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Abstract - The study extensively investigated the ultimate
bearing capacity (UBC) of an eccentrically loaded foundation
under two scenarios (horizontal sandy soil and sandy soil slope),
utilizing the Rigid Plastic Finite Element Method (RPFEM). To
precisely simulate a diverse range of frictional conditions on the
foundation surface roughness, a novel joint element is introduced,
capable of accommodating both perfectly rough and perfectly
smooth foundations. A novel constitutive equation is presented to
model these joint elements, significantly influencing the failure
mechanism of the shallow foundation. The study also examines
the impact of the friction strength ¢ on the normalized vertical
load V/Vut. The RPFEM results reveal that the friction strength ¢
substantially influences the V/Vu ratio for sandy soil slopes,
while its effect is found to be negligible for horizontal sandy soil.
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1. Introduction

In geotechnical engineering, shallow foundations are
designed to withstand complex loading conditions
resulting from a combination of vertical, horizontal, and
moment loads. In practical applications, shallow
foundations often face challenges when subjected to
eccentric vertical loads. Meyerhof [1] addressed this issue
for sand and clay by investigating the impact of eccentric
loads on the ultimate bearing capacity (UBC) of shallow
foundations. Meyerhof introduced the concept of
effective width, denoted as B'=B-2e, where e represents
the eccentricity length, indicating the distance from the
loading point to the center of the shallow foundation.
The use of effective width B’ is common in foundation
design to account for eccentric loading. Various studies,
such as those by [2 - 5] have further investigated the
influence of eccentric loads on the UBC through
numerical analyses and model testing. Although many
works, a comprehensive understanding of the UBC and
the failure modes of shallow foundations remains elusive
due to the limited scope of conditions considered
in previous research, particularly concerning variations
in  foundation surface roughness. Therefore, a
comprehensive understanding of the UBC and the failure
mechanisms associated with eccentrically loaded shallow
foundation is yet to be established, emphasizing the need
for further research encompassing a broader range of
conditions, including different levels of foundation
surface roughness.

The objective of this study is to employ a self-
developed RPFEM code for determining the ultimate
bearing capacity (UBC) of an eccentrically loaded
foundation on horizontal sandy soil and a sandy soil slope.

The investigation takes into account the influence of
foundation surface roughness on the UBC. RPFEM, a
technique previously applied in geotechnical engineering
by [6 - 11], is utilized. Addressing challenges faced in prior
studies, [4, 5, 12, 13, 14] introduced the concept of using
an interface element to calculate the UBC and failure
modes of shallow foundations. Their research emphasized
the effectiveness of employing an interface element in
these determinations. In this present study, the
incorporation of new joint elements is extensive,
examining failure mechanisms under both rough and
smooth foundations. Two novel constitutive equations are
introduced: the first relates to the material characteristics
of the shallow foundation and the sandy soil, while the
second addresses joint elements modeling the contact plane
between the foundation base and the ground surface. The
inclusion of these constitutive equations enhances the
analytical framework, providing a more accurate
representation of the complex interactions involved in
determining the UBC and assessing failure mechanisms in
eccentrically loaded shallow foundations.

Additionally, the study extensively investigated the
effect of the frictional strength ¢si of the sandy soil on
normalized vertical load V/Vy: for rough and smooth
foundations. Where, Vi is defined as the UBC of a centric
vertical loaded foundation on horizontal sandy soil. The
results obtained through RPFEM have provided valuable
insights into how these parameters influence the UBC.

2. Methodology for analyzing ultimate bearing capacity

2.1. Constitutive equation for solid elements employing
rigid plastic behavior

Tamura et al. [7] derived a rigid plastic constitutive
equation for materials with friction, and this investigation
utilizes the formulated rigid plastic constitutive equation.
The Drucker-Prager yield function is expressed as follows:

f(o)=al,+/J,-b=0 (1)
Where, 1, represents the first invariant of stress o, with

I1=tr(ayj) where the extension stress is considered positive.
J; is the second invariant of deviator stress s;, defined as

J = %susij . Coefficients a and b denote material constants

2

associated with the shear resistance angle and cohesion,
respectively, under the plane strain condition. The strain
rate ¢, characterized as a purely plastic component, must
adhere to the volumetric constraint condition governing the
soil's dilation property, expressed as:
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Where, £, and € represent the volumetric strain rate and
the norm of the strain rate, respectively. The parameter 7 is
defined in Eqg. (2). The stress vector is characterized by two
component stresses. The first stress, o |, uniquely
governs the yield function, represents the stress parameter

¢, while the second stress, o , represents the
indeterminate stress parameter A. The value of A remains
unknown until the boundary value problem presented in

Eq. (2) is resolved.
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The Lagrangian method, as formulated by Tamura [8],
is employed to express the rigid plastic constitutive
equation, and it is given as follows:

=0 +5? =Lf+l[1_if] (5)

J3a% +05 € J3a% +05 €

Hoshina et al. [15], Nguyen et al. [16], and Pham et al.
[17] derived the constitutive equation by directly
incorporating the constraint condition on the strain rate into
the equation, utilizing the penalty method. The stress-strain
rate relation for the Drucker-Prager yield function is
expressed as follows:

O-:Lé+x(é -né)(l-s—aéj (6)
J3a?+05 & ! J3a? +0.5 €

In this formulation, where « is a penalty constant and |
is the unit tensor, the Finite Element Method (FEM)
coupled with this constitutive equation enables an
equivalent analysis of the upper bound theorem for
plasticity, termed RPFEM in this study. A notable feature
of this constitutive equation is the explicit specification of
the relationship between stress and strain rate. Its
simplicity and effectiveness in evaluating the limit state of
the ground stem from the advantageous omission of an
uncertain elastic modulus for the ground. Further details
regarding the treatment of the constitutive equation in the
rigid body can be found in Hoshina et al. [15].
2.2. Constitutive equation for joint elements employing
rigid plastic behavior

At the contact plane, characterized by a discontinuity in
displacement velocity, the stress at the limit state is
described by the following Coulomb yield function:

f(t)=[t|-c, +t,tang =0 7

where, ts and t, represent the shear and normal components
of the stress vector at the contact plane, respectively. ¢s and
cs are material parameters associated with the frictional
strength and cohesive strength at the contact plane.

In this analysis, a zero-thickness joint element is

introduced at the contact plane between two bodies, as
illustrated in Fig. 1(a). Au represents the vector of relative
displacement velocity along the discontinuous line,
AU =U" —u"is depicted in Fig. 1(b). In this study, the
joint elements are set into the contact plane between the
foundation-soil system in two cases of sandy soil, and
sandy soil slope.

The expression for the volumetric constraint condition
associated with the Coulomb yield function is as follows:

h(Au) =|Au,|tan g, — AU,
AU 8)
:(Aus-ta”y. —1)( ﬁJ:a-Auzo
AU AU,
Where, Au_represents a component of the relative

displacement velocity normal to the discontinuous line,
and Aj, is a tangential component. The stress vector is

decomposed into the stress component, t&, which
determines the yield function, and the indeterminate stress
component, t@, similar to the treatment in the volumetric
constraint condition of the solid element. The ensuing
equation is derived for the joint element:

of c AU
t® =y — = s 9
3 cosg [L+ tan'g ) [Ad] ©
t@ = , 6—h =wa (10)
OAU

where, s is the indeterminate stress parameter, which is
ascertained by solving the boundary value problem using
Eq. (8) while directly incorporating the volumetric
constraint condition with a penalty constant, P. The stress
and relative displacement velocity relation for the interface
element is expressed as follows:

t=t"+t? = 5 Au +P(a-Au)a(11)

cosgs (1+tan’g ) A

+ AU/V‘ kAHn

a) stress state on the discontinuity line. b) motion of the discontinuity line
Figure 1. Vector of stress and velocity of relative displacement

3. Effect of foundation roughness on ultimate bearing
capacity of shallow foundation on horizontal sandy soil

3.1. Problem definition for horizontal sandy soil

In practice, shallow foundations are commonly
employed to support eccentric vertical loads, as observed
by researchers such as [18 - 20]. Figure 1 illustrates the sign
convention for a shallow foundation subjected to an
eccentric vertical load, where e represents the distance
from the loading position to the center of the foundation.
The dimensions of the model are set to be sufficiently large
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to ensure that the boundaries do not influence the failure
mechanism and the computed results of the entire system.

The shallow foundation and the sandy soil material are
both modeled as rigid plastic materials, with a unit weight of
the foundation-soil system denoted as y—=ysoii=18 kN/m3. The
cohesion of the shallow foundation is given as ¢ = 500.000
kPa, and the frictional strength of the shallow foundation is
specified as ¢=0 deg. The foundation surface was assumed
to be perfectly rough, with the frictional strength and
cohesion of the joint elements taken as equal to that of the
sandy soil (¢s=¢soil, and Cs=Csoit). Meanwhile, the properties
of the smooth surface were considered as ¢s=0 and ¢;=0. In
natural, the frictional strength of sandy soil can vary within
values of 30deg, 35deg, and 40deg. The key factor for
determining the properties of the joint elements is based on
the properties of the sandy soil. Using the joint element to
simulate the contact surface between the foundation and the
ground involves employing 200 nodes and 100 joint
elements. These elements facilitate the modeling of the
interface, allowing for an accurate representation of the
interaction between the footing and the underlying soil. This
approach enhances the structural analysis by considering the
complex behavior at the contact points and provides a more
realistic simulation of the foundation-ground interaction.
The study encompasses both rough and smooth foundations,
as shown in Table 1. In the computation process, a
concentrated load was applied at nodes of the shallow
foundation to define the prescribed load and the load
coefficient. The ultimate bearing capacity was assessed by
computing the limit value for this load coefficient.

E&IV

AN AN
Figure 2. Sign convention of a shallow foundation against

eccentric vertical load on horizontal sandy soil
Table 1. Parameters for foundation roughness

Parameter Rough foundation Smooth foundation
Frictional strength ¢s 30. 35. 40 0
(deg) T
Cohesion ¢s (kPa) 0 0

For an eccentric vertical load, Figure 3 illustrates the
distribution of contact normal stress (ow/yB) along the
foundation corresponding to the distance X, where X
represents the location in the foundation relative to the center
of the foundation base. The normal contact stress ow/yB is
computed based on the interaction force of the nodes at the
joint elements. For the smooth foundation, the shear stress
component is equal to t/yB=0, while for the rough
foundation, the shear stress component is t/yB# 0. It is
evident that the size of the an/yB distribution decreases
rapidly as the eccentric length e increases, regardless of the
foundation roughness. Additionally, the maximum contact

stress (on/yB) for the rough foundation is observed to be
higher than that for the smooth foundation. This
phenomenon arises from the observation that the ultimate
bearing capacity (UBC) of a rough foundation surpasses that
of a smooth foundation. This substantiates the substantial
impact of foundation roughness on the distribution of normal
stress. When €=0.0B, the maximum value of &, is generally
close to —11.10yB for the rough foundation and —8.81yB for
the smooth foundation. However, for e>0.1B, a zero-contact
stress zone (on/yB=0) is observed along the left side of the
foundation edge. This occurs because there is no interaction
force transmitted from the foundation base to the ground
surface in this region. This zone with on/yB=0 signifies the
detachment zone of the foundation-soil system. The study
has clarified the effects of foundation surface roughness and
eccentricity e on normal contact stress.
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Figure 3. Distribution of contact normal stress on/yB along
foundation base on horizontal sandy soil of ¢sii=30deg

3.2. Effect of foundation roughness on V/Vui ratio

For an eccentric vertical load, Figure 4 illustrates the
effect of foundation roughness on the normalized vertical
load (V/Vu) for different frictional strengths of the sandy
soil (#soii=30deg, 35deg, and 40deg), where Vi represents
the ultimate bearing capacity computed for the centric
vertical load. The properties of the joint elements for the
rough and smooth foundations are outlined in Table 1. It is
evident that the V/Vy ratio decreases proportionally as the
normalized eccentricity (e/B) increases. However, the
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trend in the decrease of the V/Vy ratio is independent of
both the value of ¢ and the foundation roughness. These
results align well with the solution of Meyerhof [1].
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shallow foundation on crest sand slope. The slope
geometry is defined by slope angle g, slope height H. A
new sign convention has been used to define positive
eccentricity and negative eccentricity, as shown in Figure
6. Positive eccentric direction e is defined as the loading
point on the right side of the shallow foundation. While
negative eccentric direction e is defined as the loading
point on the left side of the foundation towards the slope.

T

015 02 025 03 035 04

Normalized eccentricity (e/B)

0 005 01

Figure 4. Effect of foundation roughness on normalized vertical
load (V/Vut) for various value of ¢soit

Figure 5 shows the deformation diagram of a shallow
foundation with an eccentric length of €=0.1B for rough
and smooth foundations. It is apparent that the failure area
for the rough foundation is deeper than that for the smooth
foundation. The failure mechanisms of the foundation-soil
system are divided into two different zones and align well
with the solutions presented by [2, 4]. The ultimate bearing
capacity was computed to be approximately V=2584 kN/m
for the rough foundation and V=1334 kN/m for the smooth
foundation, which is 52% of the rough foundation. The
study has clarified the effects of foundation surface
roughness and eccentricity e on the failure mechanism of
strip foundation on horizontal sandy soil.

b) e=0.1B (V=1334 kN/m) for smooth foundation
Figure 5. Deformation diagram of a shallow foundation on
horizontal sandy soil of ¢sii=30deg under eccentric load

4. Effect of foundation roughness on ultimate bearing
capacity of shallow foundation on sandy soil slope.

4.1. Problem definition for sandy soil slope

By the asymmetry of the foundation-soil system, the
study focuses on the effect of eccentric direction on the
ultimate bearing capacity and the failure mechanism of a

a) Boundary condition of a shallow
foundation
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Figure 6. Sign convention of a shallow foundation against
eccentric vertical load placed on crest sand slope.
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Figure 7. Distribution of contact normal stress on/)B at
foundation base on sandy soil slope of ¢sii=30deg with slope
geometry of =15°, H=2.0B, and L=0.0B
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A comprehensive analysis was conducted for a typical
case of the crest of a sandy soil slope with ¢si=30deg, a
slope angle p=15° and a slope height H=2.0B. The
distribution of normal contact stress (ow/yB) acting on the
foundation base was studied for two different foundation
roughness conditions, as shown in Figure 7. The figure
demonstrates that the normal contact stress for the positive
eccentric direction was found to be significantly larger than
that for the negative eccentric direction, regardless of the
different foundation roughness. The maximum value of
normal stress for a rough foundation is observed to be
higher than that for a smooth foundation. For a positive
eccentricity of e=0.1B, the maximum value of ¢, is —10.1yB
for the rough foundation, while it is —5.87yB for the smooth
foundation. For a negative eccentricity of e=—0.1B, the
maximum value of o, is —5.66yB for the rough foundation,
while it is —4.49yB for the smooth foundation. As the
eccentric length e increases, the size of the normal stress
distribution decreases. This is because the UBC of the
foundation-soil system decreases rapidly with an
increasing eccentricity e. The eccentric direction has a
significant effect on the distribution of normal contact
stress for both rough and smooth foundations.

4.2. Effect of foundation roughness on V/Vutratio

For an eccentric vertical load, Figure 8 indicates the
influence of foundation roughness on the normalized
vertical load (V/Vur) for various ¢soil values (30deg, 35deg,
and 40deg) under typical conditions of f=15° and H=2.0B.
The findings show a significant effect of both the frictional
strength ¢soil and foundation roughness on the V/Vy ratio.
As the frictional strength ¢si increases, the maximum
V/Vye values decrease. This contrasts with the results
observed in horizontal sandy soil, where the V/V ratio
remained unaffected by both frictional strength ¢sii and
foundation roughness. Notably, the maximum V/Vy; value
for a smooth foundation is observed to be higher than that
of a rough foundation. This discrepancy arises due to the
slip surface of the shallow foundation reaching the slope
surface in the foundation-soil system, leading to a rapid
decrease in ultimate bearing capacity (UBC). The
outcomes obtained from the RPFEM offer a clear insight
into how foundation roughness and frictional strength ¢soil
collectively influence the V/Vy ratio.
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Figure 8. Effect of foundation roughness on normalized vertical
load (V/Vur) for various value of ¢soil With slope geometry of
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b) Negative eccentricity e=-0.1B (V=1308 kN/m)

Figure 9. Deformation diagram of a shallow foundation on
sandy soil slope of ¢s0ii=30 deg under eccentric vertical load for
rough foundation

Figures 9 and 10 illustrate the failure mechanisms of
the foundation-soil system under two different eccentric
directions (e=+0.1B) for both rough and smooth
foundations, respectively. In the case of positive
eccentricity (e=+0.1B), the failure mechanism exhibits a
"both-sided" failure mode, as depicted in Figures 9a and
10a, with the failure domain primarily concentrated on the
right-hand side of the foundation. Conversely, for negative
eccentricity (e=—0.1B), the failure mechanism adopts a
"single-sided" mode, as shown in Figures 9b and 10b, with
an unsymmetrical rigid wedge observed beneath the
shallow foundation base. For the rough foundation, the
ultimate bearing capacity (UBC) is determined to be
V=1909 kKN/m for e=+0.1B and V=1308 kN/m for e=—0.1B,
representing 69% of positive eccentricity. As for the
smooth foundation, the UBC values are V=1158 kN/m for
e=+0.1B and V=743 kN/m for e=—0.1B, indicating 64% of
positive eccentricity. These findings demonstrate that the
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UBC of the foundation-soil system performs better under
positive eccentricity compared to negative eccentricity.
The analysis results derived from RPFEM provide valuable
insights into the influence of eccentric directions on the
failure mechanisms and the UBC of the foundation-soil
system for both rough and smooth foundations.

t]V
() T m— - e bl

b) Negative eccentricity e=—0.1B (V=743 kN/m)
Figure 10. Deformation diagram of a shallow foundation on

sandy soil slope of dseii=30 deg under eccentric vertical load for
smooth foundation

5. Conclusions
The key conclusions can be summarized as follows:

(1) Joint element effectiveness: The use of a joint
element proved effective in evaluating the ultimate bearing
capacity of a shallow foundation under eccentric vertical
loads. This element facilitated the calculation of contact
normal stress at the foundation-soil interface, revealing the
significant impact of foundation surface roughness on
failure mechanisms, particularly on horizontal sandy soil
and sandy soil slopes.

(2) Influence of foundation roughness and frictional
strength: The study extensively investigated the effect of
foundation roughness and soil strength on the V/Vyratio in
the cases of horizontal sandy soil and sandy soil slopes.
Results from the RPFEM analysis demonstrated that, for
horizontal sandy soil, the V/Vy ratio remained unaffected
by variations in foundation roughness and frictional
strength ¢. However, a substantial impact was observed in
sand slopes, where the slip surface extended to the slope
surface, causing a rapid decrease in ultimate bearing
capacity compared to horizontal sandy soil.

(3) Influence of eccentric direction: Under positive
eccentricity, both rough and smooth foundations exhibited
a robust "both-sided" failure mode, showcasing superior
ultimate bearing capacity compared to the "single-sided"
mode observed under negative eccentricity. This insight,
derived from RPFEM analysis, underscores the critical
influence of eccentric directions on failure mechanisms
and ultimate bearing capacity of foundation-slope system.
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