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Tém tit - Trong bai bao nay, nhom tac gia di tmg dung tich
chap dé nghién ciru mot s6 két qua trén 16p ham kha tich va
bi chin dia phuong. Trong [1], di c6 két qua xdp xi ham diéu
hoa dudi boi ho cac ham diéu hoa duéi tron. O day, nhém tac
gid st dung k¥ thudt do cho 16p ham rong hon d6 1a 16p ham
kha tich va bi chan dia phuong. Cu thé, nhom tac gia da st dung
tich chap dé xay dung ham didu hoa dui tron tir ham kha tich
va bi chin dia phwong va nghién ctru mét s két qua ctia ho ham
nay nhu tinh giam va tinh hoi tu t6i ham chinh quy hoa. Su dung
cac két qua dat dugc do, nhom tac gia rut ra dugc mot két qua
manh hon bang viéc loai bé di tinh bi chin dudi dia phuong cua
ham gbc.

Tw khoa - Tich ‘chap; ham kha tich dia phuong; ham bi chan dia
phuong; ham diéu hoa duéi; ham nira lién tuc trén

1. Giéi thiéu

Ham sb, vira 1a d6i twong, vira 1 cong cu nghién ctru
chinh cua toan hoc ndi riéng va cua nhiéu linh vuc khoa
hoc khac n6i chung. Lép ham tron 1a 16p ham co ban va rat
quan trong. Nhidu két qua dep da dwoc chimg minh trén
16p ham nay. Tuy nhién, khi biéu dién mdi quan hé cia
nhiéu sy vat, hién tugng voi nhau trong ty nhién va trong
x4 hoi dudi dang ham s6 thi da phén l1a cac ham nhan duoc
khong tron, thdm chi co thé khong con lién tuc. Vi vay, mot
trong nhiing nhi€ém vy cta toan hoc 1a nghién ciru mé rong
t6i cac 16p ham rong hon cac 16p ham tron nham dap vng
cac yéu cau thuc t& do. Du 1a rong hon, nhung cac 16p ham
d6 van con bao ton duoc mot s6 tinh chét quan trong cua
16p ham tron hoic phai dugc xAp xi boi cac ham tron.

Ham diéu hoa duéi 1a ddi twong nghién ciru chinh ctia
1y thuyét thé vi. Pay 1a 16p ham véi yéu cau trong dinh
nghia chi 1a ntra lién tyc trén va kha tich dia phuong nén cé
pham vi rong va c¢6 nhidu tng dung trong toan hoc va trong
hé dong luc. Trong [1], tic gia da thiét 1ap két qua xap xi
ham diéu hoa dudi boi ho cac ham diéu hoa dudi tron bang
cach st dung khai niém tich chap. Pay 1a két qua quan
trong, c6 y nghia ca vé 1y thuyét 13n tng dung.

Trong bai bao nay, nhom tac gia st dung cong cu tich
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chap va ky thuat twong tu trong [1] dé chimg minh mét sb
két qua trén 16p ham rong hon 1a 16p ham kha tich va bi
chin dia phuong. Cu thé, trong cac Pinh 1y 3.1 va Dinh ly
3.2, nhém tac gia da sir dung tich chap dé xdy dung ham
diéu hoa dudi tron tir ham kha tich va bi chan dia phuong
va nghién ctru mot s6 két qua ciia ho ham nay nhu tinh giam
va tinh hoi tu téi ham chinh quy hoa. St dung céac dinh ly
nay, nhom tac gia rat ra dwoc mot sb két qua ciia ham chinh
quy hoa & Hé qua 3.3. Trong Pinh 1y 3.4, nhoém tac gia da
mo rong két qua trong Hé qua 3.3 bang viée loai bé di tinh
bi chin duéi dia phuong ciia ham gdc.

2. Kién thirc chuén bj

Trong muc ndy, nhom tac gia s& nhic lai mot sb
khai niém va két qua dé chuén bj cho viéc trinh bay cac
Kkét qua chinh 6 myc sau. Chi tiét hon vé cac khai niém va
két qua lién quan, ta co thé tham khao thém trong cac tai
lidu [1]-[4].

2.1 Ham nia lién tuc trén: Cho X la mot khong gian
td p6. Ham u: X — [—oo, 00) duoc goi la ham nua lién tuc
trén néu tap {x € X:u(x) < a} 1a tap ma trong X véi moi
a € R.Ham v: X — (—o0, 00] dugc goi la ham nira lién tuc
dudi néu ham —v 1a ham nwra lién tuc trén.
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2.2 Nhan xét: Néu {u;:i € I} 1a ho cac ham nua lién
tuc trén thi ham u = inf {u;: i € I} cling 14 ham nua lién
tuc trén. That vay, lay a € R, theo dinh nghia cta inf'ta c6

{xeX:ulx) <a} =V {x € X:u;(x) < a}.

Do {x € X:u;(x) < a} 13 cac tdp m& nén suy ra tap
{x € X:u(x) < a} cling 1a tdp ma, tirc la u 1a ham nira lién
tuc trén.

2.3 Ham diéu hoa dwéi: Cho U la mét tap con mé
trong C. Ham w: U — [—o0, ) dugc goi 1a ham diéu hoa
duéi néu u la ham ntra lién tuc trén va thoa man véi moi
Alw,r)={z€U:|z—w| <1} c U, tacod

u(w) < ifoznu(w + relt)dt. (1)

Bat dang thie (1) duoc goi 1a bit ding thirc trung binh
dudi. Ham v: X — (—o0, 0] duoc goi 1a ham diéu hoa trén
néu ham —v 1a ham diéu hoa dudi.

2.4 Nhan xét: Néu {u;:i € I} 1a ho cac ham diéu hoa
dudi thi ham u = sup {u;:i € I} ciing 1a ham diéu hoa
dud6i néu u 12 ham ntra lién tyc trén. That vy, theo gia thiét
thi u 1a ham nua lién tyc trén nén dé chang minh u 1a ham
diéu hoa dudi, ta s& chi ra u thoa man bat dang thic trung
binh duéi. Liy A(w,r) c U, véi moi i € I taco

2w
u(w) < —f u;(w + ret)dt
2m J,

2 )
< —f u(w + rett)dt.
2m ),
Tu do suy ra

u(w) S%f

0
Vay u la ham diéu hoa duéi.
2.5 Cho U 1a mét tap mé trong €. Vi mdi r > 0 ta dat
U, ={z € U:dist(z,0U) >},
& day dist(z, U) la khoang cach tir diém z toi tap aU.
2.6 Chinh quy hqé: Cho X la mot khéng gian metric
va Y la tap con khéc rong cua X. Cho u: Y — [—oo, +0) la
ham bi chan trén dia phuong. Ta dinh nghia chinh quy hoa
u* cua u 1a ham xac dinh nhu sau:

21

u(w +rett)dt.

u*(x) = limsup u(y), (x € ¥).

YEY,y-x

Tir dinh nghia ta ¢6 thé suy ra u* > u trén Y, néu
v:Y = [—00,400) 1& hdm nira lién tyc trén va u < v thi
u* < v, dac biét néu u 1a ham ntra lién tuc trén thi u* = u.

2.7 Ham test: Ta goi ham test 1a ham y: C —» R thoa
man: xy € €%, x =0, x(z) =x(lz]), suppx < A(0,1),
JoxdA = fA(O,l)XdA = 1.0 day A(0,1) la dia dor1~vg trong
C va dA 1a d6 do Lebesgue trén C. Khi d6, véi moir > 0
ta dat:

A
—x (;) (z € Q).

Ham y, co céac tinh chit: y, € C°,x, = 0,x,(2) =
x-(12]), suppx, < A0, 1), [ xrdA = [y xdA =1

2.8 Tich chap: Cho ham w:U c C —» [—o0,+») la
ham kha tich dia phuong va ¢: C —» R la ham lién tyc co

xr(2) =

gia compact suppe < A(0,r). Khi do, tich chap cua u va
@ laham u = ¢: U, - R x4c dinh nhu sau:

ux () = f@ u(z - w)pW)dAW) (w € U,).

Tir dinh nghia ta c6 mot sb tinh chit sau ddy cua tich
chép bang cach doi bién, ta c6 cong thirc sau day cuia tich
chap:

ux*xq@(z) = fu(w)q)(z —w)dA(w).

2.9 Nhan xét: Tur cong thirc nay, két hop véi tinh chat
dao ham cua tich phan phu thugc tham sé ta suy ra néu
@ € Ckthiuxg@ € CF vsimoi 1 <k < +o0. Dic biét, ta
cou*y, € C*(U,).

2.10 Ménh dé&: Cho ham w:U c C - [—oo, +00) la
ham kha tich dia phuong. Khi d6, véi moir,s > 0 ta co

(w*xp) * xs = (W x) * X trén Uy .

Chirng minh:

L4y z € U,,, ap dung Dinh 1y Fubini ta co:

[ ) * 2:1(2) = fc (@ * 1) (2 — w) s (W)dAW)
- j [ j u(z—w— t)xr(t)dA(w] 2s(W)AAw)

C C
- j [ j u(z —w— t)xs(w)dA(m] 2, (OdA®)

C C

) xr (£)dA(t)

= [(u * x5) * xr1(2).
Vay (u* xp) * xs = (W * xs) * xp trén Uy 4.
2.11 Pinh ly: Néu u 1a ham diéu hoa dudi trén U thi
u * ¥, 1a ham cac ham diéu hoa dudi tron trén U, va
ux*y, L ukhirlo.
Chirng minh: Xem Dinh 1y 1.1.24 trong [1].

- f(c(” Xz -

3. Két qua chinh

Két qua chinh dau tién 1a ta st dung tich chap dé xay
dung ham diéu hoa duéi tron tir mot ham do duoc, bi chdn
trén va chan dudi dia phuong va thod man bat dang thac
trung binh dudi.

Pinh ly 3.1 Cho U Ia tdp m¢ trong C. Cho ham
u: U —» [—o0,00) la ham do dugc Borel, bi chén trén va bi
chan duéi dia phuong va thod man bat dang thie trung binh
dudi dia phuong. Chiing minh rang:

a) Ham u * y, 1a ham diéu hoa duéi tron trén U, Véi
mdir > 0.

b) Chirng minh rang: lirr&u *xy, =u"trén U.

r—

Chitng minh:

a) Theo nhan xét 2.9, u * y,. € C*(U,). Pé chimg minh
u * xr 1a ham diéu hoa dudi ta s& chimg minh n6 thoa man
bat déng thirc trung binh dudi dia phucrng That vay,
liy z, € U, tuy y. Khi d6, ton tai ' >0 sao cho
A(zy, ") € U,. V6i mdi 0 <r <7', a4 dung Dinh ly
Fubini va gia thiét ham u thoa mén bat déng thic trung
binh duéi dia phuong, ta c6:
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1 .
77 | @ x)(z +refdt
0

1

2%0

= f [%J-znu(zo +relt — w)dt] Xrw)dA(w)
C 0

> [ uzo - Wit (W) dAW)

27T Uu(z0 +relt —w)y,.(w) dA(w)] dt
C

C
= (u * Xr)(zo)

b) Liy z, € U. Ton tai 1, >0 sao cho z, € U,
Do U, la tp m nén ton tai § > 0 sao cho A(z,, §) < U,
Do u la ham bi chan dudi dia phuong nén ta c6 thé chon §
dt nho sao cho u bi chin dudi trén A(z,, §). Khi do,
néu can c6 thé cong vao ham u mot hang sd, ta co thé gia
st u>0 trén A(zy,8). Khi d6, voi r<r, ta cé
Uy D Uy, D A(2,8). Vay Véi r < § ta co:

(1) (20) = fc u(zo — W)z, W)dAW)

~ [ - winndaw)
A(0,1)
< Supweﬁ(o,r)u(zo -w) = SUPA(zo) U
ChorloOtaco
}ﬂi_l’)%(u * xr)(20) < }”1_1;% SUPA(zy, U

= limsup u(z) = u*(z,) 2

z-2Zg

Mit khéc, do suppy, < A(0,7) nén tacod

(@ * 1)(20) = f w(zo — w)x, (W)dAW)
C

- f w(zo — W)ty (W)dAW)
A(0,r)

Véi w e A(0,r) dbi bién qua toa do cuc ta co
w=selt, 0<s<r, 0<t<2m Lic nay
dA(w) = sdsdt. Ta c6:

T 2T
(u* xr)(20) = f f u(zy, — set)y, (set)sdsdt.
0 J0

Béi tinh chit y,(z) = x,(|z]) tasuy ra
T 2
() = [ [ ut = setp ()sdsae
0 0

= fr Uznu(z0 - seit)dt] x-(s)sds
o Lo

Do u thoa man bt ding thirc trung binh dudi va &p
dung lai tinh chat cia ham y,. ta cé:

(u * 1) (20) = [ 2mu(ze)xr (s)sds
=u(zo)ff xr(s)sdsdt

= u(z,) frf n)(r(se“)sdsdt
Hay 7
(u * x)(20) = u(zy) fg(o_r)Xr(W)dA(W) = u(z,)

Vay ta ¢ (u * x,)(20) = u(z,). Do z, 12 bat ky trong
Unénsuyrau*y, >utrén U. Do u * y, 1a ham lién tuc

nén ta co:
lim(w + ¢,) (z0) = lim[limsup, ., (u £, (2)]
> limsup,_,, u(z) =u"(z) (3)
Tu (2) va (3) tasuyra
lim(u 1) (20) = U (7).
Do z, la bat ky trong U nén suy ra
lim(u * y,) = u".
r—0

Vay dinh ly dugc chung minh.

Trong két’qué sau day, ta sit dung Dinh 1y 3.1 dé chimg
minh tinh chét quan h¢ gilta tich chap va tinh chinh quy
hod. Két qua nay tot hon két qua trong Pinh 1y 2.11 ¢ trén.

Pinh ly 3.2 Cho U la tdp ma trong €. Cho ham u: U -
[—o0, 00) la ham do dugc Borel, bi chan trén va bi chan
dudi dia phuong va thoa man bat dang thirc trung binh dudi
dia phuong. Chirng minh rang, u * y,- 1a giam theo r va u *
Xr =u"*x,trénU.

Chirng minh:

Tru6c hét, ta chang minh u * y, 1a giam theo r. Lay
r > r'. Theo Dinh ly 3.1, v&i moi s > 0 thi u * y, la ham
diéu hoa dudi trén U;. Do d6, theo Pinh ly 2.11 ta ¢6
(u * ys) * x, la giam theo r, tirc 1a ta co:

(U xs) * xr = (U x5) * X0

Theo Ménh dé 2.10 ta co:

W xs) * xr = (U x0) * Xs
(u* xs) * Xy = (W )0) * Xs.

Vay ta co:

(* xr) * xs = (U xp1) * X

Tir bat dang thac trén, cho s L 0, theo Pinh 1y 2.11 ta
cé

U*Ypr ZU* Y.

Bay gio ta chung minh u * y, = u* * x,-. Theo Dinh ly

2.11taco
limu* pp) * x5 = w* Xy (4)

Theo Ménh dé 2.10 va Dinh 1y 3.1 ta c6:

lim(u * pp) * ps = limQu o x) * xr =u*xr - ()

Tu (4)va(B)tasuyrau * y, = u* * y,.

Vay dinh ly dugc ching minh.

Hé qua 3.3 Cho U la tap m¢ trong €. Cho ham
u:U - [—00,00) la ham do dugc Borel, bi chan trén va
bi chén dudi dia phuong va thoa méan bat dang thirc trung
binh du¢i dia phuong. Chung minh rang, chinh quy hoa
u* la ham diéu hoa dudi trén U va u = u* hau khap noi
trén U.

Chitng minh:

Theo Dinh Iy 3.1 ta c6 u * y, 1a ham diéu hoa dudi,
giam theo r va thoa méan

w=limus ), = infrso(u * xr).
bl
Tir dang thirc nay va theo Nhan xét 2.4 ta suy ra u* la

ham diéu hoa duéi trén U.
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Bay gio ta s& ching minh u = u* hau khép noi trén U.
Theo Binh ly 3.2, véi moi r > 0 ta cé:

U gy = U H Yy
o f [ (20 — W) — u(zo — W)Lty (W)dAW) = 0
C

Ma véi moi w, ta c

[u"(zg —w) —ulzo —w)lx,(w) = 0.
Twr d6 suy ra tap hop sau

A= {w:[u"(zo — w) —u(zo — w)lx,(w) > 0}
¢b do do Lebesgue bang 0. Ta c6

A={w:u"(zg —w) >u(zy —w)} nsuppy,. (6)
Mat khac, ta co

Urso suppyy = C. @

Tu (6) va (7) ta suy ra tap hop sau

B ={w:u*(zg —w) > u(zy —w)}
¢6 d6 do Lebesgue bang 0, tic 1a u = u* hau khip noi
trén U.

Vay hé qua duogc ching minh.

Héqua 3.3 duoc ratra t Binh ly 3.1 va Binh ly 3.2 véi
céac gia thiét Ia ham u bi chdn dudi va chin trén dia phuong.
Tinh bi chan trén dia phuqng la gia thi€t can thiét <‘ié dinh
nghia chinh quy hod u”. Kt qua sau day sé chi ra rang, H¢
qua 3.3 van ding néu ta bo gia thiet bi chan dudi dia
phuong cta ham u.

Pinh ly 3.4 Cho U la tap m¢o trong €. Cho ham
u:U - [—0,0) 1a ham do dugc Borel, bi chian trén
dia phuong va thoa méan bat dang thirc trung binh dudi dia
phuong. Ching minh rang, chinh quy hod u* 1a ham diéu
hoa dudi trén U va u = u” hau khap noi trén U.

Chung minh:

Véi mdi s6 tu nhién n, ta dat u,, = max (u, —n). Khi
do, ham u;, thoa méan gia thiét cua Dinh 1y 3.1 va Binh ly
3.2. Theo Hé qua 3.3, ham u;, 1a ham diéu hoa duéi trén U
vau,, = u;, hau khap noi trén U.

Mait khac, ta ¢ day (u,,) la ddy giam va hoi tu toi u.
Twr d6 suy ra day (uy) cling la ddy giam va hoi tu téi u*
trén U vi:

u;,(2) = limsup u,,(w)
w—Z
= lim u;,(z) = lim [limsup un(w)] = limsup [lim Uy, (W)]
n-o n-oo woz woz n—oco
Hay
lim u},(z) = limsupu(w) = u*(z).
e woz \ ’
Bay gio ta chiung minh u = u* hau khap noi trén U.
Trudc hét ta c¢6 the kiém tra bao ham thirc sau day:

(z € U:u(z) > u(@) C U{z € U:ui(2) > uy (2)}.
n=1

Tir d6 va ap dung tinh chat ¢ —cong tinh dudi cua do
do ta co:
dA{z e U:u*(z) > u(2)})

< dA [U{z eU:u;(2) > un(z)}l

< Z dA[{z € Ui (2) > u, (2)}] = 0.

Tc 13, u = u* hiu khép noi trén U.
Vay dinh ly dugc chung minh.

4. Két luan

Nghién ctru da: (1) sir dung tich chap dé xay dung ham
diéu hoa dudi tron tir mot ham do duoc, bi chan trén va
chan dudi dia phuong va thoa man bat dang thirc trung binh
dudi; (2) chimg minh dwoc tinh chit quan hé giira tich chap
va tinh chinh quy ho&; va (3) chi ra Hé qua 3.3 van dung
néu ta bo gia thiét bi chan dudi dia phuong cua ham u.

Két qua nghién ctru cua bai bao dugc mod rong tir mot
két qua quan trong trong [1]. Nghién ctru dwoc thiét 1ap trén
16p ham rong hon nhung céng cu va ky thuat thi twong tu.
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