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Abstract - In this paper, we study the systems of generalized
multivalued strong vector quasiequilibrium problem (in short
(SQVEP)) real locally convex Hausdorff topological vector spaces.
This problem includes as special cases the generalized strong
vector quasi-equilibrium problems, quasi-equilibrium problems,
equilibrium problems and variational inequality problems. Then, we
establish an existence theorem for its solutions by using fixed-point
theorem. Moreover, we also discuss the closedness of the solution
set for (SQVEP). The results presented in the paper improve and
extend the main results of Long et al [Math. Comput. Model,47 445-
-451 (2008)] and Plubtieng - Sitthithakerngkietet [Fixed Point
Theory Appl. doi:10.1155/2011/475121 (2011)].
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1. Introduction and Preliminaries

Let X, Y, Z be real locally convex Hausdorff topological
vector spaces Ac X and B Y be two nonempty compact

convex subsets and C — Z be a solid pointed closed convex
cone. Let K,,P:AxA—>2" T :AxA—2® and
F :AxBxA—2”, i=12 be multifunctions. We consider

the following system generalized strong  vector
quasiequilibrium problems (in short, (SQVEP):
(SQVEP): Find (X,0)e AxA and 7ZeT/(X,0),

V eT,(X,U) suchthat X € K, (X,I),U € K, (X, ) satisfying
F.(X,Z,y) cC,Vy e B(X,U),
F, (T, v,y) cC, vy e B(X,u).
We denote that £(F) is the solution set of (SQVEP).
Next, we recall some basic definitions and their some

properties.

Definition 1.1 (See [1, 3]) Let X, Z be two topological
vector spaces, A be a nonempty subset of X and
F : A— 2% be a multifunction.

(i) F issaid to be lower semicontinuous (Isc) at x, if
F(x,)nU = for some open set U < Zimplies the
existence of a neighborhood N of x, such that, for all
xe N,F(x)nU = . said to be lower semicontinuous in
A if it is lower semicontinuous at each x, € A.

(i) F is said to be upper semicontinuous (usc) at X, if for
each open set U o F(x,) , there is a neighborhood N of X,
suchthat U o F(N). F issaid to be upper semicontinuous in
A if it is upper semicontinuous at each x, € A.

Toém tat - Trong bai bao nay, chung toi nghién clru hé bai toan twa
can béng véc to' da tri manh téng quat (viét tt, (SQVEP)) trong cac
khéng gian véc to t6 pd Hausdorff thuc 16i dia phwong. Bai toan
nay chda rat nhidu bai toan d&c biét nhw bai toan twa can béng véc
to manh tdng quat, bai toan twa can bang, bai toan can bang va
bai toan bat dang thirc bién phan. Sau do, chang téi thiét 1ap mot
dinh ly cho sw tdn tai nghiém ctia né béi str dung dinh ly diém bét
doéng. Ngoai ra, chung téi cling tho luan tinh déng cua tap nghiém
cho (SQVEP). Két qua hién tai trong bai bao la cai thién va mé
réng cac két qua chinh clia Long cling céc tac gia [Math. Compuit.
Model,47 445--451 (2008)] va Plubtieng - Sitthithakerngkietet
Sitthithakerngkietet [Fixed Point Theory Appl.
doi:10.1155/2011/475121 (2011)].

Tir khoa - hé bai toan ta can bang vécto; da tri; dinh Iy diém bét
dong; s ton tai; tinh dong.

(iif) F is said to be continuous at X, if it is both Isc
and usc at x, . F issaid to be continuous at x, € A ifitis
continuous at each x, € A.

(iv) F is said to be closed if Graph(F)={(x,y):
xeA,yeF(X)}is a closed subset in AxY . F s said to
be closed in A ifitis closed at each x, € A.

Definition 1.2 (See [1, 2]) Let X, Z be two topological
vector spaces, A be a nonempty subset of X and

F : A— 2% be a multifunction and C — Z is a nonempty
closed convex cone.

(i) F is called upper C -continuous at x, € A, if for
any neighborhood U of the origin in Z, there is a
neighbourhood V of x, such that

F(x) c F(x,)+U +C,vxeV.

(if) F is called lower C -continuous at x, € A, if for
any neighborhood U of the origin in Z, there is a
neighborhood V of x, such that

F(x,)cF(x)+U-C,V¥xeV.

Definition 1.3 (See [3]) Let X and Z be two topological
vector spaces and A is a nonempty convex subset of X .
A set-valued mapping F : A— 2% is said to be properly
C -quasiconvex if forany x,y € A and t €[0,1], we have

either F(x) c F(tx+(1-t)y)+C
or F(y)cF({tx+(1-t)y)+C.

Lemma 1.1 (See [3]) Let X, Z be two topological vector
spaces, A be a nonempty convex subset of X and

F : A— 2% be a multifunction.
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(i) If F isupper semicontinuous at x, € A with closed
values, then F isclosed at x, € A;

(if) If F isclosed at x, € A and Z is compact, then
F is upper semicontinuous at x, € A.

(iii) If F has compact values, then F is usc at x, if
and only if, for each net {x,} = A which converges to x,
and for each net {y_}c F(x,), there are y e F(x,)and a
subnet {y,} of {y,} suchthat y, —y.

Lemma 1.1 (See [1,5]) Let A be a nonempty compact
subset of a locally convex Hausdorff vector topological

space Z. If M : A— 2" is upper semicontinuous and for
any xe A M(x) is nonempty, convex and closed, then

there exists an x" € A such that X" e M(x") .

2. Main Results

Definition 2.1. Let X, Z be two real locally convex
Hausdorff topological vector spaces and A be a nonempty
compact convex subset of X ,and C — Z is a nonempty

closed convex cone. Suppose F:A—>2° be a
multifunction. F is said to be strongly C -quasiconvex in
A if vx, X, e AVL1e[0,1], F(x)cC and F(x,)cC.
Then, it follows that
F(Ax, +(@-A)x,) = C.

Remark 2.1 In the Definition 2.1, if we let
X=A=Z=R, C=R_,and let F:R—> R be a single-
valued mapping. Then, we have = Vx, x, € A, Vt €[0,1], if
F(x)<0, F(x,)<0, then F((1-t)x +1tx,))<0. This
means that F is modified 0-level quasiconvex, since the
classical quasiconvexity says that vx,,X, € A, VA1 [0,1],

F(A-2)x +4%,)) < max{F (x,), F (x,)}.

Now, we let X and Z be two topological vector
spaces, A be a nonempty convex subset of X

F:A—>2°,0eZ and C cZ be a solid pointed closed
convex cone, we will use the following level-sets types:

L,F={xeA:F(x)c6+C};
L,F={xeA:F(x) £ 6+C}.
Theorem 2.1 For each {i =1,2}, assume for the problem
(SQVEP) that
(i) K; is upper semicontinuous, K,(x,u) is nonempty
closed convex, for all (x,u)e AxA and P is lower
semicontinuous and nonempty;
(if) T, is upper semicontinuous and compact-valued
and T, (x,u) is nonempty convex, for all (x,u) e AxA;
(iii) for all (x,z) e AxB, E(x,z,R(x,u))cC;
(iv) for all (z,y)eBxA, F(,zY) is strongly C -
quasiconvex;
() forall zeB, LyFK(.,z,.) isclosed.

Then X(F) =< . Moreover X(F) is closed.

Proof. For all (x,z,u,v)e AxBxAxB, define be set-
valued mappings: ¥,IT1: AxBx A — 2* by
Y(x,z,u)={ae K (x,u):F(a,z,y) =C,vy e P(x,u)} and
IT(x,v,u) ={b € K, (x,u) : F(b,v,y) = C, ¥y € R, (x,u)}.
Step 1. Show that W(x,z,u) and TI(x,v,u) are nonempty.

Indeed, for all (x,z,u) e AxBx A and
(x,v,u) e AxBx A, for each {i=12}, K, (x,u),P(x,u)
are nonempty. Thus, by assumption (iii), we have
Y(x,z,u) and II(x,v,u) are nonempty.

Step 2. Show that W(x,z,u) and TI(x,v,u) are convex
subsets of A.

Let a,a, e ¥(x,z,u) and ae€[01 and put
a=caa +(1-a)a,.Since a;,a, € K (x,u) and K (x,u) is
a convex set, we have aeK/(x,u). Thus, for
a,,a, € P(x,z,u), we have

F(a,2,y) =C, vy e B(xu),
F(a,.z,y) cC,Vy e B(xu).

By (iv), F_1(.,, z, y) is strongly C -quasiconvex.
F(ea +(1-a)a,,z,y) cC,Va €[0,1],

i.e., ae¥(x,z,u). Therefore, W(x,z,u) is a convex
subset of A. Similarly, we have TI(x,v,u) is a convex
subset of A.

Step 3. W(x,z,u) and IT(x,v,u) are closed subsets of A.

Let {a,}c¥(x,z,u) with a,—a,. Then,
a, € K, (x,u) . Since K (x,u) is a closed subset of A, it
follow that a, € K,(x,u) . By the lower semicontinuity of
P, we have Yy, € P,(x,u) and any net{(x,,u,)} — (x,u)
, there exists a net {y,} such that y, € B(x,,u,) and
Y, = Y. As a, € ¥(x,z,u) , we have

F(a,,z,y,) cC. (2.1)

By assumption (v), (2.1) yields that
F(a,,z2,y,) cC,
ie, a, e¥(x,z,u). Therefore, W(x,z,u) is closed.
Similarly, we also have TI(x,v,u) is closed.

Step 4. Now, we need to show that W(x,z,u) and
I1(x,v,u) are upper semicontinuous.

First, we show that W (x, z,u) is upper semicontinuous.
Indeed, since A is a compact set and W(x,z,u)c A.
Hence W(x,z,u) is compact. Now we need to show that
¥ is a closed mapping. Indeed, Let a net {(x,,z,,u,):
nel}c AxBxA such that (x,,z,,u,)— (Xzu)
e AxBx A, and let a, € ¥(x u,) suchthat a, »a,.

e Lo
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Now we need to show that a, e ¥(x,z,u). Since
a, € K (x,,u,) and K, is upper semicontinuous, we have
a, € K, (x,u). Suppose to the contrary a, ¢ ¥(X,z,u).
Then, 3y, € B(x,u) such that

F(a,.2,y,) £ C.
By the lower semicontinuity of P, there is a net

y, € B(x,,u,) suchthat y, — v, .Since a, € ¥(x,,2,,U,),
we have

2.2)

F(a, 2, Y, =C. (23)
By the condition (v) we have
F(a,.2,y,) =C. (2.4)

This is the contradiction between (2.2) and (2.4). Thus,
a, e¥Y(x,z,u). Hence, ¥ is upper semicontinuous.

Similarly, we also have TI(x,v,u) is upper
semicontinuous.
Step 5 Now we need to the solutions set X(F) = & .
Define the set-valued mappings ©,Z:AxBxA:
— 2% py
O(x,z,u) = (Y(x,z,u), T,(x,u)), V(X, z,u) € AxBx A
and
E(x,v,u) = (TI(x,v,u), T, (x,u)), V(X,v,u) € AxBx A

Then ®, = are upper semicontinuous
V(X,z,u)e AxBx A, V(x,v,u) e AxBxA,

and

O(x,z,u) and O(x,v,u) be two nonempty closed
convex subsets of AxBxA.

Define the set-valued mapping H :(AxB)x(AxB)
N 2(A><B)><(A><B) by

H((x,2),(u,v)) = (©(x, z,u), E(x,V,u)), for all
((x,2),(u,v)) e (AxB)x(Ax B).

Then H is also upper semicontinuous and
V((x,2),(u,v)) e (AxB)x(AxB), H((x,2),(u,v)) is a
nonempty closed convex subset of (AxB)x(AxB).

By Lemma 1.1 there exists a point

(% 2)(0,9)) e (AxB)x(AxB) such that ((%2)(d,v))
e H((% 2)(4,)) , that is

(R,0) € O(R,2,0), (4,V) e Z(R,0,V)

which implies that XeY¥(X,Z,0),0T,(X0G4) and
G eTII(X,0,9),VeT,(X0). Hence, there exist
(X,0) e Ax A ZeT,(X,0),VeT,(X0) such that

X e K (%,0),0 € K,(&,0) satisfying
F.(X,2,y) cC,Vy e B (X ), and
F,(0,9,y) c C,Vy € P,(%,0),

i.e., (SQVEP) has a solution.
Step 6. Now we prove that (F) is closed.

Indeed, let a net {(x,,u,),nel}eX(F):
(X,,u,) > (X, Up).  As  (X,,u,)eX(F), there exist
Zn eTl(Xn'un)’Vn ETZ(XWun)I

X, € K (X,,u,),u, € K,(x,,u,) such that
F.(%,.2,,y) ©C, ¥y € R(x,,u,).and
F, (U, vy, Y) = C, 0y € By (X, Uy)-

Since K,,K, are upper semicontinuous and closed-
valued.  Thus, K, K, are  closed.  Hence,
X, € K (%),Up), Uy € K, (X5,U,) . Since T,, T, are upper
semicontinuous and T, (X,,U,), T,(%,,u,) are compact.
There exist zeT,(x,,u,) and veT,(x,,U,) such that
z, > z,v, >V (taking subnets if necessary), we have
zeT(X,) suchthat z, — z . By the condition (v), we have

F.(%,,2,y) € C,Vy e B(X,,U,), and
FZ(UO,V, y)cC,Wye Pz(xovuo)-

This means that (X,,u,) € Z(F). Thus Z(F) is a
closed set. o
Remark 2.2

(@) If K,(X,0)=PR(X,0) =5,(X) , K,(%,0)=P,(X,0)
=S,(X), T,(X,0) =T,(X), T,(X,u) =T,(X) , then (SQVEP)
become to (SGSVQEPS) in [4].

(b) If K, (X,0) = R(X,0) = K,(X,0) =P,(X,0)=5(x),
T.(X,0) =T,(X,0)=T(X), then (SQVEP) become to
(SGSVQEP) in [2].

Remark 2.3 In this special case as Remark 2.2, Theorem
2.1 reduces to Theorem 3.1 in [4] and Theorem 3.1 in [2].
However, our Theorem 2.1 is stronger than Theorem 3.1 in
[4] and Theorem 3.1 in [2]. Moreover, we omit the

assumption F is lower (-C)-continuous in Theorem 3.1 in
[4] and Theorem 3.1 in [2].

The following example shows that in this the special
case, all the assumptions of Theorem 2.1 may be satisfied,
but Theorem 3.1 in [4] and Theorem 3.1 in [2] are not
fulfilled.

Example 2.1 Let X=Y=Z=R,A=B=[-11],

C =[0,+0) and let K,(x) =K, (x) =[0,1], F :[-11] — 2°

[O,§] if x0=u0=1,
2 3
and T, (x,u) =T,(x,u) = i
[0, E] otherwise.

and (2 Y) =R UV, y) =

11 1
37l ety

F(x)= 1
[E ] otherwise.

We show that all assumptions of Theorem 2.1 are
satisfied. So by this Theorem the considered problem has
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solutions. However, F is not lower (—C) -continuous at

Xo =%. Indeed, we let a neighborhood U :[—%%] of the
L . 1 1
originin Z , then for any neighborhood V =[§—g,§+s]

of x, =% , Where & >0, choose %;& X" eV . We have,

) =FQ) =L 5] F()+U+C

1 11
:[E,l]‘l‘[—g,g]‘f'R

39
=[=,=-]1+R,,
[55]

Also, Theorem 3.1 in [4] and Theorem 3.1 in [2] does
not work.

The following example shows that the assumption (v)
of Theorem 2.1 is strictly weaker than the assumption
upper C-continuous in [2,4]

Example2.2 Let X =Y =Z =R,

A=B=[-11],C =[0,+0) and let

K. () = K, () =[0,1], T, (x,u) =T, (x,u) ={1},
F:[-11] - 2"and

R(xzy)=FUvy)=

[1,§] if xozl,

F(x) = 3
11 .
[=,=] otherwise.
32

We show that all assumptions of Theorem 2.1 are
satisfied. So (SQVEP) has solution. However, F is not

C -continuous at Indeed, we let a

upper X 1
0 =—.
3

neighborhood U =[—%,%] of the originin Z , then for any
. 1 1 1
neighborhood V :[é—g,§+g] of x, =3 where ¢ >0,

choose %;ﬁ X eV. We see that,

F(x*)=[§,%]¢ F(%)+U +C

+

3ttt
=Rl =5 R

211
=[=,=]+R
[3 6]
Also, Theorem 3.1 in [4] and Theorem 3.1 in [2] does
not work.
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The following example shows that our strongly C -
quasiconvexity is strictly weaker than the C-
quasiconvexity in [2,4].

Example 2.3 Let X =Y =Z=R,

A=B=[0,1],C =[0,+c0) and let

K () = K, () =[0,1], T, (x,u) =T, (x,u) = [1,2],
F:[0,1]— 2"

and F(xz,y)=F,(u,v,Yy)=

[§,2] if x, =1,

F(x) = 2 2
11 .
[=,=] otherwise.
32

We show that all assumptions of Theorem 2.1 are
satisfied. However, F is not properly C -quasiconvex.

Indeed, we let Azé and x, =0,x, =1. Then,
11
F(x)=FO) =[5, 51¢ F(x1+A-2)x)+C
SFO)+R, =[5 24R,,
11
FOo)=FO =[5, J1¢ F(xA+1-2)%)+C

1 3
=FE)+R, =[2,2]+R
(2) . [2 J+R,

Thus, it gives case where Theorem 2.1 can be applied
but Theorem 3.1 in [4] and Theorem 3.1 in [2] does not
work.
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