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Tém tit - Trong bai bao nay, nhom tac gia nghién ctru bai
toan x4c dinh ngudn trong bai toan Dirichlet cho phuong trinh
elliptic hai chiéu tir dit liéu do dac trén toan mién. Gia s ring,
ham ngudn thudc khéng gian LP(Q) vé&i p>1, khi d@6 bai toan
Dirichlet ¢6 nghiém yéu duy nhit va bai toan x4c dinh ngudn
la dat khéng chinh. Dé giai bai toan xac dinh ngudn nay, nhém
tac gia dé xuit phuong phap chinh héa kiéu Tikhonov véi ham
phat 13 chuan trong khong gian LP(Q). Cac két qua chinh cua
bai bdo la chiing minh tinh dét chinh ctia bai toan chinh hoa,
dua ra mot quy tic chon tham sb chinh hoa tién nghiém dé cho
nghiém ctia bai toan chinh hoa hoi tu v& nghiém cén tim. Hon
nita, nhém tac gia ciing chimg minh dugc phiém ham do sai
sb giita nghiém cua bai toan Dirichlet va dir lidu do kha vi
Fréchet.

Tw khéa‘- Chinh hoa lgiéu Tikhonov; chinh héa L°; Qéi toan xac
dinh nguon; nghiém yeu; phuong trinh elliptic hai chiéu.

1. Pit van dé

Cho € 1a mot mién trong R?, d > 2. Sir dung cac ky
hiéu chuan vé cac khong gian Sobolev nhu L (€2), H'(Q)
va HJ(Q). Chi tiét vé cac khong gian nay c6 thé tham
khao trong tai liéu [1].

Bai toan Dirichlet cho phuong trinh elliptic 1a bai toan
tim nghiém u € H;(€) sao cho

{—div(aVu)+bu =f trong QcRY, O
u=0 trén I'=0Q,
trong d6

a,bel”(Q),a>a, >0,b>0 hau khap noi (2)
va fel’(Q),p>1 3)

la cac ham cho trudce. Nhom tac gia s& chirng minh, bai todn
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source identification problem, the authors propose a Tikhonov-type
regularization method with a penalty term being the norm of the
LP(@) space. The main results of the paper include proving the

well-posedness of the regularization problem and providing a rule
for selecting the regularization parameter a priori to ensure that the
solution of the regularized problem converges to the desired
solution. Furthermore, the authors also prove that the functional
measuring of the error between the solution of the Dirichlet
problems and the data is Fréchet differentiable.

Key words - Tikhonov regularization; L” regularization; source
identification problem; weak solution; two-dimensional elliptic
equation.

nay ¢6 duy nhat mot nghiém yéu.
Ky hiéu u la nghiém duy nhét ciia bai toan tng véi
f” . Trong thyc té, khong biét duge U va f*. Gia st
rang, bang do dac biét duoc dir liéu nhiéu u’ € L2(Q) cua
u” véi
Ju"—u |I<s, ©
trong d6, 6 >0 1a mirc sai s6. Nhom tac gia mudn xac dinh
ham f* tir dit liéu nhidu U’ nay. Bai toan nay dugc goi
1a bai toan xac dinh ngudn cho phuong trinh elliptic.
Trong trudng hop p =2, bai todn Dirichlet va bai toan
xac dinh ngu(“)p cho phuong trinh elliptic da dugc nghién
ctru boi mét so tac gia trong [1]. Trong bai bdo nhom tac
gia nghién ctru hai bai toan nay cho truong hgp P >1 va

d =2. Cac két qua chinh ciia bai bao bao gom:
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e Ching minh bai toan Drichlet cho phuong trinh
elliptic (1) c6 nghiém yéu duy nhat véi f e L"(Q), p>1
va trong khong gian hai chiéu (d =2) .

+ Ching minh phiém ham do sai s6 giita nghiém ciia bai
toan Dirichlet va dir 1i€u 1a lién tuc, 101 va kha vi Fréchet.

« B¢ xuit phuong phap chinh hoa kiéu chinh héa LP,
va chimg minh tinh dat chinh cua bai toan chinh hoa ciing
nhu dua ra mét quy tac chon tham so6 chinh hoéa tién nghiém
dam bdo su hoi tu cua nghiém cua bai toan c}linh hoa téi
nghiém cua bai toan xac dinh nguon khi sai so cua dir liéu
dan vé khong.

2. Mt sb két qua can dung

Trong phan nay, nhic lai mét sb két qua dwoc sir dung
trong bai bao nay. Cu thé, nhic lai c4c khdng gian H* ()
va H;(Q), dinh Iy Lax-Milgram, dinh Iy nhing Sobolev,
bét dépg thirc Poincaré va bat dang thirc Cauchy-Schwarz.
Cac két qua nay duoc tham khao tir tai li€u [1], [3].

Pinh nghia 2.1 Khéng gian

H'(Q) ={yel’(Q)|Dyel’(), i=12,..,N}
va
Hi Q) ={yeH'(Q)|y=0ténT < R"}

duoc trang bi chuan

1Yl = ([ (7 + 19 o)

trong do, |Vy|2 =(Dy)" +..+(Dyy)’, va véi tich vo
hudng
(u,v)Hl(Q) = Iqudx+IQVqudx.

Khi d6, H*(QQ) tré thanh khong gian Hilbert.

Dinh Iy 2.1 ([1, Dinh ly Lax-Milgram]) Gid s&: H la
mot khong gian Hilbert thue, a(u,v) la phiém ham song
tuyén tinh trén H . Gia thiét a(u,V) théa man cac diéu kién

(i) Ton tai ¢>0 sao cho |a(u,v)[<cllull-]|v] véi
moi UVveH .

(ii) Ton tai y>0 sao cho a(u,u)>y||ul|f véi moi
ueH.

Khi @6, véi méi phiém ham tuyén tinh lién tuc F trén H
déu ton tai duy nhat U € H sao cho:

F(v)=a(u,v), YveH.
Hon nita, ton tai hang sé C,, khong phu thuéc vao F |, sao
cho [[ull<c, [[F .

Binh Iy 2.2 ([1, Dinh 1y biéu dién Riesz]) Cho H la
mot khong gian Hilbert thuc. Khi do, véi moi toan tir tuyén
tinh lién tuc " eH”, ton tai duy nhdt U€V sao cho

f7(H) =(u,v) véimoi Ve H va |t . [ul.

DPinh ly 2.3 ([1, Pinh ly nhing Sobolev]) Cho
QR ld mién bi chan véi bién Lipschitz. Lay 1< p <

va m la cac 56 nguyén khéng am. Khi @6, cac phép nhing
sau ton tqi va lién tuc:
(i) Voi mp<d:W™P(QQ)— L(Q) khi
1<qg=< _dp .
d—mp
(i) ¥6i mp=d: W™ (Q)— L' (Q) khil<q<wo.
(iii) Véi mp>d: W™P(Q) — C(Q).
Dac biét, néu QcR?, thi
HY(Q) =W"*(Q) — L(Q),
véi moi 1< <o,
Dinh Iy 2.4 ([1, Bdt ding thitc Poincaré]) Cho
Qc R la mét mién bi chan Lipschitz, va lay T, < T la
mét tdp do dwoc sao cho: |F1| > 0. Khi dé, ton tai hang so

c(I,) >0, khéng phu thugc vao y € H*(Q2), sao cho

2
1Y It S C(FI)UQIW [ d><+Urlyd3j ]

véi moi Yy e HY(Q).
Str dung bét ddng thirc Poincaré, c6 thé chi ra, knéng gian
H:(Q) ={yeH'(Q)|y=0trén T} voi

chuan
v2 . .

lyll= (Lz | Vy dx) 1a mot khong gian Hilbert va trong

khéng gian nay, chuan | - || twong duong véi chuan || - HHl(Q) .

DPinh Iy 2.5 ([1, Bdt déing thirc Cauchy-Schwarz]) Cho

H Ia khong gian Hilbert thire. Khi do, ta co:
[u,v)|<|lull.][v]Vu,veH,

trong do, ||u||=+/(u,u) .

3. Sw ton tai duy nhét nghiém ciia bai toan Dirichlet

Trong phan nay chi ra ring, bai toan Dirichlet cho
phuong trinh elliptic (1) c6 nghiém yeu duy nhat véi cac
gia thiet da dua ra.

Pinh nghia 3.1 Ham s6 ueH}(Q) dugc goi la
nghiém yéu cta bai toan (1) néu

IQ(aVqu+buv)dx = ijVdX,VV e Hy ().

DPinh |y 3.1 Gia sir 8,0 va f la cdc ham théa man cac
diéu kién (2)-(3). Khi @6, bai todn (1) c6 duy nhat mot
nghiém yéu u e H3(Q) théa man

®)

<
luliel £,

trong d6 C >0 la mét hang s6 khong phu thuéc vao T .
Chirng minh.
bat afu,v] = IQ(aVqu+ buv)dx, u,v e Hy (Q).
Chiing ta d& dang chi ra dugc a: Hy(Q)xHy(Q) -> R
1a 4nh xa song tuyén tinh.
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Hon nita, véi moi U,V e H;(Q) tacd

| afu,v]|= ‘ J‘Q(aVqu+buv)dx‘

<llall,, [ Ivuvvider|b],. | luv]dx

2(Q) L (Q)

<M (VU VY]

12(@) 12 () ‘ HL2 (@ H v HL2 (@ )

) 1/2 ) 1/2
M (10l +1U ) 19V g, 1V I,

<M full v

(ORI (SN

trong do, M = max{HaHLZ(Q),HbHLw(Q)}-

Mit khac, str dung gia thiét (2) va Dinh Iy 2.4 ta c6
alu,u] = IQ(aVuVu +bu.u)dx

>a [ (Vuvuydx = < [u]

Hl@)'

8
c(I,)
trong do, C( ) >01lahang s6 (I, c I).

Pit F(v) = Igwdx,v e Hi(Q).
Véi fel’(Q),pe(l,2), dé dang chi ra dugc F Ia
mot phiém ham tuyén tinh.
Sir dung két qua tir Pinh Iy 2.3 véi d =2, ta c6:
He (Q) =W (Q) c W (Q) — LY(Q), Vg >1.
Tur day, ta suy ra HV”Lq(Q) clvl ,

HlQ) "

Véi pe(d,2), chon J sao cho —+£=1.Khi do,
P q

sup_|FW)I= sup j fvdx‘
VIl 1 V| 4
H(Q) H(Q)
< s [ fl 1Vl
M 2 =
<e sp I 1y, [Vl <cl fllp g, -
Hl@

Do d6, F 1a phiém ham tuyén tinh lién tuc trén Hy (Q)

voi || Fliel| f 1|, -

Ap dung Dinh ly 2.1, ton tai duy nhat u e H:(Q) sao
cho afu,v] = F(v), W e H:(Q) va

1l = Ca I el F Il .

trong d6, € > 0 1a mot hing sb.
Vay dinh ly dugc chimg minh.

4. Phuong phap chinh héa chinh hoa L°

Phuong phap chinh héa LP 1a mot truong hop cu thé
ctia phwong phap chinh hoa kiéu Tikhonov. Trong cac bai
toan nguoc, phuong phap chinh héa Tikhonov thuong
dugc sir dung rong réi. Chi tiét vé phuong phap chinh hoa
nay ciing nhu viéc ap dung n6 cho mét so bai toan ngugc,

nguoi doc co thé xem & cac tai lidu [5, 6, 7, 8, 9].
T Dinh ly 3.1, dinh nghia toan tr nghiém nhu sau:
S:LP(Q) > Hi (),
f > Sf = U 1a nghiém cta bai toan (1).
Khi d6, bai toan xac dinh ngudn cho phwong trinh
elliptic trd thanh:
Cho dit liéu nhidu u’ e L2(Q) cua U~ véi
[u? —u" <5, ©)
tim nghiém xap xi cua " e L"(Q) sao cho
Su”=f". (7)
Vi H}(Q) dugc nhing compact vao L*(€2), nén toan
tr nghiém S:L°(Q) — L*(Q) 14 toan tir tuyén tinh, lién
tuc va compact. Do bai toan (6)-(7) 1a bai toan dat khong
chinh nén @ tim nghiém x4p xi cho f” ap dung phuong
phap chinh héa kiéu Tikhonov v&i ham phat 1a chuan
Il-1I°,  véi p>1. Véi phuong phép ndy, nghiém chinh

P @
hoa 14 nghiém ctia bai toan t6i uu sau
argmin F(f)+a] T (8)

felP(Q) Py’

trong do, F(f) ZE || Sf —u® ||i2(0) va @>0 la tham s6

chinh hoa.
Dinh ly 4.1 Phiém ham F:L°(Q) — R xdc dinh béi
1
FOREIERT

lién tuc, 16i va kha vi Fréchet trong khéng gian L°(Q) véi
pe,2) va F'(f)=gvséi O la nghiém yéu cia bai
toan

—div(avg) +bg = Sf —u? trong Q, ©)
g=0trénI'=0Q.
Churng minh.
Cho f,f°eL’(Q).Tach
0 — 512 0
2F(F)=F() =) f ~u” [, ~ 15T~y
0 0
=) Sf — SO+ —u’ |, —IISFO-u I,
— 012 0 0
|| Sf —Sf° I, +2<Sf -sff,sf°-u’>, - (10)

Vi S 1a toan tir lién tuc nén tir dang thirc trén ta suy ra
F 1a phiém ham lién tuc trén L"(Q) .

Tiép theo, ching minh F kha vi Fréchet. Vi § I
nghiém yéu cua bai toan (9) nén cong thirc nghiém yéu cua

g la
_[Q(anVv+bgv)dx = J'Q(Sf —u?)vdx, Wv e HY(Q).

Thay v=S(f - f°) vao cong thirc nghiém yéu, ta c6
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(S(f - £°),5f —u’)

. . (11)
= _[Q(anVS(f —£°)+bgS(f — f°))dx.

Miat khac, cong thic nghiém yéu cua Sf va Sf° lan
luot 1a

[ (avstVv+bstvdx = [ fudx,vv e H3(Q) (12)

va [ (avsfoWv-bstv)dx = [ foudx,vv e Hy(Q). (13)
Trir hai vé ciia dang thirc (12) va (13) cho nhau va cho
V=40, ta duoc
IQ(aVS(f — £°)Vg+bS(f — f°)g)dx = Iﬂ(f — %) gdx
Keét hop véi (11), ta dugce
(S(f—£°),Sf —u’y=(f—£°g).
Do do, tir (10), ta suy ra
2(F(f)—F(f°%)
= S(f -

(14)

£ +2(g, £~ £°)

2
= [ 29(f = £O)dx+ || S(F - £°) |
= [ 20(f = £%)dx+o(| f - £° ).
Vay, F khaviFréchetva F'(f)=g.
Cudi ciing, vi S 14 toan tir tuyén tinh va chuan ||- HLZ(Q)
1a phiém ham 16i nén F 13 phiém ham 16i.
D& thay F 16i, F'(f) =
—div(avg) +bg = Sf —u’; g =0 trén 6Qx
Dinh |y 4.2 Bai todn (8) cé nghiém duy nht.

Chitng minh.
bat O(f)=F(f)+a| f |]”

g, trong do:

L)

Tacod O 1a phiém ham 15i chat, khong am, lién tuc va
coercive nén suy ra ton tai duy nhat nghiém.

Dinh ly 4.3 Gia sue

fo —argmln—||Sf —u’ HLZ( o F T (15)
n — H n |2
fr= argm|n5|| St —u ”Lz(g, +a || f HLp( o (16)

Khi @6, néu U" —>U’trong L2(Q) thi f — ftrong
LP(Q).

Chung minh.

Tur dinh nghia ta c6:

1 n
S8t vl 178

P

—I\Sf —U" [ el T

12() P’
Tir bat dng thirc trén ta suy ra diy {Sf,} bi chin trong
L*(©) vaday {f"} bi chan trong L°(Q). Do do, ton tai

mot ddy con {f”k} sao cho day {ank} hoi tu yéu dén

Sfel’(Q) vaday con {f, } hoituyéudén fel’(Q).

Vi cac chuan |[-||, V& |||,  la cic ham nira lién
L2 (Q) LP (@)
tuc dudi yéu nén
Il gy <HmInt I £ [ (17)
FET .- %
ST ~u” |5, <liminf ||, —u" ||, .- (18)
Tu (17) va (18), ta suy ra
r3 52
IST=u" Ifyy +a I T 15,
. H _ ”k - H
éh{nll’]f | ank u ||L2(Q +a||m|nf I fnk HLP(Q)
. k2
<liminf (| Sf, ~u" [, el f, I )
—u'%
<limsup(| Sf,, “'bu ety 15,
—u' p
<lim(|Sf —u™ [, +arll TI5, ) L)
=|| Sf —u’ ||L2(Q) al f ”f"(m’ f e L”(Q). (19)

Suyra f lamotnghiém ciia bai toan (15).

Vi nghiém cua bai toan (15) 1a duy nhit nén ta co
f —%5f=1f°trong L°(QY).

Tir (19) cho f = f° tasuy ra

18, —u" I, +e Il T ]

12(@) LP (@)

(20)
SISt el T,

Bay gio ta chimg minh f — f° trong L°(Q) bang
phuong phap phan chung.

That vay, gia st f - f° trong LP(Q). Khi do,

limsup || f, ”LP( )>|| f9 ”LP( . Tuc 1a, ton tai day {fnk}
théa man lim | f, I > 71, -
Két hop véi (20) ta co
—u'
iml Sty ™ IF,.
— ) 5 .
S [ e £, —atim ], T,
— S 5 .
T R (KL R EA
<|| Sf° —u’® |L2(Q) (mau thun véi (18)).

Véy dinh ly dugc chirng minh.
Dinh 1y 4.4 Cho U’ € L*(Q) véi ||u’ —u" ||< 5 vaham
a =a(d) théa man

2

a(5)—0,-°— _s 0khi 6 —0. 1)
a(5)

Choddy 0, >0, ta dat o, = a(5,),Vn va

f, °n —argmln—HSf u’ II> a, | TP (22)

L2<n P @

feLP(Q)
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Khi dé, fa‘i" — f" trong L"(Q).

Chirng minh.
Vi £ 1a nghi¢m cta (22) nén ta c6
1 S, S, 112
Eusn; LY A R AN
<SIISE U a1
_1 5
- E H ||L2(Q) a, ‘ HLp @
1
<§ +0{ H HLp(Q)
Tir bat dang thirc trén, ta suy ra
1 5 s
5 ISt —u™ B2y <O+ [T 15 (23)
16
5 1y S5t 1 - (24)

Tur gia thiét (21), ta c6 day {Sfjnn —u’} bi chan trong

L2(Q) vaday {f "} bi chan trong LP(€Q) . Do do, tdn tai

mot ddy con, cling ky hiéu 1a {fjn”} théa man fai" —w s f

trong L*(Q) va Sf" —u™ —ST —u” trong L*(Q).
Do tinh nira lién tuc dudi yéu ciia cac chuan, ta c6

- . L. s s
0<||Sf—-u ||L2(Q) <||r|1'nlnf I Sfo(nn —yn |||_2(Q)

@)
= lim || Sfan u ||

2@
Suyra Sf=u".
Mic khac, ta ¢

e . . o . )
I 1] p g Stiminf [ £.2 0, ) <limsup|[ T2,
ey
< Hlp g -

=

Do dé, f=f"va lim,| f "

Suy ra fim,|| f." H

LP (@) P’

TG LA PP

5. Két luan

Trong bai b&o nay, nhom tac gia da nghién ciru bai toan
xac dinh ngudn trong bai toan Dirichlet ciia phuong trinh
elliptic hai chiéu. Véi diéu kién ham ngudn thugc khong
gian L°(Q) véi P >1, chimg minh duge bai toan Dirichlet
6 nghiém yéu duy nhat (Binh ly 3.1) va bai toan xac dinh
nguon la bai toan nguoc dat khong chinh (xem Phan 4). Vi
vay, dé giai bai toan nay mot cach on dinh, nhém téc gia da
4p dung phuong phap chinh hoa kiéu Tikhonov véi ham
phat 13 chuén |- ”fp @ Nghién ctru di chimg minh ring,

bai toan chinh hoéa 1a dat chinh (Dinh 1y 4.1, Dinh ly 4.2)
va dua ra mQt phuong phap lya chon tham s chinh hoa

tién nghiém (Pinh ly 4.3) dé dam béo rang nghiém cua bai
toan chinh hoa hoi ty vé nghiém ciia bai toan ban dau khi
sai s6 dir liéu tién vé khong. Ngoai ra, nghién clru cling
chimg minh rang, phiém ham do sai s6 giita nghiém va dir
liéu 1a 16i, kha vi Fréchet va dao ham Fréchet cua phlem
ham nay hoan toan dwugc xac dinh (Pinh ly 4.1). Pay la
nhimng két qua co ban, can thiét trong Iy thuyét chinh hoa,
lam co so dé tiép tuc dé xuat cac phuong phéap giai sé cho
bai toan xéac dinh ngudn.

Viée giai sO bai toan chinh hoa trong bai toan nay van
12 mot bai toan mé va nhom tac gia du dinh tiép tuc nghién
ctru trong thoi gian t6i. Vi bai toan chinh héa 1a bai toan tdi
vu 10i chit nén nhom tac gia sé ap dung va phat trién cac
giai thuat co tdc do hoi tu nhanh, da duge nghién ctu va
phat trién gan ddy trong cac cong trinh [10 - 15].

Loi cam on: Hai tac gia, Chau Vinh Khanh va Vé Quang Duy,
dugc tai trg boi Chuong trinh hoc béng d4o tao thac si, tién si
trong nudc cia Quy Ddi méi sang tao Vingroup (VINIF), ma
s6 VINIF.2024.ThS.59 va VINIF.2024.ThS.58.
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