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Tém tit - Ky hiéu P" 1a khong gian xa anh c6 chidu bang n,
S =K[Xy,X,,.., X, ] 12 vanh da thirc theo cac bién Xg, X;,..., X, v6i
hé sb duoc l4y trén truong dong dai s k. Ai 14 cac diém trong P,
ai la cac sé nguyén duong. Goi J 14 giao luy thira cac idéan nguyén
t6 ¢, sinh boi n dang tuyén tinh doc l4p tuyén tinh. Vanh R/J 1a
mot vanh phén bac dwong, cic phan phan bac 1a cac k-khdng gian
véc to. Ky hiéu G=aiAs+* * *+arAc 1a 0-lugc do xéc dinh bai J.
Chi s chinh quy cta R/J (hay G) ky hidu 1a reg(R/J) hay reg(G)
duoc dinh nghia qua chiéu cua cic k-khong gian véc to nay. Tuy
nhién, viéc tinh reg(G) cho mét tap diém tuy ¥ 1a khong dé va co
rat it két qua tinh duoc no. Két qua cia tac gia 1a tinh reg(G) cho
mot tap sau diém hau ddng boi & vi tri bt ky trong P2,

Tiwr khéa - Tép giiém béo; hiu ddng boi; chi sb chinh quy; vanh
toa dg; 0-lugc do

1. Gioi thiéu

Trong bai bao nay, tac gia ky hi¢u p" .= p' 1a mot khong
..... x,] lavanh
da thirc theo bién X, X,,...,X, bac chuan hé sé dugc liy

gian xa anh v6i s6 chiéu bang n, s = K[Xo: X,

trén truong dong dai so k. Gia st A ..., A 1a cac diém phan
biét trong P". Véij =1, ....¢, ky higu g, 1a idéan nguyén t6
thuan nhat xac dinh boi Ai. Voi cic s nguyén duong
Q.. & idéan J=pkn...np la giao luy thira cac idéan
nguyén tb §0; sinh béi n dang tuyén tinh doc 1ap tuyén tinh,
ky hiéu G 12 0-luoc dd xéac dinh boi J va goi
G=aiAr+* * *+aA

1a tap diém béo trong P".

Vanh toa d6 thuan nhit R/J cia G 1a phan bac duong
R/J =@, _,(R/J), cbsb boi e(R/J):Zi(ai +n—1} M3i phan
bac (RAJ)s 1a mot k-khong gian véc to hitu han chidu. Ham
s0

ha(s) = dimk(R/J)s
duoc goi 1a ham Hilbert ctua G.
~ Chi s6 chinh quy cita tap diém béo G duoc x4c dinh la
s0 nguyén duong s bé nhat sao cho hz(s) = e(R/J,), ky hiéu
reg(G).

Abstract - The denote by P" the projective space with its
dimensionisn, S =Kk[x,,x,,...,X,] is polynomial ring in variables

Xgs X1s-.-1 X, OVer the algebraic closed field. If Ajin P" and ai in

positive integer number. Let J be the power intersection of prime
ideals generated by n linearly independent linear forms. The R/J
ring is a positive-degree ring, the degree parts of which are k-
vector spaces. The denote by G=aiAi+* * *+aiAt is 0-scheme
defined by J. The regularity index of R/J (or G), denote by
reg(R/J) (or reg(G)) is defined by the dimension of these k-vector
spaces. However, computing reg(G) for an arbitrary set of points
is not easy and there are very few results that can compute it. The
author's result is to compute reg(G) for a set of six nearly
equimultiple points given at any position in P2,
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Viéc dua ra chan trén kha nho 1a khong kho, nhung dua
ra chin trén chit 1a kho, chinh vi vay dé tinh duoc reg(G)
14 bai toan khé. Ta c6 thé tim thay nhiing két qua vé chin
trén cua reg(G) trong [1-6].

Nam 1996 sau khi quan sat mot s6 két qua trude do
N.V. Trung (xem [6]) d& dua ra gia thuyét sau:

Cho tap diém béo G=ajA+* * *+aA trong P", dit

Z:::lail +k-2

D, = max{[ "

11 Al,...,Aq cé gia nam

trén mét k- phang},

D=max{Dx | k=1,...,n}.
Khi d6 reg(G) <D.

Trong khong gian xa anh P", tip diém A={Ai ..., A}
dugc goi la khong suy bién néu A khéng nam trén mot
(n-1)-phang. Tép diém béo G=a;P1+* * *+aAr dugc goi la
khong suy bién néu A khong suy bién.

Nam 2016, E. Ballico, O. Dumitrescu va Postinghel
(xem [1]) da chimg minh dugc gia thuy€t cua Trung cho
cho tdp G = aiA1+* * *+ an+3An+s khong suy bién trong P".

Gia thuyét noi trén da duoc Nagel va Trok (xem [5]) da
chimg minh hoan toan trong nam 2018, tuy nhién viéc dua
ra cong thuic tinh reg(G) van 1a bai toan mé. Cho dén nay
c6 rat it ket qua dugc dang trén cac tap chi co uy tin.
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V6i A,..., At ¢6 gid ndm trén mot duong thang. Nam
1984, Davis va Geramita (xem [3, Corollary 2.3]) da tinh
dugc chi s6 chinh quy cia G =g A +---+a A*

reg(G)=a, +---+a 1.
Mot dwong cong hitu ty chudn trong P" 1 duong cong
c6 phuong trinh tham so
X =8"% ="V, ... X ,
Cho mét tap diém béo G=ajAs+* * *+aActrong P", véi
a <a_, <---<a. Nam 1993, Catalisano, Trung va Valla

da tinh dugc reg(G) (xem [2]) cho tap diém Ay, ..., 4 ndm
trén duong cong hitu ty chuan trong P" (xem [2, Proposition
7). thi

=sv" ™ x =V".

reg(G)= max{aiqua2 —1,{(2@ +n—2)/n}}.

i=1

Vi tap t+2 diém béo khong nam trén (t-1)-phang trong
P"(t <n),ndam 2012, Thién (xem [7, Theorem 3.4]) dd dua
ra cong thire tinh reg(G):

reg(G)=D.

M¢ rong két qua nay cho tép t+3 diém béo ddng boi
khong nam trén (t-1)-phang trong P", nam 2017, P.V.
Thién va T.N. Sinh (xem [8, Theorem 4.6]) dd dua ra cong
thire reg(G):

reg(G)=D

Trong truong hop aj = a hodc aj = a-1thi G= a1A1+
+aA: dugce goi la hau dong boi, véimoii = 1,...1.

NO6i dung cua bai bao nay, tac gia dua ra cong thuc tinh
chi s6 chinh quy cua tdp diém hau dong boi
G=3P1+3P2+3P3+4P,+4Ps+4Pg. Két qua nay dugc néu
trong Pinh ly 3.5 & Muc 3 trong bai bao nay.

2. Céac b dé cin ding

Pé chuan bi cho phan chimg minh néi dung chinh ¢
phan 3, tac giad can st dung cac bo d¢ sau.

Hai b6 dé dau tién chi ra cong thirc tinh chi s chinh
quy cta tdp n+2 va n+3 diém trong PS.

B6 dé 2.1. ([7, Dinh Ij 3.4]). Gid sit A, ..., Ass2 12 cac
diém phdn biét khong nam trén (t-1)-phdang trong P, t <n,
cho cdc s6 nguyén dwong ay, ...,a. Dt J = PR N R,

t+2
Khi do, reg(RIJ)=max{Dxk=1,...,n}, vdi
+k—-2

Zlqzl ail B
k
trén mét K-phang}, k=1, ..

B6 dé 2.2. ([8, Pinh ly 3. ]]) Gid sur Ay, ..., Aws la cac
diém phdn biét & vi tri tong qudt trén t-phdng, khong nam
trén (t-1)-phding trong P" t<n, va ai la cdc s6 nguyén
dirong. Cho tdp diém béo

D; = max{[ 11 A...A, co gid nam

G = a1P1+ - * *+ amsAwes.
Khi do, reg(G) =max{D;j|j=1,2,...,n}, vdi
Zlq—lail +k_2 z -z N
D, = max{[TH A Aq c6 gia nam

trén mét K-phang}, k=1,...,n

pé danh gia chan trén cho chi sc“r)ﬂ chinh quy cho trudng
hop n+3 diém béo trong P" ta can bo de sau.
B6 dé 2.3. (/1, Dinh Iy 2.1]). Gia st G = a1Ar+*

An+3An+3 la mot tap n+3 diém béo khong suy bién trong P”
Khi do, reg(G) < max{D;j |j=1,...,n}, vdi

> a, +k-2
k
trén mét k-phang}, k=1,...,n

D; = max{[ 1AL A, cé gid nam

Cho tap cac chi s6 {1,...,t} va {is,....is} = {1,....t} 1a tap
chi s6 con ctia {7,...,t}. Tagoi H = a A ++a A latdp
diém béo con clia tap G=aiAr+* * *+a,

. B dé sau cho ta thay dwoc chi s6 chinh quy cia 0-lugc
d0 con ludn bi chan trén.
Bo dé 2.4. ([7, Bo dé 3.3]). Gid st A={A,, ..., A} la tdp
cac diém phdn biét trong P"va ay,...,a: la cdc so nguyén
duong. Dat J = A-.-np*. Neu B :{Al ..... A,} la mot

tdp con cua Ava p :piTh ﬁ---mp{?" khi do

reg(R/p) <reg(R/J).
Tw day suy ra,
H :a.ilAl +”'+airAr
idéan J, thi ta co
reg(H) < reg(G).
i Bo fié sau giup ta tinh duge chi s6 chinh quy cua tap
di€m nam trén duong thang.
B0 dé 2.5. (/3, Hé qua 2.3]). Gid sk G=auAr+* *
la mot tap diem béo tuy y trong P". Khi do
reg(G) = ay+-* "+a-1
né@ va chi néu cdc diém Ay, ... Ar nam trén mét dong
thang.

néu G =aAi+°+aAs va
la cac tdp diém béo xdc dinh boi

*+aA

3. Chi sb chinh quy ciia lrge dd G=3A: + 3A; + 3A; +
4A4 + 4As + 4As trong P3

Phén nay tac gia trinh bay cac két qua chinh cta nghién
ctru. Téc gia bat dau tur bo de sau:

B6 dé 3.1. Cho tdp sdu diém phdn biét khong suy bién
A={As,...,A¢ } trong P3 sao cho khong o nam diém ndo
cua Chung nam trén 2-phang. Voi cac sé6 nguyén dwong
ai, ..., as, Xét tap diém béo

G=aA1+* * *+aghAs.

Z:]:lail +k-2

trén mét j-phdng}, Va
D=max{Dy| k=1,2,3}.

Khi @6, néu D=D1 hodc D=D thi reg(G) =
Chirng minh.

Pat D, = max{[ 11 A A cogidnam

» Néu D=Dx: Khi d6 c6 mt dudng thing goi 12 d di qua
cac diém A ,..,A sao cho D, =a +---+a —1. Xét tap

diémbéo H =a A +---+a A ,theo B6dé2.4 va Bo dé
2.5,taco
D =reg(H) < reg(G).
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Hon nira, theo B6 dé 2.3, ta c6 reg (G)<D. Do do,
reg(G) =
« Néu D =D;: Goi a la 2-phing di qua cac diém
A ..., A S30 cho :[ah*"'*ais},theo gia thiét, khong c6
s 2 2

5 diém ciia A nam trén 2-ph§1ng3 n(fen s < 4. Xét tap diém
béo U =a A +-+a A ,theo B de2.1taco:
reg(U) =D,=D

Mit khéc, theo Bo dé 2.3 va Bo d& 2.4, ta co
reg(U) <reg(G) <D.

Tir d6 ta nhan dugc reg(G) =D.

B6 dé 3.1 da dugc chig minh.

B6 dé 3.2. Trong khong gian xa anh P", cho tdp n +3

diém khong suy bién A= {Al, v, Anss}. Voi ay,...,ans3 la 56
nguyén dirong, Xét tdp diém beo
G = ajA1+* * *+ ane3An+3
Pat
DI
D, = max{[Ln A A O gid nam

trén mét K-phdng}, va D—maX{Dk |k=1,2,..,n }.
Khi d6, néu D=D; thi reg(G) =
Chirng minh. Gia st A .., A

duong thang sao cho

I3 r diém nim trén

D=D =a +-+a -1
Khi do, xét luge d0 U =a, A +---+3 A -

Theo B6 d& 2.5 ta c6 reg(U) = D; = D.

Matkhic, B={A, .., A } 1amt tip con cua Anén U la
mét luge dd con cua G. Theo BO dé 2.4 va B6 dé 2.3 ta co
D =reg(U) < reg(G) < D.
reg(G) =
B dé 3.2 da chig minh xong.

Bo dé 3.3. Trong khdng gian P*, cho tdp 6 diém phan

biét khong suy blen A={As,...,As} sao cho khong cé nam
diém nao ciia A nam trén 2-phdng. Xét hege do sau

G=3A1+3Ax+3As+4As+4As+4As.
bat

Vay

co gid nam

ta k-2
P e

trén mot K-phang}, voi a, =3 hodc & =4.

D, = max{[

D=max{Dx | k=1,2,3}.
Khi dé reg(G) =D.
Chirng minh:
Tir gia thiét khong ¢ 5 diém nim trén 2- phang nén
khong c¢6 4 diém nao A nim trén mot dudng thing.
« Néu A c6 ba diém nam trén mot duong thang thi
8 < D1<11;6<D, <7;D3=8.
Suy ra, D= max{D1, Dy, D3} =Da.
« Néu A khong co ba diém nam trén mot dudng thing

thi
=7;6<D,<7; D3=7.

Suy ra, D= max{D1, D, D3} =D:.
Do @0, ta co D=D;.

Theo B6 d& 3.2 ta c6 reg(G) =

Ta da chimg minh xong B6 d¢ 3.3 O

‘Ménh dé 3.4. Trong khong gian xa anh P3, cho tdp sdu
diém phan biét, khong suy bién, khong o vi tri tong quat
A={A,, ..., As}. Xét lugc do sau

G=3A1+3A,+3A3+4A4+4As+4s.
Dat
Z 3, +k-
D, = max{[==——— ] |

cO gid nam

A A
trén mét k-phang), véi a, =3 hoac a =4.

D= max {D« |k =1,2,3}.
Khi dé reg(G)=D.
Chirng minh:

Trong truong hop A khong c6 5 diém nam trén 2-phang
o thi theo Bo dé 3.3, ta c6
reg(G) =
Nguoc lai ta xét cac kha nang sau:
Néu A c¢6 4 diém nam trén mot duong thang d. Khi do,
12<D;<14;8<D;<9vaD; =7,
Do do
D=max{D1, Dz, D3} =D;.
Theo B6 dé 3.2 ta c6 reg(G) =
Néu Aco ba diém né{n trén mot dudng thing 1. Khi d6
moi 2-phang di qua 5 diém cta A ludn chua d. Ta xét cac
kha nang sau.

« Néu | di qua Ay, Az, Az Khi d6

[3.3+2.4+2—2}

D,=8 D, = -8D,= 7.

Suy ra D =max{Dj, D, D3} = Dx.
* Néu | di qua hai diém trong ba diém {A1, A, As}. Khi
do
TD1=9;8<D,<9;D3=7
Suy ra D = max{D,, D2, D3} = D;.
« Néu d di qua hai diém trong ba diém {A;, A, As}. thi
D1 =10;8<D,<9; D3 =7.
Suy ra D = max{Ds, D2, D3} = Dx.

« Néu d khong di qua hai diém trong ba diém {A;, A,
As} thi

D;=11;D,=9; D3=7
Suy ra D = max{D3, Dz, Dg} = Dx.
Do d6 D=D;.
Theo Bb d& 3.2 ta ¢6
reg(G) =

Néu A khong c¢6 ba diém nao nim trén mot duong
thang. Khi d6
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D1=7;7<D2<9; D3=7.
Suy raD= max{Dl, Dz, D3} = D..
Goi V={A A A A A} 1a nam diém nam trén
2-phang o. Xét luge d6 con
H=a A +a A +a A +a A +a A .
Theo B6 dé 2.2, ta c6 reg(G) < reg(H) = D,=D.
Hon nira, theo B6 d¢ 2.3 ta c6 reg(G) < D.
Do do
reg(G) =D.
Ménh d 3.4 dugc chimg minh. O
Pinh ly 3.5. Cho A={A,..., A} ld tdp 6 diém phan
biét khong suy bién, khong trong P3. Cho luoc do sau
G=3A1+3A,+3Az+4As+4As+4As.
Dat
>l +k-2
k
k-phdng}, voi a, =3 hoac a =4.

D, = max{[ 11 Al,...,Aq nam trén mét

D=max{Dx |k=1,2,3}.
Khi d6 reg(G)=D.
Chitng minh.

Truong hop A ¢ vi tri tong quét trong P thi theo B6 dé
2.2taco
reg(G) =D.
Do d6 ta xét cac kha nang sau cua A.
® A khong c6 5 diém ndm trén 2-phang. Theo B dé
3.2taco
reg(G) =D.
® A6 5 diém nam trén 2-phing. Theo Ménh dé 3.4 ta c6

reg(G) =D.
Ta da ching minh xong Pinh Iy 3.5. O

4. Két luan

Viéc tinh chi s6 chinh quy cia mot 0-luge d6 1a rat kho,
¢6 rat it két qua tinh vé n6. Véi 0-luoc d6 G=3A; + 3A; +
3A;s + 4A4 + 4As + 4Aq trong khong gian xa dnh P2, Téc gid
da chi ra cong thic tinh reg(G). Viéc tinh chi sé chinh quy
ctia mot 0-lugc dd van 1a bai toan mé.

REFERENCES

[1] E. Ballico, O. Dumitrescu, and E. Postighel, “On Segre’s bound for

fat points in P", J. Pure and Appl. Algebra, Vol. 220, no. 6, pp.
2307-2323, 2016. https://doi.org/10.1016/j.jpaa.2015.11.008

[2] M. V. Catalisano, N. V. Trung, and G. Valla, “A sharp bound for the
regularity index of fat points in general position”, Proc. Amer. Math.
Soc, Vol. 118, no. 3, pp. 717-724, 1993.
https://doi.org/10.1090/S0002-9939-1993-1146859-0.

[3] E. D. Davis and A.V. Geramita, “The Hilbert function of a special
class of 1-dimensional Cohen — Macaulay graded algebras, The
Curves Seminar at Queen’s”, Queen’s Paper in pure and Appl.
Math, Vol. 67, pp. 1-29, 1984.

[4] G. Fatabbi and A. Lorenzini, “On the sharp bound for the regularity
index for any set of fat points”, J. Pure Apple. Algebra, Vol. 161,
no. 1-2, pp. 91-111, 2001. https://doi.org/10.1016/S0022-
4049(00)00083-9.

[5] U. Nagel and B. Trok, “Segre’s regularity bound for fat points
scheme”, Annali della Scuole Normale Superiore, Vol. XX, no. 5,
pp. 217-237, 2020.

[6] P. V. Thien, “Segre bound for the regularity index of fat points in
P37, J. Pure and Appl. Algebra, Vol. 151, no. 2, pp. 197-214, 2000.
https://doi.org/10.1016/S0022-4049(99)00055-9.

[7] P. V. Thien, “Regularity index of s+2 fat points not on a linear (s-
1)-space”, Comm. Algebra, Vol. 40, pp. 10, pp. 3704-3715, 2012.
https://doi.org/10.1080/00927872.2011.593385.

[8] P.V.Thienand T.N. Sinh, “On the regularity index of fat points not
on a linear (r-1)-space”, s<r+3, Comm. Algebra, Vol. 45, no. 10,

pp. 4123-4138, 2017. https://doi.org/10.48550/arXiv.1604.06347.



