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Abstract - In this paper, we propose a generalized Nesterov
algorithm for the constrained optimization problems on a closed
convex set. We prove the convergence as well as the
convergence rate of the proposed algorithm. First, we present a
new algorithm based on the generalization of Nesterov’s
algorithm. Then, we prove the convergence as well as the
convergence rate of the new algorithm. With a specific choice of
parameters, the new algorithm becomes Nesterov’s algorithm.
Therefore, the convergence as well as the convergence rate of
Nesterov’s algorithm are also followed. We illustrate the
effectiveness of the new algorithm as well as compare it with
Nesterov’s algorithm and the gradient descent algorithm through
a specific example.
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1. Introduction

In this paper, we consider a constrained minimization
problem

r;leigf (), 1)

Where, f is a strongly convex function on Q < R™ with the
derivative f' being Lipschitz continuous, Q is a closed
convex set. We also denote x* and f* as a solution and the
minimum of problem (1), respectively.

Constrained minimization problems on simple closed
convex sets are a fundamental class of optimization
problems with widespread applications in various fields,
including engineering, economics, machine learning, and
many others. The goal is to find the optimal value of a
function subject to constraints that limit the search space to
a simple closed convex set.

Several algorithms have been developed to tackle such
problems efficiently such that projected gradient descent
[1], interior point methods [2, 3, 4], sequential quadratic
programming [5, 6, 7], penalty and augmented Lagrangian
methods [8, 9] and trust-region methods [10, 11, 12].

The choice of an algorithm depends on various factors
such as the problem’s characteristics (convex or non-
convex), the dimensionality of the variables, the type and
complexity of the constraints, and the desired trade-off
between computational efficiency and accuracy.

Recently, Nesterov proposed an optimal algorithm
for problem (1), which has the optimal order of
convergence rate among all algorithms only use values of
the objective functional and its gradient [13]. The order
of convergence rate of the method is of 0(q*) with
q € (0,1) if problem (1) is strongly convex and is of
0(,%2) if problem (1) is convex. However, the proof of

convergence and convergence rate of the method is not
available in detail. Thus, in this paper, we will generalize
Nesterov’s algorithm and prove its convergence and
convergence rate. Note that with special choice of
parameters, the generalized Nesterov’s algorithm returns
the original one. Thus, Nesterov’s algorithm is proved as
well. Note that our proposed algorithm for problem (1)
with Q = R™ (unconstained minimization problem)
return to the generalized Nestrov’s algorithm that has
investigated in [14].

2. Notations and preliminary results

In this part, we recall some technical terms and
properties of strongly convex differentiable function. We
denote ST(R™) is the set of all differentiable, convex
function in R™ and Sl}_'Ll(JR") is the set of all differentiable,

strongly convex function and its derivative f' is Lipschitz
continuous with Lipschitz constant L in R™.

A continuously differentiable function f is called
convex in R™ if and ony if

fO) =) +(f'(x)y—x),  Vxy€eR
A continuously differentiable function f is called
strongly convex in R™ if and ony if there exists a constant
u = 0 such that

FO) = £ +(FC0y =0 +5llx =y,

Vx,y € R™

A differentiable function f is Lipschitz continuous on
R™ if and only if there exists L > 0 such that

IVf () = Vi)l < Lllx — yll, vx,y € R™
Then, p and L are respectively called strongly
convexity constant and Lipschitz constant.

Note that if f is convex and Lipschitz continuously
differentiable in R™, then for any x,y € R",

0<fO —f@) —(F@y-x<lx=-yl2 ()
and

0<(f'(x)—f'),x—y) < Lllx—yl*>,vx,y € R".(3)
The projection operator is the distance function from
y € R™ to the closed convex set Q, defined by

Po(y) = argmin [lx — y||2. )
XEQ
Note that P,(y) = y ifand only if y € Q.

Letus fixsomey > 0 and y € R™. We define x, (y; y)
and go (y;v) by
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X ¥)
= argmin.eq [fO) + (f' 0D, x =)+ llx = 11

=P, (y - %f’(y)),

and go(v;v) = V(y —xo(¥; V))-

Theorem 2.1 Let f € SY(R™) and Q be a closed
convex set in R™. The point x* is a solution of problem (1)
if and only if

(f' (x),x—x")=0,vx € Q. (5)
Proof. If (5) is true, then
f) = fE)+(f/(x),x—x") = f(x"),
for all x € Q. Therefore, x* is the solution of problem (1).

Now let x* be a solution of problem (1). Assume that
there exists some x € Q such that

(f'(x"),x—x*)<0.

Consider the function ¢@(a) = f(x* + a(x — x7)),
a€[0;1].  Since  @(0) = f(x"),9'(0) = (f'(x"),
x—x*) <0, flx*+al(x—x")) =p(@) < @(0) =

f(x*) for @ small enough. That is a contradiction. Thus,
the theorem is proved.

Lemma 2.1 Let f €S, (R"),y =L and y € R™.
Then for any x € R™ we have

1 2
G 2 f (xn) + 3 900l

u
Hoowi)x =y +5llx=yl% (6
Proof. Denote xo = x5(¥,7),go = go(¥;v) and let

¢ =fO) +{f D x—y) + g llx = ylI%.

Then ¢'(x) = f'(y) + y(x — y) and for any x € R™ we
have

(f') — 9o, x — xq) =(P"(x0), x — x4) = 0.
Hence,
f(x) —%llx - yIPZf» +(F'O).x—y)
=f) +(f')xg =¥y +{f' (), x — xp)
= f(x) + (') xg —¥) + (g, x — xq)

Y
= b0 =5 llv =¥ + (g0, x — xo)

1 2
= ¢(xq) — 5”90” + (9o, X — Xq)-

Note that since y = L, ¢(xq) = f(xo). Thus, the lemmais
proved.

3. Generalized Nesterov’s algorithm

In order to find an approximate solution to problem (1),
we introduce the generalized Nesterov’s algorithm that is
presented in Algorithm 3. Note that if we set 8, = L for all
k, then the generalized Nesterov’s algorithm returns
Nesterov’s algorithm in [8].

Generalized Nesterov’s algorithm (Algorithm 3)
[1] Initial guess Choose x, € Q and y, = u, By = L.
Set vy = x,.
[2] Fork =0,1,2, ...
1. Compute a;, € (0,1) from equation
Brai = (1 — ap)yi + arpt -
2. Compute yy41 = Brai.

a
0 Compte 3, =28+ 2t
4. Compute xy.41 = xo(Vk; Br) and go (Vi; Br)
5. Compute
Uk+1 =

1

S [(1 — ap) ViV + Aty — axgo Vs .Bk)]-
k+1

6. Compute 8,41 =L
[3] Output: {x;} .

In order to prove the convergence and convergence rate
of Algorithm 3, we introduce the pair of sequences,
{r ) }i0, {Ar =0, recursively defined by:

Ao =1, A1 = (1 — apiy, (7)
$o(x) = f(x0) +y2—°llx—xo||2, (8)
Pr+1(x) = (1 — ay) ey (x)

1
e [f (x00.80) + 75190 0 B

+(9o i B x = v +Ellx = yellZ] (@)

Lemma 3.1 A pair of sequences {¢,(x)}y, and
{A Iz, satisfies that for any x € R™ and all k > 0 we
have

$i(x) < (1 = ) f (1) + Ao (). (10)
Proof. We prove by induction method. For k = 0, the
statement is true since ¢@o(x) < (1 —A)f(x) +
Aoto(x) = ¢o(x). Further, let (10) holds for some k > 0.
Then, for any x € R",

Prea1(x) < (1 — ) Pre(x) + arf (x)
= (1-A-a)l)f () + (1 — ) (¢ (x)
(1 =AJf (x)
S A=A =aldf () + (1 = a)dedo(x)
= (1= Aes)f () + Ages1 o ().
Lemma 3.2 Assume that f € S,/ (R™) and Q is a

closed convex set in R™. Let {x;}, {¥i}, {vi} {ar} be
sequences generated by Algorithm 3. Then,

(1) For every k € N, v, is the minimizer of ¢, defined
by (8) and (9), and the function ¢, has the form

$x(X) = i + ZEl|x — v ||, for any x €R™, (11)
where ¢g = f(xo),
Prr1 = (1 — )Py + arf (XQ(J’kiﬁk))
ap(1 — ap)yi

(e = Do BOIF +
2Bs (497 gQ(yk'Bk)

(Sllyic = viell2 + (9o i B, vie = i) (12)
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(2) the sequence {x, } satisfies ¢y = f(x;) forall k € N.
Proof.

(1) We prove by the induction method. It is obvious if
k = 0. Assume that the statement is true for some k > 0, i.e.,
¢ defined by (8) and (9), and the function ¢, has the form

Do) = i + 2 Il = v,
Then, from (9), for any x € R",
_ « Tk 2
$ria(0) = (1= a) (9 +3 Ix = vill?)
1 2
+ag [f (xQ()’kiﬁk)) + m ”gQ(Ykiﬁk)”

u

(9o B x = i) + 5 lx = yill?]
By Step 2 and Step 3 in Algorithm 3, we have
Gr+1' ()
=1 —apye(x —vg) + ak[gQ(}’ki Br) + u(x — )’k)]
= [(1 — ap)yx + agulx

_[(1 — @)YV + AltYk — G Vi ﬁk)]

= Yi+1X — [(1 = a)YiVk + Oy — A Go Vs .Bk)]-

From Step 6 in Algorithm 3, we have ¢y 41 (Vi) = 0, ie,
Vg 44 ISthe miniminzer of ¢, ;. Furthermore, from (9) we have

ke1(0) = (1 = )by () + appily, = Vigs1ln,
Vx € R™

Thus,  @ps1(x) = Ppyq + % lx = visqll?, for any
x € R™ Finally, let us compute ¢y, ,. We have

. Yk+1

Prv1 T T+ Ve = Viesll* = 1 )

« , YK
= (1~ a) (i + 5 llyi —vill?)
ak 2

+auf (3001 0) + 35 90 BNl (13)

From Step 6 in Algorithm 3, we have

for any x € R™.

1
Vk+1 = Yk = - [(1 — )Yk — yi) — Ak Yq (ykiﬁk)]-
Yi+1

Therefore,

Yi+1

2
L P — -
2 lvis1 — Yeell

11— @)*VEllve = el
k+1

—2a;, (1 — ap)yx (Uk — Vi 9o ks Bk)) +
2
al%”gQ(.VR;ﬂk)” ]
It remains to substitute this relation into (13).

(2) We now prove ¢ = f(x,) for all k€N by
the induction method. For k=0, we have
$o(X) = f(xo) + 2 llx = woll®. Thus,  f(xo) = ¢g.
Suppose that ¢y = f(x) is true for some k > 0. Then,
from (1) and Lemma 2.1 we have

Biers = (1= @ )f (00) + auf (2O )

1 2
+m(a’k = D|lgo i Bl
RGO

k+1

= (1= a)f oW Br)) + (90 Wi Br)» Xk — Vi)

(gq Vs Br)s Vi — Yi)

1 2 ‘u
+2—l3k 9o i BOI™ + 7 Ml = Viell?]

1 2
+akf(xQ(}’kiﬁk)) + m(ak - 1)”9Q(J’kiﬁk)”

1 —
p OOV B0k — i)

Yik+1
A =au
= f(xqk; Br)) + — 2 = el
XV
+(1 = a) <9Q ks Br)y —— (Wi — Vi) + x5 — }’k>-
Yik+1
From Step 4 in Algorithm 3, we have

(9o Vs ﬁk):;:—:c (Vk — ¥) + xi — y) = 0. Therefore,

i1 = f (200 Bi)) = f@ern).
Thus, by the induction method, we have ¢y = f(x;) for
all k e N.

Lemma 3.3 Algorithm 3 generates a sequence {x; }r—o
which satisfies

F0) = £ < 2 [ G) = £ + 2l = 217,
vk
where 4, = 1and 4, = [0 (1 — ;).
Proof. By Lemma 3.2 (2), we have ¢ = f(x;) for all k.
By Lemma 3.1, we have

f() < ¢ = ming(x)
< min[(1 = 4)f () + Aedo(x)]

S A=) (") + Ao (x?).
Therefore,

FOo) = FG) < A [F o) = FG) + 2l = °I12],
Vk.
Finally, from (7) we deduce that 4, = [T¥-4 (1 — ;) with
Ao = 1.
To estimate the convergence rate of Algorithm 3, we
need the following results.

Lemma 3.4 Let {4}, be the sequence in Lemma
3.3. Then,

(2) If the sequence {8, } is increasing, then
k

u 4By .
Bes ) (2B + ko)

(2) If the sequence {B} is bounded from above by B,
then

1-—

A £ min

=
1- £ d

d (2\/%+ k\/y_())
Proof.

We prove that y,, = u for all k by the induction method.
It is easy to show that the inequality is true for k = 0.
Assume that y, > u for some k > 0. Theny,.,, = Bra? =

A £ min
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(1 — ap)yx + agu = p. Therefore, y, =u for all k.
Furthermore, since Bra? = apu, ai =+ = |d -+
Bk Bk
B} s

increasing,
k
o (l-a) < (1— %) for all k. Similarly,
1

If the sequence then

Ak:

we can prove that if {8, } is bounded from above by j3, then

k
A =TT (1—al><< \/%)

On the other hand, we can prove that y;, = y,4, by the
induction method. With k = 0, we have y, = yo4,. Thus,
the inequality is true with k = 0. Assume that the
inequality is true for some k = m, i.e., ¥, = VoA, Then,

Ym+1 = (1 am)ym + g P (1 - am))/OAm + agi
= YoAm+1-
Therefore, BraZ = Yis1 = YoArss forall k € N.

Let a; =\/%_k for all k. Since {A,} is a decreasing

sequence, we have
1

— \/Tk A /1k+1 — lk - /1k+1
\/A_k\/ Ak+1 \/A_k\/ Ak+1(\/l_k + 4 /1k+1)

I T A

= = = .
220y At 2y Ages1

220y A
Using Bk = Yi+1 = Yodus1, We have

Yo

Bic
Thus, if the segsuence {B;} is increasing, then

’Volk+1
a, =1+ S\[;E and if the sequence {f,} is bounded from
k

Qg1 — Qg 2

2 lk+1 %2 T

above by B, then a, > 1 + g\/%" The lemma is proved.

From Lemma 3.4 we observe that if {8, } is increasing
and unbounded from above, then the convergence rate of
{2} is worse than the case which {8,} is bounded from
above. Thus, in the following we only consider the case the
sequence {B,} bounded from above. In this case, the
convegence and convergence rate of Algorithm 3 is given
in the following theorem.

Theorem 3.1 If y, > and {8} c [L, 8], then the
sequence {x; }r—, is generated by Algorithm 3 satisfies

fla) —f°
— k —
S'B-;yomin —\/% 'Lz [
(2\/%+k\/y_0)
- x|

Proof. By Lemma 3.4 and the fact (f'(x*),x — x*) = 0

forall x € Q, we have
FG) = £ < A [f Gro) = 1+ llwo = 2]
< Ak [f(xo) =) () %0 —

x')+ Ll — 12
< [ By =1 4 Ry 1+ 2077, 30— )]
(using (2) and By = L).
+
= 4Py I~ 2477 C) — ) o — )

< w (using(2), (3)).

From the last inequality and Lemma 3.1, we have

fOa) —f~

_ | ‘ _)
Sﬁ+y°min4<1— i) —ZEHxO—x*llZ.
2 l B <\/E+k\/%)}|

From Lemma 3.1, the theorem is proved.

llxo — x*1I?

4. Simulation

In this section we illustrate the performance of the
proposed algorithm (Generalized Nesterov’s algorithm -
GNA) and compare it with the projected gradient descent
(PGD) algorithm with constant stepsizes (equal to the
Lipschitz constant L). We consider an specific example
with a closed-form objective functional given by

N-1
) 1
glelgf(x) = E(ﬁ + Z (= xi41)% — 2x1>
i=

+E 12112, (14)
Where, x = (x4, x5 ..., xy) and N = 500. It is easy to show
that f is strongly convex with strong convexity parameter
u<u=01 and f' is Lipschitz continuous with the
Lipschitz constant L > L = 0.5.

Firstly, we analyze the performance of PGD and GNA
with pu=pu and p=0 on N —dimensional box
Q =[-50,50]"Y and Q =[20,50]" c RM. For these
algorithms, we use the same starting point x, that is
generalized randomly by Matlab function
random(40,50, N). The Lipschitz constantis L = L = 0.5
and iterator number n = 30.

The values of objective function at each iteration are
presented in Figure 1 for two cases of Q. It shows that GNA
with two different values of u has similar convergence rate
and they converge faster than PGD.

Secondly, we demonstate the performence of GNA for
four case of {By}:Bx =1L,0.2L,2L for all k and
2L (k+5 )
Br = e) Here, we also set L = 0.5, 4 = 0.1 and the
iterator number n = 30.

For Q = [20;50]", the values of objective function at
each iteration are presented in Figure 2. It shows that the
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convergence of GNA for 8, = 0.2L is faster than that for
B = L. It shows that GNA may converge for the sequence
{Bx} with B, < L in some practical cases, which is not
proved by the theory.

For Q = [-50;50]", the values of objective function
at each iteration are presented in Figure 3. This shows that
GNA with B, = 0.2L diverges rapidly. This is suitable
with theoretical result. We have proved the convergence of
GNA under condition g, = L for all k. Note that GNA

S
converges very fast for 5, = % This observation has
not obtained theoretically. For this situation, 8, < L for all
k and B, converges to L as k tend to infinitive.

—— GNA (mu=0)
—— GNA (mu=0)
PGD

50000 1

40000 1

30000

g
x
=
20000 1
10000
oA
0 5 10 15 20 25 30
Iteration k
50000 J —— GNA (mu=>0)
—— GNA (mu=0)
PGD
40000
=
X 30000 -
=
20000
10000
T
15 20 25 30

Iteration k

Figure 1. Values of f(x;) in PGD and GNA with L = 0.5,
u = 0.1. Here, x, = random (40,50, N), Q = [—50; 50]5°°
(above) and Q = [20;50]3°° (below)

—— beta_k=Lmu=0.1

—— beta_k=0.2L,mu=0.1

—— beta_k=2*L,mu=0.1
beta_k=2L(k+1/3)/(2k+1),mu=0.1

180000 4

160000 -

140000 -

120000 +

fix(k))

100000 A

80000 A

60000

40000

Iteration k

Figure 2. Values of f(x;) in GNA with different values of
L,pu = 0.1. Here, Q = [20;50]",x, = 50 - ones(N)

n = 30, x0=50*ones, Q=[-50;50]"1500

—— beta_k=L,mu=0.1

—— beta_k=0.2L,mu=0.1

—— beta_k=2%L mu=0.1
beta_k=2L(k+1/3)/(2k+1),mu=0.1

175000 4

150000 4

125000

100000 4

flx(k))

75000

50000 4

25000 4

04 e =

(I) 5 lIU l|5 Zb 25 30
Iteration k
Figure 3. Values of f(x;) in GNA with different values of
L, i = 0.1. Here, At Q = [—50; 50]",x, = 50 - ones(N)

5. Conclusion

In this paper, we have presented the generalized
Nesterov’s algorithm for the constrained minimization on
closed convex sets. The algorithm is presented in detail in
Algirithm 3 and its convergence and convergence rate are
given in Theorem 3.1. We have simulated the algrithm by
one specific numerical example. We have showed that the
generalized Nesterov’s algorithm is faster than the
projection gradient descent in both theory and specific
numerical examples.
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