ISSN 1859-1531 - THE UNIVERSITY OF DANANG - JOURNAL OF SCIENCE AND TECHNOLOGY, VOL. 22, NO. 6B, 2024 19

AN OPTIMAL ALGORITHM FOR MINIMAX PROBLEMS WITH
SMOOTH COMPONENTS

Pham Quy Muoi*, Chau Vinh Khanh*
The University of Danang — University of Science and Education, Vietham

*Corresponding author: pgmuoi@ued.udn.vn; khanhcv01@gmail.com
(Received: April 16, 2024; Revised: May 14, 2024; Accepted: May 16, 2024)

Abstract - In this paper, we propose an optimal algorithm for the
convex minimax. This is an extension of the Nestrerov algorithm,
which allows step size parameters to be non-constant and
determined automatically during algorithm execution. We present
the algorithm and prove the convergence of this algorithm with
the optimal order. To calculate the gradient mapping, we apply
the external point penalty function method. We then propose a
method of determining the parameters in the algorithm
automatically. The proposed new algorithm, which is integrated
with the method of calculating gradient mapping and automatic
parameter determination, is detailed in Algorithm 6.1. Finally, we
applied the new algorithm to solve some specific examples and
compared it with Nesterov's algorithm.

Key words - Minimax optimal problem; Optimal algorithm;
Nesterov’s algorithm; Convergence; Optimal convergence rate.

1. Introduction
In this paper, we deal with the minimax problem

min{f(x) = max fi(X)] 1)
xeQ 1<i<m

where fie SLI(R"), i=Lm and Q is a closed
convex set.

The problem has applications in many domains such as
mathematics [1], statistics [2] and optimization [3]. There
are some available methods to solve the problem (1) such
as Mirror-Prox [4], Nesterov’s Accelerated Gradient
Descent (AGD) [5] or Efficient Algorithms combining
Mirror-Prox and AGD [6]. Furthermore, in [7] Nesterov
introduced an optimal scheme with a constant size step

1 . .
h, = T where L is the above-mentioned parameter. Note

that for m=1, there are some generalizations of
Nesterov’s algorithm, one has been published in [8] for

Q=R" and the other has been published in [9] for
Q < R". In this paper, we will generalize the scheme of
Nesterov to solve the problem (1) with m >1 by allowing

size steps h, to be nonconstant. We will prove that the

proposed algorithm converges with the order of the optimal
convergence rate.

2. Preliminary

We first recall some notations and preliminary results
of (strongly) convex differentiable functions.

A continuously differentiable function h is called
convex in R" if and only if

h(y)zh(x)+<h’(x),y—x>,Vx,yeR".
A continuously differentiable function h is called

strongly convex in R" if and only if there exists a constant

4 >0 such that
h(y)zh(x)+<h’(x),y—x>+§Hx—sz X,y eR"

The parameter u is called to be an strongly convex

parameter. If =0 then f isconvex. We denote ;z the
largest Lipschitz strongly convex parameter.

A function h is called Lipschitz continuous
differentiable if and only if it is differentiable and there

exists L > 0 such that
[Vh(x)-vh(y)| < L|x-y], vx yeR".

Then, L is called Lipschitz constant. We denote L the

smallest Lipschitz constant. Note that if h is a Lipschitz
continuous differentiable function with Lipschitz constant

L and convex, then
, L
h(y)<h(x)+(h (x),y—x>+§ [ x=y|?,vxyeR"
We denote h e Sj,(]R") if h isastrongly convex with the

strongly convex parameter x and h e S},’}L(R”) if his

a strongly convex differentiable function with the strongly
convex parameter x and Lipschitz continuous

differentiable with Lipschitz constant L . Furthermore, if
f(X) = maxiciem i (%), where fie SIL(R"), i=1;m,
then we also write f e Sy} (R").
1,1 1,1

Theorem 2.1 If f, S%Ll(R”) and f, e S, (R™)
then max{f;; f,} = f € S;;1 (R"), where

p=min{ ;L= max{L;L,}.

Proof. Let s =min{z; s}, L=max{L;L,}. Since
fe Sj;l{Ll(R”) and f, e St

l’;"-z (R™), we have

R0+ (B(x)y=x)+ 21 -y P< ()

L.
< fl(x)+<fl’(x),y—x>+?l||x—y\|2 VX, yeR",
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() +(13(x).y=x)+ 22 [ x=y [P< (y)
<t (0)+(£(x)y-x)+

Therefore,
(%) +( (%), Y—X>+§ Ix=yP< fi(y)

L
< fl(x)+<fl’(x),y—x>+5||x—y|\2 X, yeR",

%Hx—yﬂ2 VX, y eR",

)+ (B (0).y=x)+ T x-y < f2(y)
, L
< fz(x)+<f2(X),y_X>+EHX—YH2 X,y €R".
Hence, f;, f, €

S, L (R") . So, we have f eséiL(Rn).

Definition 2.1 Let f be a max-type function:

f(x) = max f.(X). (2)
Then, function
f(X;x) = ]rg_gx[fi (X) +(fi'(x), x=%)] 3

is called the linearization of f(X) at X.

Lemma 2.1 Let f(X)=maxsicnf;(X) € S;;L (R") .
Then, for any x e R" we have
f002 F(%0+ 2 x-X P, (4)
L,
f(x)ﬁf(x;x)+5\|x—x|\ . (5)
Proof. Since fe S;1(R"), we have fie

Sy (R"), i=1;n. Then,
002 %) +(FE)x—0+ 2 x-x |, vi =L

f(x) < fi(i>+<fi'(x),x—i>+§|| X=X |, vi=
Therefore,

max[f(X)]>max[f(X)+<f(X)X R+ x- x|2}

I<i<
max| f; (x)]< max[f () + (£, x— x>+—|| X=X }
1<i<m
Hence, we have (4), (5).

Theorem 2.2 Let f; be convex and differentiable for
all i=1,2,....,m. Apoint X eQ is a solution to problem
(1) ifand only if for any x € Q, we have

fOCx)> F(x3x) = F(X). (6)

Proof. If (6) is true, for any x € Q, we have:
f)= O F(Cx) = (X))
Now, let X" be a solution to problem (1). Assume that there
exists xeQ such that f(x";x") < f(x"). Consider the
functions
#(@) = (X +a(x-x)),i=Lm
Note that for all i,
f(x )+<f(x ), x—x )< (X )—maxf(x)

1<i<m

1<i<m, we have

Therefore, either ¢ (0) = f; (x) < f(x") or

#(0) = (X )40 = (£(X),x=x") <0
Thus, for & small enough we have

f(x +a( )) ¢(a)<f(x)V|
That is a contradiction.

Corollary 2.1 Let X be a minimum of a max-type
function f(X) onthe set Q. If f e S, (R"), then for all
x e Q, we have

f(x)> f(x*)+§||x—x* 2.

Proof. Indeed, in view of Lemma 2.1 and Theorem 2.1,
forany x eQ we have

FO) > £ X)+ Ix=x"|f

> f(x*;x*)+§ [ x—x" |7
= f(x*)+§\|x—x* 2.

Theorem 2.3 Let max-type function f(x) belong to
Sfl (R™) with >0 and Q be a closed convex set. Then

there exists an optimal solution X" to the problem (1). If
>0, then the solution is unique.

Proof. Let X €Q. Then, forany x € Q we have
P00 £i(9 2 )+ (), x-R)+ 2 [ x-x| .

Thus, f iscoercive. Since f is continuous and coercive,
and Q is aclosed set, f has at least one minimizer X .

Furthermore, if x>0 and if xf is another solution to a
problem (1), then

f(xX)= f(q)= f(x*;xf)+§|\xf—x*||2
> f(x*)+§\| x —x"|?.

This implies that XI =x" or the minimizer is unique.
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3. Gradient mapping

Let us fix some y and X e R". We assume that f(x)
is a max-type function and denote

f,(%,%) = f(i;x)+%|\x—¥||2
Definition 3.1 Let f be a max-type function. We define
£(X:7) = minf, (X; %),
xeQ
Xt (X;7) =argminf, (X; %),
xeQ
95 (X;7) = (X =x¢ (X;7))-
We call g;(X;y) the gradient mapping of max-type

function f on Q.

Note that X does not necessarily belong to Q.
Furthermore, it is clear that f (X;x) is a max-type
function composed by the components

f (i)+(fi’(i),x—i>+g Ix—% |Pe SYL(R™),i =L;m.

Therefore, in view of Theorem 2.2, the gradient
mapping is well defined.

Theorem 3.1 Let f S} (R"). Then, forall xeQ,
we have
* * —_ — 1 pa—
f(xix) 2 f (x;y>+<gf<x;y),x—x>+5|\gf<x;m|2-

(7)

Proof. Denote X; =X;(X;7),0¢ =0¢(X;»). Since

f,(X;X) € Sy (R") and it is a max-type function, we can

apply all results of the previous section to fy. In view of

Theorem 2.1 and Corollary 2.1 we have

f(x0) = 1,02 | x-x P

_. y =

> £, (%ixq )+ 2 (lx=x |7 =[x
> f*(i;y)+%<i—xf \2X—X; —X)

= f*(i;y)+g(i—xf,2(x—i)+>‘<—xf)

* — l
= A+ xR+l oy [
Corollary 3.1 Let f S lL(R") va y>L . Then:
1.Forany xeQ and X € R" we have
FO) = £ (%; (X)) +(9¢ (X;7), X=%)
1 = =
sollg @S Ix-xE.@®
¥ 2

2. 1f X eQ then

_ - 1 _
f (X (X;7)) < f(x)_z_;/H 9s (X:7) | ©)
3.Forany X € R" we have
(g¢ (%)%~ x>>—||gf(x NIE+Z X =
(10)
Proof. We assume y=L. Then,

f(X;7) > f(x; (X;7)). Since

f(x)> f(x;x)+§||x—2|\2,vXeR“

and in view of Theorem 3.1, we obtain (8). From (8),
choose x=X, we obtain (9). Furthermore, from (8),

choose X= X*, we obtain (10) since
f (xf (Y;;/))— f (x*) >0.
Next, let us estimate the variation of f*(i;;/) as a

function of y
Lemma 3.1 Forany 7,7, >0 and X € R" we have

g, Km)|P

£ (%:7,) > f*(i;m+722
772
Proof.

Denote % =Xy (X;7), 0 = 0y (;71).i =1,2.

In view of Theorem 3.1 we have

f(f;x)+%|| X=X 22 £ (%;71) +(gy, X=X

1 /4 _
+2—|| o |2 +2 | x=X |
71 2

forall x Q. In particular, for X =X, we obtain

f (X 72) = (X X2)+_HX2 iH2

Zf*(7;71)+<91,xz X>+2—H91H 2 sz XH2

71

., 1
=f (X;71)+2_ 9, HZ __<91 92>+ H 9, ||
72

> £ (Xi) + 10y I = 4 |2
2n 2y,
4. Proposed algorithm

In this section, we generalize Nesterov’s algorithm to
solve the problem (1) by introducing the sequence of {4, }.
The proposed algorithm is presented in Algorithm 4.1.

Algorithm 4.1: Proposed algorithm

Input: Let {B =0 and {4 }c=o be two sequences
such that S, >L and 0< g
X € R", 75,10l > 0. Set vy = X,

<u for all k. Choose
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1:for k=0,1,2,...,n do
2: Compute o, € (0,1) from equation

ﬂkal? = (- )k + o

3: Compute 7,4 = St
4: Compute Y, = A ViVt Vi Xx
Vi T O
5: Compute X1 = X (Vi B)-
6: Compute
1 :
Vi = —[(1—051()7ka +oy i Y — 9 (Vi vﬂk):|-
Yk+1
f —f
7if e = TOIT then
(x|
8: Stop algorithm
9:end if
10: end for

Output: {x}

Theorem 4.1 Let f 6811 (R™) and {a }.{y,} be

sequences generated by Algorithm 4. For any xeR",

s {A OKzo A= recursively

the pair of sequences
defined by:

Ao =1 2 = (L)
A0 = () + 22 x=x |7

B (0 = A=) )+ [ F(x¢ (Vie: B)

(11)

Z_JLHgf(yk;:Bk)Hz ¢ (Vi Be) X~ Yk>+_||x Yic |l }

(12)
Then,
(a) the function ¢, has the form
d(x) = g + 2 H x=v |, (13)
where
d = f (%), (14)
2
¢1:+1:(1—05k)¢lj_2 I 9¢ (Vi :Bk)H
Yk

+ak|:f(xf(yk ﬂk))+ Hgf(yk Bl }

1-
+0‘k( ak)7k

Yk+1
(15)

(b) the sequence {x} satisfies ¢ > f(x) for all
keN.

{%| Vi —Vie [P H0 1 (Vi B Vi —Yk>}

(©forall k=0, f(x)-f"<A[dh(x)-f"]

Proof. (a) Note that @, (X) = 7,l,. Let us prove that
. (X) =7 forall k>0. Indeed, if that is true for some
k , then
Beid (0= A= )d” () + e s 1, = ((1_ak)7/k + O My ) (M
= Vil

This justifies the canonical form of the function ¢, (X).
Further,

A (X)=(1- ak)(¢k+ [| X =V ||J
+a{f(xf(yk;ﬂk»+2—1L||gf<yk:ﬂk)|2

¢ (Y5 B)s X = yk>+_HX Y HZ}

By the first-order optimality condition for function
&1 (X), the equation ¢_;(X) =0, looks as follows:

L= )r (X=v ) + (gf (Y5 B + i (X— Yk )) =0.
The solution of this equation is V.4 given in Step 6 of
Algorithm 4.1, which is the minimum of the function

¢k+l(x)-
Finally, let us compute ﬂfﬂ. In view of the recursion
rule for the sequence {¢ ()}, we have

Y+l

ﬂ<+1(yk)

| Yk —Visa sz

ﬂ:+1+
= a0+ 25 19w

+ak|:f(xf(yk ﬂk))+ ”gf(yk Bl }

From Step 6 of Algorithm 4.1, we have

1
Vi1 — Yk =y_|:(1_ak)7k (Vk _yk)_akgf (yk;ﬂk):|-

k+1

Ve _ 2
Thus, 28 vy =y P2 | (L) 72 v =y

27/k+1

—205 (1— e )k <Vk — Y O¢ (Ykiﬂk)>

+0‘|<2 9 (Yie: B) ||2]

Therefore,

2
¢1<+1 [(1—05k) 71? [ Vie = Yk ||2

2 Yk+1

=20 (1= )7 (Vi — Yk, 95 (Ykiﬂk)>+a|§ I9¢ (Y By) ||2]
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=(1-a )+ e —ve )

||9f(Yk ﬂk)“]

= (1—ak)yk +a 1y, we have the form of

+ay [F (X¢ (Vs Bi)) +

Note that 7,1

*

@Jrl '

(b) We prove ¢ > f(x,) forall neN. At n=0,

o (X)= (%) +%°||x —v0||2 , thus the statement is true for

n=0. Suppose that ¢: > f(x,) istrueat n=k>0, we

need to prove that the inequality is still true at n =k +1.
We have

Boa = (- ) T O4) + e [ (% (yk-ﬂk»

a9 0k |52y hi A P

27/k+1
1-—
+ ay ( Qy )7k
Yk+1
Using the inequality (8) with X = X, X =Y, , we have:

F(4) 2 F (X (Vs B+ (Vs B % = V)

1 2 M 2
+— ; +2 %, — .
oL 19¢ (Vs B |l > % = Vi |l

Therefore,

¢E+12(1_ak)f(xk)"’akf(xf()'k;ﬂk))
4 S

2L 2%

+ak (1_ak)7k<
Ykl

> f(xs (Y B + (

Jugf(yk i

9 (Vi B Vi —Yk>

o

+(1—0‘k)<9f (Y o) Al (Vi = Vi )+ % —Yk>-

Yk+1
We also have X =Xt (NGB, 7 = Bk
M(vk — Y )+ % — Y, =0. Therefore,
Yk+1
hoa = (%) + = ||9f (Vi ﬁk)"
2L Zﬁ
Since £ =L, we obtain ¢, > f(X.,).
(c) We have
f (%) < = mingk () < min[(1— A f () + gy (X)]
xeR" xeR"

< (L= 20 FOO) + Ay (X)),

{%H Yk —Vk ||2 a5 (Vs B Vi —Yk>}-

Theorem 4.2 The Algorithm 4.1 generates a sequence
{X } 1o Such that
]

f(xk)—f*g,i{f( )+ 20 “xo

K—:
where 4y =1 and 4, :ﬁ(l—ai).

i=0
Proof. Since ¢ (x) = f (x0)+7/—2°||x—x0||2 and in view
of Theorem 4.1, we obtain

f(x)-f" sﬂk[qﬁo(x*)— f*}
Sﬂk{f(XO)_ 2}'

Lemma 4.1 If in Algorithm 4.1, 0< x5 <y, and
;zs,uk,Lgﬂk SE forall k>0, then

it

k —_
A £min (1—\/2} Lz

P (2B +kyr
Proof. We prove that 7, > g forall k >0. Itisclear
that the inequality is true for k = 0. Now, we suppose that
Ve Z M for some k>0. Then

Vil = ﬂkak = 1 ak Yk T o = Hy .

Hence, o, > ’ \/7

—\k
Therefore, A, :H::;(l—ai)s[l— %J .

Further, let us prove that 7, = y,4 . It is clear that the

inequality is true with k = 0. Assume that the inequality is
true for some k =m, i.e., ¥y = 7oA. Then,

= A=an)ym + a2 (1=ag)7odn + ot 2 YoAma-
2 yoh,q forall keN.

Vm+1
Therefore, we obtain ﬁkaf = Yeat

1
Let & =—=. Since {4} is a decreasing sequence, we
Ng®

have
. R
o J_J_ Vi
A = A
Ve (Vs )
ﬂkﬂml_ akﬂ'k_ak

“2ilhen 2hlen 2hen
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Using A = 7 = Yok, We have

/7/oﬂ1<+1
oy ﬂk

2 2

Qg — A =

Jﬁ
b

Thus, a 21+g /}2 and the lemma is proved.

Theorem 4.3 Let the max-type function f belong to
Sy (R"). If in the algorithm we take 0< x4 <7, and
1<, L<B <f forall k=0, then

f(%)— f*

— k —
B+7 min [l—\/zj
(2\/E+k\/%)

Proof. Assume that the function f(X) is composed by

2
%= |

<

components f;(x),i =1;m. By Lemma 4.3, Theorem 4.2
and the fact (f/(x"),x—x")>0 forall xeR", i=1;m,

we have

TCORTAEY { 00) =+ o ‘Xﬂ
<X [fi (%) = £ () +(F(X). % =X7) +770”X° _X*”z}
<4 o~

:ﬂk[ﬁk;m o -x

<—ﬂk (ﬁk2+70)“xo -x

+7/—20“X0 - X*“z +2(F(X), %) — X*ﬁ

®2(0%) — £16), % —x*>}

2

Note that in the third inequality, we have used the
inequalities £, > L and inequality (2). Therefore,

fx)-f Adlbtro) ('Bk2+7°)uxo—x* ’

From the last inequality and Lemma 3.1, we have
f(x)-f"

_ —\k _
ﬁ%min (1— ﬁ} ¥ “xo
B (2 /)’+k\/%)

5. Computing gradient mapping
Recall, this problem of computing gradient mapping is
as follows:

min{f<xo,x)+1|x—xo |2}
xeQ 2

|12

(16)

Introducing the additional variables t € R, we can rewrite
this problem in the following way:

min{t+g|y X=X, |2}

fi (%) +(F{(). X=Xy <t i =1,m,
xeQ,teR.
Lemma 5.1 Two problems (16) and (17) are
equivalent. It means that if X" is a solution to (16) then
(x";t") where t” = f(x,;x") is asolution to (17) and vice

such that @an

versa, if (x";t") is a solution to (17) then X is a solution
to (16).
Proof. First, we assume that X'
and t" = f(xy,x’). Then,
fi () +(F0x) X =%
Furthermore,

is a solution to (16)

y<thi=Lm.

yux—

f (%, x)+7||x X [P f (%0, X") + X |

RN AT 2
=t L[ X —x |
7 X =X ||
Hence, (x,t") is a solution to (17).

Next, we assume that (x ,t") is a solution to (17).

Then, (%) +( (%), X =) <t
Since (X,t) = (X, f(Xy;X)) is a feasible point of (17), we
have

for every i=1:m.

ynx

f (%; x)+7||x Xo P2t +Z | X —x |1

ynx

> f(%;X )+ —xo |

It points out that X is a solution to (16).

Note that the problem (17) is a specific case of the
following minimization problem

min f(x)
9(x)<0 (18)
xeQcR"
where g(x) = (9;(X), .., 9, (X)) and f,g:R" >R,

i=1,..,m

To solve this problem, we apply the exterior penalty
function method [2]. First, we construct the penalty
function

P(¥) = D #(9;(x)

i=1
where ¢ is a continuous function on R satisfied
#(y) =0,vy <0;¢(y) >0,vy > 0. Such a function used in
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our paper is @(y) = (max{0, y})*. Then, the algorithm for

the exterior penalty function method is presented in
Algorithm 5.1. We denote this algorithm as a function

Alg(x,, 14, B, tol) = X, where (X, 24, S, tol) is the input of
the algorithm and x is its output.

Algorithm 5.1 Exterior penalty function algorithm

Input: Lettol >0and X €Q,z4 >0,8>1

1:for k=0,1,2,...,n do

2: Start with X;, find the solution X, to the
problem minxe| f(X)+ 24 P(X)]

3. If 14 p(X,;) <tol then stop. Otherwise, set
M1 = Py

4: end for
Output: {x,}

For problem (17), we have
X:=(x,t), f:= fy(x;t):t+g||x—xO 112,
gi = fi(%) +{(f(x). x=x0) -,

pOGt) = D" (maxO, f; (x) +( (%), X~ Xy ~th?

Since the function f(x;t)+ 4 p(X;t) is convex, we can

deal with this problem by many different methods such as
the projected gradient method, the projected Newton
method and the projected Quasi-Newton method.

6. Detailed proposed algorithm
From Theorem 4.3, the proposed algorithm has the best
convergence rate when S, =L and g =y forall k. In

many situations, the parameters L and ; are not
available. To overcome this situation, we propose a way to
compute the sequence {f} and {4} such that they

respectively converge (or close) to these parameters
automatically. The detailed algorithm is presented in
Algorithm 6.

Algorithm 6.1 Detailed proposed algorithm

Input: Choose X, € R",tol >0,eps >0,
Maxiter > 0;77 > 1.

1:75=0

2: while 7, <epsdo

3: Yy = X +rand(size(Xy))

4: 75 = maxi( (%) = /(%)) *(% ~ o)

5: end while

/ / 2
i | fi0%) = fillyo)

To

6:ﬂ0 =ma

:—TO
1% = Yo I
8:Set Vg = X9.,70 = M-
9: for k=0,1,2,..., Maxiter do

7 o

10: Compute ¢y € (0,1) from equation
B = (L=a )i+t .

11: Compute 7, ., = Bcof.

ATV + VX
Vi T O Hy

13: Compute t, = f(y,;X,) and

Xei1 = AlG (X t), 4o, By ol )
14: Compute

12: Compute Yy, =

1
Vi = 7_[(1_ak)7kvk +oy Yy — o Qs (yk;ﬂk):|-
k+1

15: Compute 7y = maxi{ fi(Xe,1) = () X = %0
16: if 7, >=eps then

| £ (%) = fi'(x) HZ

17: Compute 77, = max;

Tk
and &, = T—"Z
I X2 =% |l

18: else
19: Set i, = B and &y = 4
20: end if
21: if i 2 B, then
22: fiia = 01
23: else
24: B = By
25: end if
26: if w2 ¢, then
27 pa =Gy Im
28: else
29: i = My
30: end if
31:if L F () = ()| <tol then

| 0401
32: Stop
33: end if
34: end for

Output: {x.}

7. Numerical examples

In this section, we apply our algorithm to find a
numerical approximation to the solution in some specific
examples.
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Example 1: Let f,(x) = x%, f,(x) = (x—2)° . Solve the
problem;

rxrliﬂg[ £ (x) = max{ f;(x), ;,(9} |-

Note that the exact solution of this problem is X =1.
Here, f,eS3(R) and f, € S3(R) so fes3(R).

In  Nesterov’s algorithm, we set Xy =V, =4,

%o =2, =2forall k and tol =107 . In Algorithm 6.1,

we set X, =4,7 =1.3,tol =105 After some iterations,

two algorithms converge. Their convergence rates are
comparable.

18 T T T T T T T

\"\ Nesterov Algorithm
18 / A Optimal Algorithm | 7]

lteration k

Figure 1. The objective values, F(X), in Nesterov’s algorithm

and the proposed algorithm with respect to the number of
iterations in Example 1

Now, we not only broaden the dimension of vector x
but also the number of components of function f .

Example 2: Solve the problem:
min | () =max{ f,(x), (), (), £, (9} ],

xeR

Where
f() =X+ +x2+%2,
fo(X) = (% ~2)% + (% ~1)? + (% ~1)? + (%, ~1)?,
f3 () = (4 =1)° + (2 =2)* + (% =2)* + (%, ~1)?,
£, =3¢ +(% —2)” + (% =1)" + (%, -1)*.
Here, fy, 5, f5 f,eS3(R) so fe&3(R). In
Nesterov’s Xo = Vo = (4:4;4;4),
% =2,5 =2 forall k and tol =107 In Algorithm 6.1,

we set X, =V = (4;4;4;4),n =1.3,tol =10°. After some

iterations, two algorithms converge and their convergence
rates are almost the same.

algorithm, we set

MNesterov Algorithm
80 i) Optimal Algorithm

0 5 10 15 20 25
Iteration k

Figure 2. The objective values, F(x,), in Nesterov’s algorithm

and the proposed algorithm with respect to the number of
iterations in Example 2

8. Conclusion

In this paper, we have presented the detailed proposed
algorithm, Algorithm 6.1, for the minimax problem and
prove its optimal convergence rate in Theorem 4.1. Our
algorithm is a generalization of Nesterov’s algorithm in
[7], when step size parameters are non-constants and
determined automatically during algorithm execution. We
also applied the new algorithm to solve some specific
examples and compared it with Nesterov's algorithm in
Section 7. However, we can see in Example 2, Nesterov
Algorithm's convergence rate is still faster than Optimal
Algorithm. So, it raises a new question if we can update for
parameters in Algorithm 6.1 such that it converges faster
than Nesterov’s algorithm. It is still an open question and
motivates us to study in the future.
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