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Abstract - This paper presents a kinematic modeling approach for 

a two-degree-of-freedom (DOF) parallel mechanism moving 

platform. The system features a moving platform connected to the 

base via two Cardan joints, allowing rotation about two intersecting 

tilt axes (roll and pitch). Two DC motors fixed to the base drive the 

platform through two Revolute–Spherical–Spherical (RSS) 

mechanisms [1], enabling precise control of the tilt angles. A 

general inverse kinematics method for this and similar mechanisms 

is proposed and validated through experiments to evaluate the 

model’s accuracy and effectiveness. The results demonstrate the 

method’s applicability to the design and development of virtual 

reality (VR) chair systems, offering flexible two-DOF motion. This 

approach has potential applications in motion simulation and 

mechatronic system control. 

Key words - Virtual reality; parallel mechanism; kinematic 

model 

1. Introduction 

Today, new developments in the field of virtual reality 

(VR) and force-feedback simulation have considerably 

enhanced immersive technology, which has become more 

and more accessible due to affordable computers and 

equipment. In this context, flight simulators have made 

tremendous advances. Over the last three decades, several 

systems have been developed and introduced to the market 

[2] - [4]. Combined with detailed environments and 

continuously improving physically simulated environments, 

these systems allow trainees to experience simulated 

sessions that closely resemble real flights [5]. While visual 

feedback plays a crucial role in these systems, the well-

designed dynamic control of motion platforms is also 

essential for accurately reproducing aircraft motion [6]. 

Flight simulators and other motion platform simulators 

generally use parallel mechanisms consisting of multiple 

closed-loop kinematics chains that connect a moving 

platform to a fixed base. These mechanisms are designed to 

simulate the dynamic movements of an aircraft. Since the 

simulation of large movements is not required, they offer the 

advantage of lower inertia, allowing for smoother and more 

precise movements compared to serial-link mechanisms, 

while also being more compact and space-efficient [7] - [11]. 

Virtual reality motion platforms require real-time 

control to ensure that physical movements are 

synchronized with actions in the virtual environment. Data 

from sensors (such as optical encoders or IMUs) are used 

to measure platform movement and are sent to the VR 

simulator to update the virtual object’s state 

(position/orientation) and, if necessary, determine virtual 

interactive forces. 

Minimizing latency and improving the overall 

smoothness of the experience are also important. To this 

end, different control techniques that predict position shifts 

and adjust the platform’s motion to reduce delay have been 

investigated [12], [13]. 

In recent years, several studies have continued to 

improve the design and control of motion platforms, 

especially Stewart-type platforms, to meet higher 

requirements for accuracy and response time in flight 

simulation [14] - [16]. 

In most cases, solving the inverse kinematics of the 

mechanism connecting the motion platform to the ground 

allows the determination of the platform’s position and 

orientation, which are then sent to the simulator [17]. This 

paper presents a general method for determining the 

inverse kinematics of a motion platform, which is essential 

for real-time control and simulation of these systems. A 

prototype was built to validate this approach. 

2. System design and Modeling 

2.1. The mechanical design of the system 

The model will include a base to support all other 

components. The system will use two DC motors, which 

are mounted onto the base component through two 

mounting fixtures for each motor, specifically from the 

perspective of the model's rear view. 

 

Figure 1. Motor arrangement 

The model base (1) will be a rectangular box-shaped 

plate. On this base, two DC gear motors (consisting of 

components such as the encoder module (2), motor module 

(3), and gearbox module (4) in sequence from back to 

front) will be positioned parallel to each other along the 

length of the base component. Each motor will be secured 

using two mounting fixtures (Fixed Motor 1 (5) and Fixed 
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Motor 2 (6)). At the rear of the model, specifically at the 

back of the two motors, there will be a connection area for 

the control unit, which includes motor connectors (7) for 

motor control and encoder feedback. 

2.2. Transmission system 

From the perspective of the model’s front view, the DC 

gear motor 01 (8) is placed at the left of the model and the 

second one (the DC gear motor 02 (9)) is placed at the right 

of the model. The motor-gearbox shafts are directly 

connected to the drive mechanism, which then transmits the 

motion to the moving platform (10) to adjust the tilt angles. 

 

Figure 2. The virtual chair prototype 

Specifically, the shaft of each motor will be attached to 

two motor axis couplers (motor axis coupler 1 (11) and 

motor axis coupler 2 (12)). The motor axis coupler 2 will 

then be connected to a spherical joint (13). The moving 

platform will also be equipped with two spherical joints (14) 

(one on each side). These spherical joints on the moving 

platform will be connected to the spherical joints attached to 

the motors via connecting bars (15). Additionally, at the 

center of the moving platform, a cardan joint (16) will be 

connected through two bolts (the short bolt (17) securing the 

seat base to the cardan joint and the long bolt (18) securing 

the cardan joint to the model's base component). This 

configuration ensures that as the motors rotate, the moving 

platform can tilt without translational movement. 

2.3. Kinematic modeling 

 

Figure 3. Kinematic scheme of the Cardan joint 

with (0), (1), (2): Links of the Cardan joint mechanism; 

O0, O1, O2: origins of the coordinate frames attached to 

each link. 

Table 1. Modified D.H. parameters 

Matrix αi ai θi di 

T01 0 0 θ1+π/2 0 

T12 π/2 0 θ2 0 

The homogeneous transform matrix of the system can 

be defined as follows: 

𝑇01 = [

−𝑠𝜃1 −𝑐𝜃1 0 0
𝑐𝜃1 −𝑠𝜃1 0 0
0 0 1 0
0 0 0 1

] 

𝑇12 = [

𝑐𝜃2 −𝑠𝜃2 0 0
0 0 −1 0
𝑠𝜃2 𝑐𝜃2 0 0
0 0 0 1

] 

𝑇02 = 𝑇01 × 𝑇12 =  [

−𝑠𝜃1𝑐𝜃2 𝑠𝜃1𝑠𝜃2 𝑐𝜃1 0
𝑐𝜃1𝑐𝜃2 −𝑐𝜃1𝑠𝜃2 𝑠𝜃1 0
𝑠𝜃2 𝑐𝜃2 0 0
0 0 0 1

] (1) 

with 𝑇01, 𝑇02: The homogeneous transform from frame {0} 

(located at the center of the cardan joint) to frame {1} and 

{2}, respectively; 𝜃1, 𝜃2: The rotation angle about axes 𝑧1 

and 𝑧2, respectively. 

The coordinates of points P1 and P2 in (R2 - the 

coordinate frame attached to the second link) are: 

𝑃1𝑅2 = [

𝑥1
𝑦1
𝑧1 
1

] ; 𝑃2𝑅2 = [

𝑥2
𝑦2
𝑧2 
1

]        (2) 

Now we can write the coordinates of points P1 and P2 

in (R0) (the coordinate frame is placed at the center of the 

cardan joint): 

𝑃1𝑅0 = [

𝑥𝑃1
𝑦𝑃1
𝑧𝑃1
1

] = 𝑇02 × 𝑃1𝑅2  

= [

−𝑠𝜃1𝑐𝜃2𝑥1 + 𝑠𝜃1𝑠𝜃2𝑦1 + 𝑐𝜃1𝑧1
𝑐𝜃1𝑐𝜃2𝑥1 − 𝑐𝜃1𝑠𝜃2𝑦1 + 𝑠𝜃1𝑧1

𝑠𝜃2𝑥1 + 𝑐𝜃2𝑦1
1

]       (3) 

𝑃2𝑅0 = [

𝑥𝑃1
𝑦𝑃1
𝑧𝑃1
1

] = 𝑇02 × 𝑃2𝑅2  

= [

−𝑠𝜃1𝑐𝜃2𝑥2 + 𝑠𝜃1𝑠𝜃2𝑦2 + 𝑐𝜃1𝑧2
𝑐𝜃1𝑐𝜃2𝑥2 − 𝑐𝜃1𝑠𝜃2𝑦2 + 𝑠𝜃1𝑧2

𝑠𝜃2𝑥2 + 𝑐𝜃2𝑦2
1

]    (4) 

 

Figure 4. Frame assignment of the whole system 

We identify the coordinates of points O01 and O02 in the 

base of (R0 - the coordinate frame is placed at the center of 
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the cardan joint): 

𝑂01𝑅0 = 𝑂0𝑂01𝑅0
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  = [

𝑜𝑥1
𝑜𝑦1
𝑜𝑧1
1

] ; 𝑂02𝑅0 = 𝑂0𝑂02𝑅0
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  = [

𝑜𝑥2
𝑜𝑦2
𝑜𝑧2
1

]  (5) 

Next we write the homogeneous transform matrix T01-0 

between (R01 - the coordinate frame is placed at the motor 

axis coupler 2 attached to the DC gear motor 01) and (R0) 

and the homogeneous transform matrix T02-0 between (R02 

- the coordinate frame is placed at the motor axis coupler 2 

attached to the DC gear motor 02) and (R0): 

𝑇01−0 =

[
 
 
 
1 0 0 −𝑜𝑥1
0 1 0 −𝑜𝑦1
0 0 1 −𝑜𝑧1
0 0 0 1 ]

 
 
 
;  𝑇02−0 =

[
 
 
 
1 0 0 −𝑜𝑥2
0 1 0 −𝑜𝑦2
0 0 1 −𝑜𝑧2
0 0 0 1 ]

 
 
 
  (6) 

Then we can write the coordinates of points P1 and P2 

in the bases of (R01) and (R02): 

𝑃1𝑅01 = 𝑇01−0 × 𝑃1𝑅0 = [

𝑥𝑃1 − 𝑜𝑥1
𝑦𝑃1 − 𝑜𝑦1
𝑧𝑝1 − 𝑜𝑧1

1

] = [

𝑥𝑃11
𝑦𝑃11
𝑧𝑃11
1

]    (7) 

𝑃2𝑅02 = 𝑇02−0 × 𝑃2𝑅0 = [

𝑥𝑃2 − 𝑜𝑥2
𝑦𝑃2 − 𝑜𝑦2
𝑧𝑝2 − 𝑜𝑧2

1

] = [

𝑥𝑃22
𝑦𝑃22
𝑧𝑃22
1

]   (8) 

 

Figure 5. Projections of the mechanical linkages onto the planes 

Next we have to define the coordinates of point P1
’ and 

P2
’ in the base of (R01) and (R02) by simply projecting the 

points P1 and P2 onto the planes (x01. y01) i.e. by putting the 

z coordinates of the 2 points to zero. 

𝑃1𝑅01
′ = [

𝑥𝑃11
𝑦𝑃11
0
1

] ; 𝑃2𝑅02
′ = [

𝑥𝑃22
𝑦𝑃22
0
1

]      (9) 

The distances between O11 and P1 as well as the 

distances between O12 and P2 are equal to a constant 

distance r. We can thus determine the distances O11P1
’= h1 

and O12P2
’= h2 using Pythagorean formula: 

 

Figure 6. Determine the distance h 

ℎ1 = √𝑟
2 − 𝑧𝑃11

2 ;  ℎ2 = √𝑟
2 − 𝑧𝑃22

2      (10) 

From this point, all the parameters are available to 

reduce the problem to the inverse kinematics of a 2-degree-

of-freedom robotic arm mechanism. This allows the 

calculation of the motor rotation angles corresponding to 

different tilt angles of the seat base component. 

Specifically, the research team chose to solve the 

inverse kinematics problem using the geometric method. 

This approach enables a direct analytical solution (closed-

form), which is computationally efficient and suitable for 

real-time control. Compared to matrix-based or iterative 

numerical algorithms, the geometric method reduces 

calculation time and minimizes errors accumulated 

through iterative processes. 

 

Figure 7. Inverse kinematics using the geometric method to find 

the angle 𝜃02 

From the previous steps, we have obtained the 

following parameters: 

{
 
 

 
 

𝑙2
ℎ2

𝑙 = √𝑥𝑃22
2 + 𝑦𝑃22

2  

𝑞1 = 𝜃02 

          (11) 

with 𝑙: the distance between 𝑂02 and 𝑃2
′  𝑙2: the length of 

link 1; ℎ2: the length of link 2; 𝑞1: the angle between link 

2 and x-axis; 𝜃02: the motor 2 rotation angle. 

The angle we need to find here is the angle 𝑞1 (which 

is the motor rotation angle 𝜃02 that needs to be determined. 

We have the following formula: 

𝜃02 = 𝑞1 = 𝛼 − 𝛽         (12) 

We can find the values of the two angles 𝛼 and 𝛽 as 

follows: 

{
𝛼 = 𝑎𝑡𝑎𝑛2(𝑦𝑃22, 𝑥𝑃22)

𝛽 = 𝑎𝑡𝑎𝑛2(ℎ2𝑠2, 𝑙2 + ℎ2𝑐2) (𝑣ớ𝑖 𝑐2 = cos(𝑞2))
 (13) 

Where the values of 𝑥𝑃22 and 𝑦𝑃22 have been 

determined from the previous steps. What we need to do 

now is to find the values of 𝑐2 and 𝑠2 (cos(𝑞2) and 

sin(𝑞2)). We will determine 𝑐2 first as follows: 

According to the law of cosines in triangle ∆𝐴𝐵𝑃2
′, we get: 

𝑙2 = 𝑙2
2 + ℎ2

2 − 2𝑙2ℎ2 cos(180 − 𝑞2)      (14) 

𝑥𝑃22
2 + 𝑦𝑃22

2 = 𝑙2
2 + ℎ2

2 + 2𝑙2ℎ2 cos(𝑞2)    (15) 
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𝑐2 =
(𝑥𝑃22
2 +𝑦𝑃22

2 )−(𝑙2
2+ℎ2

2)

2𝑙2ℎ2
 𝑤𝑖𝑡ℎ (cos(𝑞2) = 𝑐2)  (16) 

After obtaining 𝑐2, we will continue to find 𝑠2 using the 

trigonometric identity: 

𝑠2
2 + 𝑐2

2 = 1            (17) 

𝑠2 = ±√1 − 𝑐2
2           (17) 

Thus, after solving the inverse kinematics problem 

using the geometric method, we can find the desired motor 

rotation angle 𝜃02 as follows: 

𝜃02 = 𝑞1 = 𝛼 − 𝛽  

𝜃02 = 𝑎𝑡𝑎𝑛2(𝑦𝑃22, 𝑥𝑃22) − 𝑎𝑡𝑎𝑛2(ℎ2𝑠2, 𝑙2 + ℎ2𝑐2) (19) 

Next, we will fine 𝜃01 as follow: 

 

Figure 8. Inverse kinematics using the geometric method to  

find the angle 𝜃01 

Here, we have also determined several parameters from 

the previous step: 

{
 
 

 
 

𝑙1
ℎ1

𝑙 = √𝑥𝑃11
2 + 𝑦𝑃11

2

𝑞1 = 𝜃01

           (20) 

with 𝑙: the distance between 𝑂02 and 𝑃2
′; 𝑙1: the length of 

link 1; ℎ1: the length of link 2; 𝑞1: the angle between link 

2 and the negative x-axis; 𝜃01: the motor 1 rotation angle 

The steps to calculate 𝜃1 will be almost similar to those 

used for calculating 𝜃2, but with a slight difference: we will 

use the negated value of 𝑥𝑃11 and when calculating the 

final value of 𝜃1, we will add a negative sign to the result 

obtained. Specifically, the calculation steps are as follows: 

Firstly, as mentioned, we will take the negated value of 

𝑥𝑃11 and store it in a new variable called 𝑥𝑃11
′ . 

𝑥𝑃11
′ = −𝑥𝑃11           (21) 

Thus, by using the negated value of 𝑥𝑃11, the angles 𝛼 

and 𝛽 will align correctly as illustrated in the diagram 

above. The angle we need to determine here is 𝑞1, which is 

precisely the motor rotation angle 𝜃1 we are looking for. 

To maintain the positive direction of 𝜃01 following the 

right-hand rule (similar to 𝜃2), the calculation will proceed 

in the same manner, but a negative sign will be added to 

the final result: 

𝜃01 = 𝑞1 = −(𝛼 − 𝛽)         (22) 

The values of the two angles 𝛼 and 𝛽 are determined as 

follows: 

{
𝛼 = 𝑎𝑡𝑎𝑛2(𝑦𝑃11, 𝑥𝑃′11)

𝛽 = 𝑎𝑡𝑎𝑛2(ℎ1𝑠2, 𝑙1 + ℎ1𝑐2) (𝑣ớ𝑖 𝑐2 = cos(𝑞2))
 (23) 

Where the values of 𝑥𝑃11 and 𝑦𝑃11 have been 

determined from the previous steps. What we need to do 

now is to find the values of 𝑐2 and 𝑠2 (cos(𝑞2) and 

sin(𝑞2)). We will determine 𝑐2 first as follows: 

According to the law of cosines in triangle ∆𝐴𝐵𝑃2
′, we get: 

𝑙2 = 𝑙1
2 + ℎ1

2 − 2𝑙1ℎ1 cos(180 − 𝑞2)      (24) 

𝑥𝑃11
2 + 𝑦𝑃11

2 = 𝑙1
2 + ℎ1

2 + 2𝑙1ℎ1 cos(𝑞2)     (25) 

𝑐2 =
(𝑥

𝑃11
′
2 +𝑦𝑃11

2 )−(𝑙1
2+ℎ1

2)

2𝑙1ℎ1
 (cos(𝑞2) = 𝑐2)     (26) 

After obtaining 𝑐2, we will continue to find 𝑠2 using the 

trigonometric identity: 

𝑠2
2 + 𝑐2

2 = 1            (27) 

𝑠2 = ±√1 − 𝑐2
2           (28) 

Thus, after solving the inverse kinematics problem 

using the geometric method, we can find the desired motor 

rotation angle 𝜃01 as follows: 

𝜃01 = 𝑞1 = −(𝛼 − 𝛽)          (29) 

𝜃01 = −(𝑎𝑡𝑎𝑛2(𝑦𝑃′11, 𝑥𝑃11) − 𝑎𝑡𝑎𝑛2(ℎ1𝑠2, 𝑙1 + ℎ1𝑐2)) (30) 

3. Control solution 

Figure 9 illustrates the control solution of the system. 

The desired tilt angle of the model will be input into the 

computer, which will then calculate the two motor rotation 

angles based on the kinematic formulas presented above. 

 

Figure 9. The system control scheme 

From that, each motor will have a specific target rotation 

angle, which will be compared with the current rotation 

position measured by the encoder installed in each motor. 

This allows us to compute the deviation and feed this value 

into the PID controller to control the motor's rotation. 

The motor's rotation will affect the mechanism, transmitting 

motion to the seat base and causing it to tilt according to the 

desired angle initially entered into the computer. 

In this system, the motors are coupled with high-ratio 

gearboxes due to the application's requirement for high 

torque rather than high speed. As a result of the large gear 
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ratio and the relatively low operating speed, the overall 

system inertia remains small. This characteristic simplifies 

the tuning process of the PID controller. 

The tuning process began by determining suitable 

values of 𝐾𝑝 and 𝐾𝑑 to ensure a fast response with minimal 

overshoot and acceptable steady-state error. Once these 

values were set, the integral gain 𝐾𝑖 was introduced to 

further reduce the steady-state error. However, the 

inclusion of the integral term caused small oscillations 

around the setpoint, especially when the system 

approached convergence. To address this, 𝐾𝑝 was slightly 

reduced, and a constraint was added to the control output: 

when the steady-state error fell below 0.1°, the PWM 

signal was forced to 0%. This prevented the controller from 

applying small corrective actions that could lead to 

persistent oscillations due to the integral effect. 

Through this tuning method, the system achieved a fast 

and stable response with minimal steady-state error. The 

final controller parameters selected for the system were: 

• Proportional gain 𝐾𝑝 = 7.4; 

• Integral gain 𝐾𝑖 = 12.76; 

• Derivative gain 𝐾𝑑 = 0.17. 

Through this tuning approach, the research team aimed 

to achieve minimal steady-state error while maintaining 

fast dynamic response, thereby demonstrating the 

effectiveness of a carefully tuned PID controller in systems 

characterized by low inertia and high transmission ratios. 

4. Result and Discussion 

Figure 10 presents the first prototype of 2 d.o.f. VR 

chair. The two motors will be fixed underneath the base of 

the entire model. The output shaft of each motor will be 

coupled with two shaft support components to connect to a 

single spherical joint. The moving platform on top will also 

be equipped with a spherical joint on each side. Thus, the 

spherical joint on each side of the moving platform will be 

connected to the corresponding spherical joint attached to 

the motor via a connecting bar. 

 

Figure 10. Prototype of the 2 d.o.f. moving platform 

An experiment was conducted by selecting four tilt 

positions in sequence and inputting them into the computer. 

These values were then used to calculate the desired set-

points for the rotation angles of each motor. The moving 

platform was controlled to sequentially move through the 

four tilt positions, pausing for approximately a half of second 

at each desired tilt position to allow the system to stabilize 

before transitioning to the next position. During the 

experiment, an accelerometer is mounted on a board that is 

fixed to the underside of the moving platform (Figure 11). 

This sensor was used to measure the tilt angles of the moving 

platform (the measurements served only for verification and 

did not influence the control process). The data displayed on 

the graph included the set-points for the motor rotation 

angles, the response process of the motors to achieve these 

set-points, and the tilt angles of the moving platform. 

 

Figure 11. Accelerometer placement 

The four tilt positions of the model correspond to the 

following set-points for the rotation angles of the two 

motors: 

First position: 

{
𝑅𝑜𝑙𝑙 = 𝜃1 = 20°
𝑃𝑖𝑡𝑐ℎ = 𝜃2 = 0°

 → {
 𝜃01 = 11°
𝜃02 = 52°

 

Second position: 

{
𝑅𝑜𝑙𝑙 = 𝜃1 = 0° 

𝑃𝑖𝑡𝑐ℎ = 𝜃2 = −25°
 → {

 𝜃01 = −42°
𝜃02 = 42.4°

 

Third position: 

{
𝑅𝑜𝑙𝑙 = 𝜃1 = −20°
𝑃𝑖𝑡𝑐ℎ = 𝜃2 = 0° 

 → {
 𝜃01 = −49.6°
𝜃02 = −12°

 

Fourth position: 

{
𝑅𝑜𝑙𝑙 = 𝜃1 = 0° 
𝑃𝑖𝑡𝑐ℎ = 𝜃2 = 20°

 → {
 𝜃01 = −0.2°
𝜃02 = 0.7°

 

The results indicate that, with the PID controller, the 

motor response performs well with a steady-state error 

remaining (≤ 0.1°). However, occasional minor overshoots 

still occurred (≤ 0.5°). Regarding the accuracy of the model’s 

tilt position, as measured by the accelerometer sensor, the 

total error for both the roll and pitch angles is ≤ 5°. However, 

the results obtained from the accelerometer may not be highly 

reliable, as they are influenced by various external factors. 

These include sensor inaccuracies, mechanical uncertainties 

inherent in the structure, and potential misalignment or 

instability in sensor mounting during operation. 

To provide a clearer understanding of the system scale 

and technical parameters, Table 2 summarizes key 

specifications, including physical dimensions, mass, tilt 

angle range. The system is built at approximately a 1:4 

scale compared to a full-sized VR chair, serving primarily 

as a mechanical training model. While this study focuses 

on kinematics and control implementation, practical 

applications will require further consideration of dynamics, 

load capacity, structural strength, safety standards, and 

realistic transmission solutions, which are critical for 

developing a commercial VR chair. 
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Table 2. System Technical Specifications  

No. Parameter Specification 

1 Dimensions (L×W×H) 30 cm × 27 cm × 26 cm 

2 Scale Ratio 1:4  

3 System Mass 3.9 kg 

4 Tilt Angle Range ±25° 

5 Estimated Load Capacity 8 kg  

 

Figure 12. The motor rotation angles 

 

Figure 13. The tilt angles of the moving platform 

5. Conclusions 

In this paper, we present a general method for the 

determination of inverse kinematics of parallel motion 

platforms that are used in Virtual Reality. The first 

experiments demonstrate the ability of the system to follow 

changes in the reference trajectory in real time although 

response latency exists. The result shows the potential for 

using this approach to build human-scale VR chairs. 

Unlike previous studies that primarily focused on 

theoretical models or simulations, this work emphasizes 

the practical implementation of a 2-DOF parallel 

mechanism, featuring real-time control and sensor-based 

feedback. Predictive control algorithms should be 

investigated in the future in order to improve the 

smoothness of the platform motion when the latter is in 

interaction with the VR simulator.  
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