Khi d¢,

o e (e )

pac U=N[C 2T 0% Olmem (r), d
%o 1 lo a o ) =N O

F O
0 I

suy ra ton tai

FelM(R)suyra[ )elM(R).Khidé,

t

EL Y O VO Y F

W(C O)F oyB 0} o
= =U Suy ra a
o 1o 1 jlo 1 W

ma tran lity ddng. Theo chimg minh trén ta c6 r(U ) <s.
Mt khac,

£ e s 20
o (Do o S

=r(F)+r(l,)<s=r(F)<s—t=r(E). Vay r la ham
hang xa anh mé rong dugc. o

Chiay3.9. Vé c4c nira vanh dugc dé cap trong Dinh 1y
3.8 ¢0 theé xem trong [12, Theorem 3.2]. Theo do, trén nira
vanh qhia gian udc yéu, moi nura n}édun xa anh hiru han
sinh d¢u tu do, do do, chﬁqg tu‘do on dinh. Mat khac, cac
ntra vanh chia gian udc yéu deu la nira vanh nguyén va
zerosumfree nén ching cd SUGN (theo [9, Dinh 1y 3.8]).

Dudi dy 1a mot s tinh chat dic trung ciia ham mo rong
ctia cac ham hang xa anh trén nira vanh R tly y.

Mgénh @ 3.10. Cho r,,r, 1a cac ham hang xa anh mo
rong duoc trén nGta vanh R, Khi d9,
L(E)<r,(E),VE€IM(R) khi va chi khi
rrank (A) <rrank(A),VAe M (R).

Chutng minh.

Gia st rl(E) < I’Z(E),VE elM (R), vOi moi ma trin
AeM

dang F vacacmatran M,N e M (R) théa r,(F)=k va
A=MFN, suy ra rrank(A)<r(F). Do F la ma trn

lily dang nén r(F)<r,(F)=k=rrank(A), suy ra

(R) , néu rzrank(A) =k thi ton tai ma tran liy

rrank (A) <rrank(A). Do r,r, 1a cic ham hang xa anh
m¢ rong dugc nén chi€u nguoc lai cia Ménh dé 1a hién
nhién. O

Ménh dé 3.11. Cho r 1a ham hang xa anh mo rong
dugc trénniravanh R, A ,B €M (R). Khi do,

rrank (AB) < min{rrank (A), rrank (B)} .

Chitng minh.

Gia str rrank(A)=r(E) véi E € IM(R) sao cho ton
tai céc ma tran M, N € M (R) théa déng thic A= MEN ;
rrank(B)=r(F) voi F 1a ma tran lily dang sao cho ton
tai cac ma tran P,Q thoa man B=PFQ. Khi d9,
rrank (AB) <r(E) =rrank (A)
rrank (AB) < r(F)=rrank(B)’
suy ra rrank (AB) < min{rrank (A), rrank (B)} . o

AB = MENPFQ suy ra {
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M¢nh dé 3.12. Cho R la nira vanh, A B, € M (R)
va I 1a mot ham hang xa anh mé réng dugce. Khi do,
i) rrank (A B)<rrank(A)+rrank(B);

ii) max{rrank(A),rrank(B)}grrank(A B).

Trong do, (A B) 12 ma tran khoi c6 duge tir A, B.

Chitng minh.

i) Gia st rrank (A)=r(E) va rrank(B)=r(F) vsi
E va F la cic ma tran lily dang sao cho ton tai cic ma

trin M,N,P,Q théa A=MEN va B = PFQ. Khi d9, ta

, E O)YN O
c6 thé phan tich (A B)=(M P) 0 Flo o , suy

E O E O
ra rrank (A B)sr(o F):r(E@F) (do (O Fj

cling 14 ma tran lity dang). Mit khac, do I 1a ham hang xa
anh nén

r(E®F)=r(E)+r(F)=rrank(A)+rrank(B).

ii) Gia st rrank (A B) =Kk thi ton tai ma trén lily dang
qu(n+ p)
G=(G, Gi,) suy ra

gxn axp

J, va céc ma tran H sao cho r(J)=k va

(A B)=HIG.

meg?
Dat
A=HJG'
B =HIG®
rrank (A)<r(J) va rrank(B)<r(J).

(A B)=(HJG' HIG®) hay { suy ra

Vay rrank(A B)> max{rrank(A), rrank(B)} .0

Tir Ménh d& 3.11 va Ménh dé 3.12, d& dang suy ra két
qua sau.

Hé qua 3.13. Cho R 1a n0a vanh,
Anin Bpg: Cpig €M (R) va I' 1a mot ham hang xa anh mé
rong dugc. Khi do,

i) rrank (A®B) < rrank (A)+rrank(B).

i) max {rrank (A), rrank(B)} <rrank (A®B).
iii) rrank(B+C)<rrank(B)+rrank(C).

Két qua sau s& cho ta mot mo ta vé cu trac cua 16p nira
vanh ma trén d6 ton tai it nhit mot ham hang xa anh mo
rong dugc, déng thoi cho ta mot Kkét qua so sanh gitra ham
mo rong cuiia cac ham hang xa anh mo rong dugc véi hang
nhén tu trén 16p ntra vanh nay.

Pinh 1y 3.14. Cho R 1a nira vanh, néu ton tai ' 1a mot
ham hang xa 4anh mo6 rong  duoc  thi

rrank (A) < f (A),vAe M (R). Hon nita, R c6 SUGN.

Chirng minh.
Véimoi AeM

tai cdic ma tran G

(R), gia st f(A)=k, khi do, ton
H,., sao cho A=GH suy ra

mxn

mxk ?

A=GI,H. Do I,
rrank (A) <r (1, ). Mit khac, do I la ham hang xa anh
nén r(l,)=k suyra rrank(A)<k = f (A).

Véi moi s nguyén duwong m ta co
rrank (A@ 1, ) >rrank (1) (theo He qua3.13). Do I, la
ma tran lily dang va  la mét ham hang xa anh mé rong
dugc trén nira vanh R nén rrank (1) =r(1,)=m suy ra

rrank(A®1,)>m hay rrank(A®1 )-m=>0. Diéu

la ma tran lily dang nén

ndy c6 nghta, ddy sé {rrank (A@1,)—m} la day bi chan

dudi. Mat khac, voi moi s nguyén duong r,t ma r<t,

theo Hé qua 3.13 ta co
rrank (A@ 1, ) <rrank(A®1 )+rrank(l_ ) suy ra
rrank (A®1,)<rrank(A®I )+t—r hay

rrank (A@ 1 )-t<rrank(A@1,)—r. Do d6, day sb
{rrank (A®1,)-m} la ddy don diéu giam. Vay gi6i han
lim (rrank (A®@1,)—m) ton tai khong am. Hon nira, dé

dang kiém tra duoc day sd {f (A®1,)- m} cling 1a day
s giam. Theo chimg minh trén, ta c6 bat ding thic
rrank (A®@ 1, )-m< f (A®I,)—-m,¥Yme N . Do dé, khi
cho m tién ra vo cing ta thu duoc bit ding thirc
0<lim(rrank (A®1,)-m)< f (A). Ap dung Ménh d&
2.3 ta duogc R 1a nira vanh ¢6 SUGN. o

Nhén xét 3.15. Trong trudong hop nwra vanh tong
quat, dau bang “=” cua bat ding thuc
rrank (A) < f (A),vAe M (R) trong Dinh 1y 3.14 khong
xay ra. Chang han, xét nira vanh S =[0,1]< R clng
véi hai phép toan X+ y = max{x, y} va x.y =min{x, y}
véimoi X,y €S. Trén S ta trang bi quan hé hai ngbi ">"
1a quan hé thir ty thong thuong trén tap s6 thyc. D& dang
kiém tra duoc S 1a nira vanh nguyén va la ntra vanh tua
lya chon. Theo Ménh dé 3.4, ta c6 hang c6t GM 1a mot
ham hang xa anh mé& rong dugc trén S. Xét ma trén khac

R 03 1y ., ., (03 1)03 1 .
khong A= co A” = =A nén
021 0,2 1){0,2 1

A 13 ma trdan lidy ding trén S, suy ra

0,3 1
MCg,, rank (A) = mcg,, (A). Do 0.2 0,1= 1 .0,1 nén hé

0,3) (1 .

vecto {(0 2],(1]} phu thudc tuyén tinh GM, suy ra

MCgy, rank (A) =mcg, (A)<2. Mat khac, néu f(A)=1
a

thicod caAc matrin G =

b),H =(c d)eM(S) thoadiéu
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ac=0,3
kien A=GH @(0'3 1]:(61](0 d) suyra ad=1
0,2 1 b bc=0,2
bd =1
Do {ad :l:a=b=d =1 suy ra {ac:c:O,B (vo ly).
bd =1 bc=c=0,2

Vay f(A)=2>mcg,rank(A). Tuy nhién, Hé qua sau

w__

cho ta mot truong hop déu bang xay ra cho bat dang

thirc & Dinh 1y 3.14 néu trén.

H¢ qua 3.16. Cho R 1a nira vanh va néu hang nhan tir
f 1a mot ham hang xa anh trén R thi f md rong dugc va

frank(N)=f (N),vN e M (R).

Chitng minh.

Vé6i moi ma tran liy ding E,F eIM (R) sao cho
F=BEC suyra f(F)=f(BEC)<f(E) (theo Ménh
dé2.1)nén f 1a ham hang xa anh mé rong duge. Xét ma
tran Ae men(R) tuy y, ap dung Dinh 1y 3.14 ta c6
frank (A) < f (A). Mat khac, néu frank(A)=k thi ton
tai M €IM (R) va cac ma trin P, Q sao cho A=PMQ
va f(M)=k, suy ra
f(A)=f(PMQ)< f(M)=k= frank(A). Do do,
frank (A)= f (A). o

4. Két luan

Mot s két qua dat duoc cua bai bao:

+ Dinh 1y 3.3 va Ménh & 3.4, tac gia da cung cip
mot vai diéu kién can va diu d€ mot ham hang xa anh la
md rong duge, dong thoi gidi thiéu mot 16p nira vanh
ma trén d6 ton tai it nhat hai ham hang xa anh c6 thé mo
rong dugc.

+ Mot sd didu kién da dé ham hang xa anh trén ntra
vanh c6 thé mo rong dugce cling thé hién & cac Ménh de 3.6

va Dinh 1y 3.8.

+ Cac két qua thu dugc & cac Ménh dé 3.10, Ménh dé
3.11, Ménh dé 3.12 va Hé qua 3.13 cung cidp mot sb
tinh chét co ban ciia ham mé rong cua cac ham hang xa
anh c6 thé mé rong dugc trén nira vanh tiy y. Ngoai ra,
tac gia dd tién hanh so sanh ham m¢ rong cua cac
ham hang xa anh véi hang nhan tir, mé ta clu trac cua
16p nra vanh ma trén do tdn tai it nhdt mot ham hang
xa anh mé rong duoc, thé hién qua cac Pinh 1y 3.14 va
H¢ qua 3.16.
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