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T6m tit - Bai toan phan 16p nhi phan 1a mot bai toan co ban trong
bai toan phéan 16p thuéc nhém céc thuat todn hoc cé gidm sét.
Ngudi ta st dung mot ham phan loai dé gan mot diém dit lieu véi
mot trong 2 16p da cho dua trén mot tap di liéu khao sat dugce da
duge gan nhian. Hanh déng ndy c6 thé méc sai 1dm néu viéc gan
nhén cho cac diém dit liéu khong chinh xac. C6 nhiéu thuat toén
khac nhau di dwoc nghién ciru lién quan dén bai toan phéan lop
nhi phan. Dé do ludng chét lugng ciia ham phan 16p, ngudi ta dua
ra mot s6 khai niém vé 13i méc phai khi tién hanh phan lp. O bai
bao nay, tac gia nghién ciru va xay dung mot sb bat ding thirc dé
danh gia vé 16i phan I6p trong bai toan phan I6p nhi phan.

Tir khéa - Phan 16p; nhi phan; 16i phan 16p; bét dang thirc; hoc
may thong ké.
1. Giéi thigu

Bai toan phan 16p nhi phan 1a bai todn co ban, dugc nhiéu
tac gia nghién cuu vé céch thuc tiép can cling nhu danh gia
chat luong cua cac thuat toan [1, 2, 3]. Giastr (X,Y) la mot
cap bién ngiu nhién nhan gia tri trong R® x{0,1}. Dé mo ta
phan phdi cua (X,Y) ta cé thé sir dung cap gid tri (u,77) ,
trong d6 4 la do do xac suét sinh boi bién ngau nhién X
va 17 laham hoiquy cua Y theo X, tuc 1a

u(A)=P(X e A) véi A latap Borel trén R?,
n(x)=P =1| X =x) =E(Y | X =x),xe R".

Mot ham g:R® —{0,1} dugc goi la mgt ham phan

lop (classifier, decision function) va gid tri

L(g) =P(g(X)#Y)
duoc goi la xac sudt 16i (error probability, misclassification
error) cua ham phéan lép g.

Pé tinh duoc gid tri cia L(g) ta can phai biét phan phdi
chinh xac cua (X,Y). Tuy nhién, trén thyc té ta thuong khong
biét dwoc thong tin ndy. Thong tin ma ta biét duoc thuong la
dir lidu duoc thu thap tir (X,Y).Néu (X.,Y,),...(X,.Y,) la
mot mau ngau nhién caa (X,Y) thi gia tri

1 n
L.(9)= HZ;, I{g(Xi)¢Yi}

duoc goi 1a xac suat 15i thuc nghiém (empirical error
probability) caa ham phén 1é6p g.

Abstract - The binary classification problem is a basic problem in
the classification problem of the group of supervised learning
algorithms. One uses a classification function to assign a data point
to one of two given classes based on a labeled collected data set. This
action can be erroneous if the labeling of data points is incorrect.
There are many different algorithms that have been studied related to
the binary classification problem. To measure the quality of the
classification function, people introduce some concepts about the
errors made when performing classification. In this article, the author
researches and builds a number of inequalities to evaluate the
classification errors in the binary classification problem.
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1 n(x)>1/2
0, n(x)<1/2
va L'=L(g") =P(g"(X) #Y).

pinh Iy 1. [2] Vé&i moi ham phan 16p g:R® —{0,1}
ta lubn co:
P(g"(X) #Y) <P(g(X) #Y),

Kihigu g"(x) :{

tec 12 g” 1a ham phan 16p toi wu.
Ham g" dugc goi la ham phan I6p Bayes va gia tri L
duoc goi 1a x&c suat 16 Bayes.
Véi xe R taco
P(g(X)#Y | X =x)=1-P(g(X) =Y | X = X)
=1-[P(Y =1,9(x)=1| X =X)
+P(Y =0,9(x)=0| X =x)]
~1-[I P(Y =1| X =x)
1 0.0 PCY =0] X = X)]
=1- [I{g(x):l}n(x) + I{g(x):o}(l' n(x)]-
Do @6,
L(g)=1- E(|{g(><):1}77(x) + |{g(x):0}(1-77(X)))

{g(0=13

va
L= L(g*) =1- E(I{n(x)>1/2}77(x)+ |{,,(x)s1/2}(1'77(x)))

~ Emingy(X).1-7(X)}= - 1 29(X) -1,
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Ngoai viéc sir dung L(g)dé do xac sudt mic sai 1am
khi phan 16p, nguoi ta con sir dung cac ham sau dé do
“khoang cach” gitta hai 16p [2]:

i) Khoang cach Kolmogorov:

1 1
S0 = EIP(Y =1]X)=P(Y =0| X)|=2 E| 27(X)-1].

. i) Lbi phén 16p tiém can cho “phwong phap nguoi lang
giéng”:

L = E@7(X)A-7(X))).

iii) L6i Matsushita:
p =E(Jn()@-n(xy)).

iv) Entropy co diéu kién trung binh:
E=-E@n(X)Inn(X)+@-7(X)) In@-7,(X))).

v) b6 khac biét Jeffrey:

_ _1)In| 1)
J _E{(zq(X) 1)|n(1_77(x)ﬂ.

Xz s « 1 5 .
Déthayrang, L = 3" 0,0 Diéu ndy c6 nghia néu xac

suét 15i Bayes giam thi khoang cach Kolomogov &, s&
tang dan tién dén 1/ 2 va nguoc lai.
2. Két qua chinh

Xétcacham f,g,h,e, j:[0,1]] > R xac dinh nhu sau:

f(X) =min{x,1- x}, g(x) = 2x(1- x),h(x) = a/x(l—x),
e(x) = —xIn x— (1= x) InL=x), j(x) = (2x~1) In(ﬁj.

Dé thay rang, véi moi X €[0,1] ta luén c6:

f (x) <min{h(x), g(xX)}.
B6 dé 1: Vé6i x €[0,1] ta lubn co:

a) \2 JEO) <|h() - F(x)| <2

b) e(x)>2In2g(x).

1
X——
2

x—%‘h(x).

Chizng minh: Vi véi moi X €[0,1] ta lun c6
e(x) =el-x), £(x) = f(1-x), g(x) =g(d-x)
va h(x) = h(Ll-x) nén ta chi can chi ra cac bit déng thuc
trén ding véi x €[0,1/2].
a) Voi x €[0,1/2] bit déng thtc & phia trai tré thanh:

- VT

1
o VRN -2 V2 3 ]9
<:>\/§(1—2x){;—£J20.

Ih(x) - f (x)| > 2

VI-x+x 2

Bit ding thuc nay dung vi xe[0,1/2] va

A—x+x <2,

Tuong ty, bt dang thic ¢ phia phai dugc bién doi nhu sau:

lh(x) - f ()| <2

@ﬁ‘\/l—_x—x‘g(l—Zx) x(1-x)

<:>\/;(1—2x) 1 ne
N {1—x+\/x(1—x) 1]_0

- x(1—2x)(\/;—\/1—_x)
\/1—_x(1—x+«/x(1—x))

Bit dang thirc nay dung vi x [0, 1/2].
b) Vé6i x [0, 1/2] dat 1(x) =e(x)—-2In2g(x).Luc do,

() =——2* 5 0,vxe[0,1/2]
X

1-x)
nén 1'(x) 1a ham 16i trén [0, 1/2]. Mat khac, ta lai co

lim I'(x) =+, 1'(L/2)=0, I/ 4)=In(3/4) <0

x—% h(x)

<0

nén ton tai duy nhat x, €(0, 1/2) sao cho 1'(x,) = 0. Tirdo
suy ra
1(x) > min{1(0), 1(L/ 2)} =0, ¥x [0, 1/ 2]. n
Bé6 dé 2. Voi moi x € (0,1) vd neN" taludn co

e(x) < In2—zn: k(ik—l)(x_%j .

k=1

Chirng minh: Vi n>1 dao ham cép n cua e(x) bang:

—Inx+In(1-x), n=1
e”(x) =1 (-)"'(n-2)! (n-2)!

Xn—l (1_ X)n—l N >1

T d6, suyra N 21 ta co:
0, n=2k+1 .
eW(@W/2)=1 ", véi k eN”.
_2%(2k - 2)1, n =2k
Theo cong thic khai trién Taylor [4] véi moi x € (0, 1)
ton tai @ nam gitra 1/2 va X sao cho:

e(x) B 2nz+1e(k)(l/ 2) (X_EJK . e(2n+2) (9) (X_EJZMZ
& ki 2)  @n+2)t\" 2

(2n+2) 2n+2
Vi 0¢(0,1) nen e_w)(x_gj <0.
en+ 2172

Do dd, véi moi x € (0, 1)

2n+1 5 (k) k n 2k-1 2k
e(x)gze (kl!/z)[x—%j =In2—zkék_l)(x—%j .

k=0 k=1

B d& duoc chiang minh. n
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B d& 3. Voi moi xe(0,1) va neN” taludn co

] n 22k+l l 2k
X) > X=—=1 .
1 kz_;Zk—l[ 2}
Ching minh: Vi
In(x/ (L—x)) bang:

n>1 dao ham cip n cua

(-D! (-1
1-x)" X" '

Ti do, véi N> 2 sir dung cdng thire dao ham cua tich
ta co:

i () = (2x =) (In(x/ 1 x)))"”
+2n(In(x/ 1-x)))""
_ (n=2x+1)(n-2)!

(In(x/ 1-x)))" =

€(0, D).

@-x)"
“1D"(n— —2)
+( D"(n 2xn+1)(n 2).’ c(0,1).
X
Suy ra

0, n=2k-1 . .
i"@r2)=q_ ., véi k eN”.

2" n(n-2)!, n=2k

Luc do, st dung khai trién Taylor [1] véi moi x € (0, 1)
ton tai @ nam giira 1/2 va X sao cho:

2n+1 (k) ko -(2n+2) 2n+2
i(X) = ZJ (1/2)£ lj +J—@(X—1J
2)  (@n+2)1" 2
(2n+2) 2n+2
J—@(X_lj >0.

@n+2)t " 2

Do d6, véi moi x < (0, 1)

2n+1 (k) n 2k+1 2k

j (1/2)( 1) 2 ( 1)

> - .
i) § ;:1 173

B dé duqc chitng minh. ]
Pinh Iy 1. Bo léch p— L thoa mén bét ding thic:

|< KO \/1_4550 .

Chirng minh: Tir B6 dé 1 ta c6:
1
EE )3 Tt

Vi 6(0,1) nén

12
5Ko—2E‘n<X)—5 <

h(n(X)).

Ap dung bt ding thirc Jensen [5], ta dwoc:

§|p—L*|£2E‘77(X)—%

2

1

E‘U(X)—%‘h(n(X)F E‘U(X)—%‘

SE‘U(X)—%‘J%—[E‘U(X)—%

1
4

72

JZ

=y _550-

1 1
Mat khac, vi X‘/E_X > \/Ex[i—xj,w €[0,1/2] nén

x/fE‘n(X)—%‘ %)

1 /1 1
=\/§E‘U(X)—E‘Q’E—‘U(X)—E‘

> 26003 -ro0-)

100~

Dinh 1y dugc chiung minh. |

Pinh ly 2. Gia tri entropy thoa man bat dang thirc:
E>2In2L,.

NGi riéng, E>4In2L° (1-L).

_ Chueng minh: Bét dang thire duoc suy ra truc tiép tir Bo
dé 1 va nhan xét:

X(1—x) = min{x,1- x}(@- min{x,1-x}),Vx [0, 1]. m

~ Pinhly 3. Entropy va do khac biét Jeffrey théa méan cac
bat dang thuc sau:
n 22kfl

l 2k
EsInZ—Z—(L*——j
k- 2

22k+1 1 2k
Va J> )
St )
véimoi ne N™.
Chzng minh: Véi x €(0,1) ta luén co:

1Y (. 1y
(X—EJ :(mln{x,l-x}—zj :

Do do, tir B6 dé 2 va bét ding thirc Jensen [5] ta co:

£ (U(X)—%j

E=Ee(n(X))<In2- ZK(ZK D
(min{n(x).l—n(x)}—%j

n 22kfl

- Z “k(2k—1)
n 92k 1 2k
_Zk(2k 1)( _Ej '
Bat dang thirc con lai duoc suy ra tir Bé dé 3 va dugc
chiimg minh tuong tu. u

Truong hop dic biét khi n =1 ta dugc hé qua sau:
H¢ qua 1 [2]: Entropy va d¢ khac biét Jeffrey thoa man
céc bat dang thuc sau:

1-2L)? \
ESInZ—% va J>2(1-20)2

Dé danh gia xac suat 16i ly thuyét L(g) théng qua xé&c

suét I3i thuc nghiém L, (g) , ta cd thé sir dung cac bat dang
thirc vé mirc d6 tap trung (concentration inequalities) cho



52

T6n That Ta

tong cua cc bién ngau nhién doc lap.
Bo dé 4 (Bat dang thirc Hoeffding) [5, 6]. Cho X,,..., X,
la cac bién ngau nhién doc lap véi P(a < X, <b) =1 véi

moi i=1n, trong d6 a,b €R,a <b.Khi d6, véi moi

t>0 va S =) (X;-EX,) taluon cé:

i=1

P(S >1) Sexp(—th /Zn:(q —ai)zj,

i=1
P(S[xt) < 2exp(—2tZ 13 (b —ai)zj.
i=1
Hé qua 2: Khoang tin cay cho xé&c suat 16i L(g) cua
ham phan 16p g véi do tin cay tdi thiéu 1-« la:

Chueng minh:
Ap dung bat ding thirc Hoeffding cho céc bién ngau
nhién | véi moi € >0 ta co:

p( j

Diéu nay tuong duong véi

P(‘Ln(g)— L(g)‘ > 5) < gg 20

{9(Xi)=Yi}’
g(l{g(xn#m - L(g))

i=1

Hay P(‘I_n (9)- L(g)‘ < g) >1-2e72"",

Cho 262" = ¢ €(0,1). Luc do6 ¢ = filn(gj va
2n a
P( Ln(g)—L(g)‘<,/iln(3)]zl—a.
2n a

Tir 46, ta dugc diéu phai chimg minh. ]
Nhan xét 1: Néu mudn d6 dai khoang tin cay cho xac
suit 18i L(g) duoc xay dung & trén khong vuot qué

A, >0 cho trudc, ta can chon n sao cho:

2 ’iln(£) <A,.
2n a
Tur do, ta duoc:
2 2
n>—Inj —|
Ay \a

Nhan xét 2: Str dung dinh Iy gisi han trung tam [5], ta
c6 khi n 16n bién ngau nhién

(L@-L@)n
" JLe).a-L(g)

c6 phan phéi xap xi phan phdi chuan tic N(0,1). Luc d6, voi

do tin cay 1—a khoang tin cay cho xac suat 16i L(g) la:

[ZHLn(g)"‘Zi/z e anL, (9)+22,, —8],

2(n+ Zi/z) 2(n+ Zi/z)

B Za/Z\/Zilz + 4I’an(g)(1— Ln(g))

trong d6 &=

2(n+2;,,)

n

800060 70 080 00. - 100 - 1100 2

nLnlg) + 22, nLnlg) + 2
0.15 | > 7 & — z 3
2n+ 25 ) 2(n + 22 .)

Hinh 1. Khodng tin cdy 95% véi L (g) =1/ |n—40|

Tir Hinh 1 ¢6 thé thay, khoang tin cay dugc xay dung
bai phép xap xi phan phéi chuan tot hon theo nghia do dai
khoang tin cdy nho hon. Mic du vay, chit luong cua
khoang tin cay nay phu thudc nhiéu vao chét luong cua
phép xap xi phan phéi chuan.

3. Két luan

Bai b4o di trinh bay mot s6 két qua nghién ciru vé bat
dédng thirc danh gia 15i phan 16p cho bai toan phan Iép nhi
phan. St dung bét dang thuc Hoeffding va dinh ly gidi han
trung tam, khoang tin cay cho xac suat 15i ly thuyét ciing
duoc xay dung. Khi kich thudc mau cang 16n, phép xap xi
phan phdi chuan cang chinh xac va lic d6 ta nén sir dung
khoang tin cay cho xéac suét I3i ly thuyét dugc xay dung
dua trén phép xap xi nay.
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