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Abstract - Studying a variety through a linear system of
homogenous forms with a base locus is a method that has many
advantages not only for understanding important geometric
properties but also the ability to accurately evaluate many
invariants of the variety. This paper aims to study linear systems
of cubic forms through 5 points in the projective plane with many
configurations. Many interesting and profound properties of
surfaces have been discovered through their corresponding linear
systems. These results not only enrich correspondence theory in
algebraic geometry and computational algebra but also promise
to provide methods and tools for applications in the fields of
information technology and other technologies.
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1. Introduction
Let?={R,P,,..,P} beasetof r distinct points in

the projective plane P?. Denote L» the linear system of
homogenous forms of same degree through 2. Let
Supp(L2) denote the variety defined by L». Suppose that
dim(£») =m, let {F,F,,..,F,} be a basis of L».
Consider the morphism:

@ P2—Supp(Lr) — P™!
P (Fl(P): s Fm(P)). (1)
Let X = Im(¢p).

Lemma 1.1. The variety X defined in (1) does not
depend on the choice of basis and if ¢ is injective in an

open subset, then X is a surface with degree equal to the
number of intersection points of two generic curves in Ly
outside of Supp(£Lx).

Proof. Let {G,, G, , ...,G,} be another basis of L», and
let X" be the variety defined in (1) with respect to the basis.
Let M eGL(m) be the matrix of base change from
{R.F,...F} to {G,G,,..,G}. Then M defines a
transformation of P™?! which map X to X". Let Cy, C; be
two generic forms in L» with a given basis E. The
coordinates of Cy, C; in E correspond to 2 hyperplanes H,
Hz in P™. The intersection of H, m H, with X equals to
number of C; N C, outside of L,

Remark 1.1. From now on, the variety X as in (1) is
called the variety defined by L.

Studying variety X through a linear system Lp is a

Tém tit — Nghién ciru mot da tap théng qua hé tuyén tinh ciia
céc dang thuan nhat voi mét co so cho trude 1a mot phuong phap
¢6 nhiéu wu diém khong nhimg dé hiéu rd cac tinh chat hinh hoc
ma con c6 thé cho phép tinh toan chinh xédc nhiéu bét bién ciia da
tap. Bai bao nay nghién ctru hé tuyén tinh ctia cic dang bac ba véi
co s6 gdbm 5 diém c6 nhiéu cdu hinh khac nhau trong mat phing
xa anh. Nhidu két qua tha vi va sau séc cua da tap nhén dugc
thong qua nghién ciru tinh chét cta hé tuyén tinh twong tng cia
n6. Céc két qua nay khong nhimg lam phong phu thém cho cac
linh vyc ly thuyét ciia hinh hoc dai s6 va dai s6 tinh toan ma con
cung cip cac cong cu Gng dung trong cong nghé thong tin va cac
linh vyuc cong nghé khac.

Tw khQa —Patapva cAu xa; dai s tinh toan; ky di; hé tuyén tinh;
phép nd

method that has many advantages not only for
understanding important geometric  properties  as
irreducibility, singularity, completed intersection, but also
the ability to accurately evaluate dimension and degree of
X, the number of singularities and how they are obtained,
the number of lines and how they are obtained, and other
quantitative invariants of X, see [5, 6].

It is well-known that the linear system of cubic forms
containing 6 points in general position corresponds to a
smooth cubic surface with 27 lines in P?, see [1, 2, 3, 4, 7,
8]. In recent years, further research on linear systems of
cubic forms through 6 points not in general position has
shown interesting results corresponding to singular, semi-
stable cubic surfaces ([8, 10]). Not only the properties of
singularity and the number of straight lines on cubic
surfaces can be recognized through the corresponding
linear system, but specializations of 6-point configurations
also reveals profound properties on the boundaries of
moduli space of non-singular cubic surfaces with Eckardt
points ([9, 11]).

This paper aims to study projective varieties
corresponding to a linear system of cubic forms through
5 points in P2, Varieties X in various cases of configurations
of 5 points are surfaces in P* with degree 3 or 4.
Many interesting and profound properties of surfaces
X have been discovered through their corresponding linear
systems.

2. Linear system of cubic forms with base locus of
5 points

Theorem 2.1. Let P = {R,, ..., B.} be a set of 5 points in
general position in P2 Let Ly be the linear system of cubic
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forms through P. Then the variety X defined by L» is a
smooth surface of degree 4 in P4 with 10 lines.

Proof. Itis clear that the Supp(£L») = P, the vector space
Lp has dimension 5 and the map ¢ as in (1) is injective.

Two generic cubics C;, C; have 4 points in common
outside 2. It means that X is a surface of degree 4.

Moreover, the line I; = PP, with1 < i<j < 5, intersects
any cubic curve in Lp at another point. It implies that the
image of Iij is a line on surface X.

We can assume that B, P,, P, P, are projective system
points of P2and B,= (a: b: 1) where a,b ek such that P

are in general position. A direct computation shows that
with a specific basis of L (as in Remark 2.1), the surface

X =V (g1, g2) < P* where
(@’ -b)y?
=-Xt+ +yz
9 b_a y
_a(a-Dys N a(b-Dts
b-a b-a
(b -~a)y* b(b-Dyt
b-a b-a
_a(b-1ys s b(a-Dts
b-a b-a
and X is smooth.
Remark 2.1. Suppose that B, = (1: 0: 0), P, =(0: 1: 0),
P, =(0:0:1), P, =(1:1: 1) and B, = (a: b: 1) such that P
is in general position. A specific basis of L» could be
2, b(ab-Luw’ a(b® -Hww?

_b(@a-Dyt
b-a

g, ==Xy +

fl=UV 1]
b-a b-a

f=uw+bm—Dwf_am—Dwf

2 b-a b-a

fzuw+b@?4wwz_a@b—nwf

: b-a b-a

; :mw+(¥—bww2_a@—nwf

N b-a b-a

g, DO-DUE (07 —a)w

® b-a b-a

Theorem 2.2. Let P = {P,, ..., B.} < F? not in general

position and have 4 points in general position. Let L» be
the linear system of cubic forms through P. Then the
variety X defined by £L» is a smooth surface of degree 4 in
P4 with at most 7 lines.

Proof. Since 5 points in P are not in general position,
we can assume that B, P,,P, are on a line | and

R, P, P, P, are in general position. It is clear that the

Supp(L2) = P. The vector space L has dimension 5 and
the map ¢ as in (1) is injective outside I. The image of

| is one point on X. Two generic cubics C;, C, have 4
points in common outside 2. It means that X is a surface
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of degree 4. Moreover, each line inP,P,, B,P, with
j =1, 2, 5 intersects any cubic curve in L at one point

outside P. It implies that the images of P,P,, B,P, are

6 lines on surface X. If the line P,P, does not contain any
of B, B, P, , then its image is another line on X.

We can assume that P,= (1: 0: 0), P, = (0: 1: 0),
P,=(0:0:1), P, = (1:1: 1) are projective system points of
P2and P, = (a: b: 0). A direct computation shows that with

a specific basis of Lz (as in Remark 2.2), the surface X =
V (91, §2) = P4 where

0, = XZ —XS —

2 p—
bL+ w+yt’
a

a
g, =y —yz-ys+zt
and X is smooth.
Remark 2.2. A specific basis of Lz could be
,  bu’v . (b—a)u’w
a a
f, =—u’w+uw?, f, =—u’w+Vv?w, f, = —u’w+w?.

The image of line | =V (w) is (1: 0: 0: 0: 0) in P4,

f =uv , T, =—u?w+ uvw,

Theorem 2.3. Let ? = {B, ..., R} < P2 with 4 points
in general position. Suppose that P, P,, P, are colinear,
the points P,, P,, B, are colinear. Let L» be the linear

system of cubic forms through 2. Then the variety
X defined by Ly is a smooth surface of degree 4 in P* with
4 lines.

Proof. We can assume that B, P,, B;, P, are in general
position. Let |, be the line containing B, P,, P, , let |, be
the line containing P, P,, P, . It is clear that the
Supp(£L»r) = P. The vector space L» has dimension 5 and
the map @ asin (1) isinjective outside |, U1, . The image
of I for i =1, 2 is one point on X. Two generic cubics

C,, C, have 4 points in common outside P. It means that
X is a surface of degree 4. Moreover, each line in

RPR,, BP,, BR,, R,P, intersects any cubic curve in L at

one point outside of . This implies that the images of them
are 4 lines on surface X.

We can assume that P, = (1: 0: 0), P, = (0: 1: 0),
P, =(0:0:1), P, =(1:1:1) are projective system points
of P2and P, = (1: 1: 0). A direct computation shows that
with a specific basis of L» (as in Remark 2.3), the surface
X=V(9,, 9,) < P*where

g, = X2 —Xxs—y* + ¥,

g, =y —yz-ys+1t
and X is smooth.
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Remark 2.3. A specific basis of L» could be
f =uv® —u?v, f, = —u’w+uww,

f,=—u*w+uw’, f, =—u*w+Vw,

f, = —u?w+w’.

The image of line I, =V(w) is (1:0:0:0:0) and the
image of line I, =V (u—v)is (0:0:1:0:1).

Theorem 2.4. Let P = {R, ..., B,} = P? with exactly 4

points on a line. Let L2 be the linear system of cubic forms
through . Then the variety X defined by L is a surface of
degree 3 in P* with infinite number of lines.

Proof. We can assume that R, P,,P,, P, are on a line
[. It is clear that the Supp(L#) = | U{R,} and each cubic
form in Lp factors into | and one quadratic containing
P, . The vector space Ly has dimension 5 and the map ¢
as in (1) is injective outside 1 U{P.} . Two generic cubics

in L2 have 3 common points outside Supp(Lz2). This means
that the surface X has degree 3.

Any line containing P, intersects a generic cubic of L»

at exactly one point outside Supp(£L»). Then its image is a
line on X. Therefore, X contains infinite number of lines.

3. Conclusion

The paper showed projective varieties corresponding to
linear systems of cubic forms through 5 points in P? with 4
different configurations. Varieties X corresponding to
different configurations are surfaces in P* with degree 3 or

4. Many interesting and profound properties of surfaces X
have been discovered through their corresponding linear
systems such as number of lines, degree, defining
polynomials and others. These results not only enrich
correspondence theory in algebraic geometry and
computational algebra but also promise to provide methods
and tools for applications in the fields of information
technology and other technologies.
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