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Abstract - Direction of Arrival (DoA) estimation is a fundamental
task in array signal processing, essential for applications such as
radar, sonar, and wireless communications. To reduce hardware
complexity, cost, and power consumption, low-resolution analog-
to-digital converters (ADCs) have been widely adopted, especially
in multi-antenna systems. This paper focuses on analyzing DoA
estimation techniques designed for systems employing low-
resolution ADCs. It derives the Cramér-Rao Lower Bound (CRLB)
to assess the theoretical performance limits of these methods.
Through simulations, the study demonstrates that using ADCs with
2 to 3 bits of quantization achieves an excellent balance between
performance and hardware efficiency, making them a practical
solution for many modern systems. These findings offer valuable
insights for the design of energy-efficient and cost-effective
communication and sensing platforms.

Key words - DoA; low-resolution ADC; MUSIC; SPICE;
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1. Introduction

Direction of Arrival (DoA) estimation techniques play
a pivotal role in array signal processing, with critical
applications spanning fields such as radar, sonar, and
wireless communications [1, 2]. Traditional DoA
estimation methods typically assume high-resolution
digitized signals obtained from ADCs with many
quantization bits. However, the manufacturing cost and
power consumption associated with analog-to-digital
converters (ADCs) increase significantly as the
quantization bits and sampling rate rise. When deployed in
systems requiring multiple ADCs, such as multi-antenna
receivers, both cost and energy consumption become
severe issues [3, 4].

In recent years, there has been a growing trend toward
designing receivers with low complexity, utilizing low-
resolution ADCs to meet demands for wide bandwidth and
reduced cost/power consumption [5, 6]. This approach
enables receivers to operate at higher sampling rates with
significantly lower implementation overhead compared to
conventional high-resolution ADCs [3]-[6]. However,
coarse quantization of received signals leads to substantial
loss of amplitude and phase information, thereby
complicating signal processing and parameter estimation
tasks [3], [7]-

Tém tit - Udc lugng hudng dén (Direction of Arrival — DoA) la
mot nhiém vu ¢t 161 trong xir 1y tin hiéu mang, déng vai tro thiét
yéu trong cac img dung nhu radar, sonar va truyén thong khong
day. D& giam do6 phiic tap phan cimg, chi phi va tiéu thu dién
ning, cac bd chuyén dbi trong ty—sd (ADC) c6 d6 phan giai thap
da dugc ing dung rong rai, dac bi¢t trong cac hé théng da ang-
ten. Bai bdo nay tap trung phan tich cac ky thuat uéc lugng DoA
danh cho c4c h¢ théng st dung ADC d6 phan giai thip. Dong thoi,
n6 ciing xay dyng biéu thirc giéi han dudi Cramér—Rao (CRLB)
nhim déanh gia gidi han hiéu sut ly thuyét cua cac phuong phap
nay. Két qua md phong cho thdy ring viéc sir dung ADC voi 2
dén 3 bit lwong tir hdéa mang lai s cén bang t6i wu giita hidu suét
va hiéu qua phan clng, tr¢ thanh lua chon thuc ti&n cho nhiéu hé
théng hién dai. Két qua nay cung cip goi ¥ trong thiét ké cac nén
tang tiét kiém nang luong va chi phi.

Tir khoa - DoA; low-resolution ADC; MUSIC; SPICE; Bartlett;
CRLB

In [8], a DoA estimation method was proposed
DoA estimation for 1-bit ADC systems with deterministic
signals, based on sparse matrix recovery. Similarly,
for 1-bit ADCs, [9] introduced a lower bound for
DoA estimation. Studies [10, 11] evaluated DoA
estimation methods for systems with low-resolution and
mixed-resolution ADCs. Additionally, machine learning-
based DoA estimation techniques have been proposed
n[12].

Motivated by these challenges, this paper evaluates
common DoA estimation algorithms applicable to low-
resolution ADC systems. Furthermore, the Cramér—Rao
Lower Bound (CRLB) is derived to assess the fundamental
performance limits of these techniques.

The notations used in this paper are as follows:
Lowercase and uppercase bold letters denote vectors and
matrices, respectively. CV*™ denotes a complex matrix of
size N x M and I represents an M x M identity matrix.
[X|, X", and tr(X) represent the absolute value, Hermitian
transpose, and trace of matrix X, respectively. E[-] and
[I-Il denote expectation and Euclidean norm. A complex
random vector or matrix z with mean y and variance o2 is
denotedasz ~ CN (u,d?). diag() extracts the diagonal of
a matrix into a vector or converts a vector into a diagonal
matrix.
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2. System model
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Figure 1. System model

Consider the system illustrated in Figure 1, which
consists of a uniformly spaced linear array (ULA) with M
elements, impinged by K (K < M) independent
narrowband sources sharing the same carrier frequency f.
Let d denote the inter-element spacing, A the wavelength,
0, the angle of arrival from the k-th source, and the
steering matrix

A= [3(91), 3(92), ey a(QK)]T € (CMXK, where

.2mdsiny, 22m(M—1)dsinfy, T
]

a(6,) =10, 2 ,..,e Pl . (1)

Let s, (n) be the signal from the k-th source at time n,
assumed to be independent and Gaussian-distributed with
zero mean and variance o2. The received signal can be
modeled as:

y(n) = Xi=1a(6)sc(m) +v(n), ()
where v(n) is additive white Gaussian noise (AWGN) with
zero mean and variance o2

Assuming each antenna element is equipped with a
low-resolution ADC, the analog received signal is
quantized by separately comparing its real and imaginary
components with predefined thresholds. For the special
case of a 1-bit ADC, each component is quantized to the
sign of the input, resulting in a binary representation. The
quantized output at the mmm-th antenna is expressed as:

Yq () ay(n) +v,(n)
= aXYr_.ia(0)s(n) + av(n) +v, (n)’(3)
Where a=1-pf is the attenuation factor,
_ ]E[||y‘yq||2] . o
= W represents the ratio between quantization

error variance and input variance (ADC distortion), and v,
is quantization noise assumed to be Gaussian
(e (o, R,,q)). The values of § can be determined based on
the quantization bits as in [13]. For fixed channel
identification, let R;, be the covariance matrix of the k-th
source signal, from (3), the covariance matrix of the post-
ADC signal can be calculated as:

R, = a°Ry, + Ry, I, 4)
where

R,, = diag(Xi-1(02a(6;) a" (6;) + oDly).  (5)

and R, = Bdiag(R,,). 6)

3. Common DoA estimation algorithms

In this section, we introduce several popular DoA
estimation algorithms, which will be evaluated in
subsequent sections.

From the post-ADC received signal ADC yg,(n), the
estimated covariance matrix is computed as:

1
qu = N g:l yq (n)y{; (n) @)
3.1. Bartlett algorithm

The Bartlett algorithm [14] is a simple method based on
the beamforming spectrum, which calculates the output
power of the beamformer for each possible direction to
identify the signal direction.

From the estimated ADC covariance matrix, the
Bartlett spectrum for each angle is determined by:

Ppartiert(0) = a” 9) l’-iqq a(9). (8)
From (8), the peaks of Pggps10:: (0) indicate the angles

of arrival 6, corresponding to the incoming signal
directions.

The Bartlett algorithm is characterized by low
computational complexity and ease of implementation,
making it attractive for practical applications. For Gaussian-
distributed signals, Bartlett can provide accurate and stable
direction-of-arrival (DoA) estimates, particularly when the
number of snapshots is sufficiently large.

Nevertheless, its performance degrades in the presence
of noise, often leading to biased or inconsistent estimates.
In scenarios involving non-Gaussian data, limited sample
sizes, or nonlinear signal models, the Bartlett method
becomes less effective and may fail to capture the
underlying signal structure reliably.

3.2. ESPRIT algorithm

The ESPRIT (Estimation of Signal Parameters via
Rotational Invariance Techniques) algorithm exploits the
signal subspace structure to estimate the Direction of
Arrival (DoA) without spectrum scanning [15]. This
method relies on the rotational invariance property of the
array to achieve this.

From the covariance matrix, eigenvalue decomposition
is performed to identify the signal subspace Eg, which
corresponds to the K largest eigenvalues.

R,, = E,AEY + E, AL El, 9)

where Eg € CY*K is the signal subspace. ESPRIT divides
E; into two subarrays with rotational invariance structure
E;, and E;,. For a ULA, the two subarrays can be the first
M — 1 and last M — 1 elements of E;.

The matrix W is determined such that E;; ¥ = E;,, i.e.,
¥= E;1Esz- (10)
where E}; is the pseudoinverse of E,;. Further eigenvalue

decomposition of W yields ¢, the eigenvalues of ¥, from
which 6, is computed as::

arg(¢r)
o) (an

The ESPRIT algorithm offers high estimation accuracy
and is particularly robust under noisy conditions. It is

0, = arcsin(
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capable of resolving closely spaced sources and avoids
exhaustive parameter-space searches, thereby reducing
computational complexity. In addition, ESPRIT
demonstrates strong performance when applied to complex
or correlated signal models.

Despite these advantages, ESPRIT generally requires a
relatively large number of sensors or a sufficiently large
array aperture to achieve desirable accuracy, which may
limit its practicality in constrained systems. Furthermore,
when impinging signals are correlated or not statistically
independent, the method can suffer from performance
degradation and may yield biased estimates.

3.3. SPICE algorithm

The SPICE (Sparse Iterative Covariance-based
Estimation) algorithm is an advanced method for DoA
estimation in radar, sonar, or wireless communication
systems [16].

SPICE is a convex optimization-based approach that
reconstructs the covariance matrix from a sparse signal
model. This algorithm does not require prior knowledge of
the number of sources and performs well even at low
signal-to-noise ratios (SNR).

Assuming the transmitted signals only exist at certain
angles (sparsity), the covariance matrix can be expressed as:

R = APA” + ¢, (12)
Where, A is the steering matrix, P is a diagonal matrix
containing the source powers, and o2 is the noise power.

SPICE solves the following convex optimization
problem to find the spectrum P:
(APAY + 621 || (13)

This problem is solved using iterative methods. The
higher the number of iterations, the greater the accuracy of
SPICE, albeit with increased algorithmic complexity. Once
P is obtained, the angles corresponding to the largest py
values are selected as the DoA estimates.

min || R —

The SPICE algorithm is capable of delivering accurate
DoA estimates, particularly in scenarios involving multiple
impinging sources. It exhibits robustness against noise,
thereby maintaining estimation consistency, and is
relatively straightforward to implement without requiring
stringent assumptions about the signal or noise
environment.

On the other hand, SPICE typically demands a large
number of sensors or snapshots to achieve optimal accuracy,
which may limit its feasibility in resource-constrained
systems. Moreover, the method can experience difficulties
when faced with incomplete data or heterogeneous
covariance structures. Another drawback lies in its iterative
optimization framework: parameter tuning is nontrivial and
often requires substantial domain expertise to ensure stable
convergence and reliable performance.

3.4. MUSIC algorithm

The MUSIC (MUltiple SIgnal Classification) algorithm
is a subspace-based method that utilizes the noise subspace
to achieve high-resolution DoA estimation [17].

Similar to ESPRIT, MUSIC performs eigenvalue

decomposition of ﬁqq to identify the noise subspace E,,,
corresponding to the M — K smallest eigenvalues. Since
a(0k) is orthogonal to the noise subspace: a’ (6, )E, = 0,
from (7), the MUSIC spectrum is defined as:

1
Puusic(9) = rg ey (14)

In (14), E,E! is the projection matrix onto the noise
subspace. When 6 = 6, the denominator approaches zero,
resulting in prominent peaks in Pyygc(6). The noise
subspace E,, contains information about directions with no

signal. When 6 coincides with the true direction 6,, a(0) is
orthogonal to E,,, leading to a peak in the MUSIC spectrum.

To estimate 6y, scan 8 over the range [—90°,90°] and
select the K largest peaks in Pyygic(6), corresponding to
the angles of arrival.

MUSIC is a powerful and accurate method for DoA
estimation. It can resolve signals arriving from closely
spaced directions, which is crucial in practical applications.
Additionally, MUSIC performs effectively with a
relatively small number of sensors and is applicable to
various signal types and models, including non-
homogeneous signals.

However, MUSIC may require complex computations
and long execution times, especially for large-scale
problems. Its application depends on the specific
characteristics of the problem and the data.

4. CRLB formula

In this section, we derive the Cramér-Rao Lower Bound
(CRLB) for DoA estimation in systems with low-
resolution ADCs. To obtain the CRLB, the Fisher
Information Matrix (FIM) must first be determined.
According to [9, 18], the FIM is computed based on the
log-likelihood function of the observed data y,(n).

Since y(n) ~ €N (0,R,,) (as s(n) and v(n) are
Gaussian), and v,(n) is also assumed to be Gaussian,
yq(n) is Gaussian. The probability density function of

y,(n) is given by:
p(y,(m)|6) = mexp (—yc’f(n)Raéyq(n))- (15)

For N independent samples, the log-likelihood function
(£ = logp(y, (n)|9) ) is defined as:

L= —Mlogm —logdet(Ryq) — ¥q(m)"Rygyq(n). (16)

The FIM is defined by [17]:
aL ar

F(©)y = E [5r (17)
We have:

oL _ ologdet(Rqq) ] -

o=~ — (v, () Ry, (). (18)

dlogdet(Rqq) _10Rqq
Where 8, (qu 29, )

a -
and 52- (v, (" Rgiye (M) = —yq (" R3} TRyl (n).
Thus,

a _ _
26 (R‘W 26, )+yﬁ(n)Hqu a;q Ry, ().

(19)
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Using the Slepian-Bangs formula for Gaussian signals,
the FIM is given by:

0Rgq _q OR

F(0), :Nﬁe{tr(quF‘qu q,}?qjq)}, 20)
From equation (4), we have:

ORgq _ 5 9Ryy a diag(Ryy)

a0, % e, +h 20; @D
Where:
ORyy _ 2 (9a(6;) H aall(6))

a0, 7 ( a0, 400" +a®) =5, )

and
aa(Gl)_]ZHd
96, A

J2md sin 6;
cos 6; [O,le p) Lo, (M

j2nd . ‘T
—pen M0 ga(e).

Once the FIM is determined, the CRLB for 6, is the
minimum achievable variance of any unbiased estimator of 8, :
CRLB(8) = [F~*(®)]kk- (22)

Here, F(0) is a K X K matrix with each element
computed as in (20).

5. Results and discussion

In this section, we conduct various simulation scenarios
to evaluate DoA estimation techniques using low-
resolution ADC data. The simulations are implemented in
Python, utilizing the numpy and scipy libraries for
computation, and matplotlib for visualization.

The simulation parameters are presented in Table 1.
In all experiments, 1000 random data samples (channel
realizations) are generated.

Table 1. Simulation setup parameters.

Parameter Value
The number of antenna M 8, 64, 128
The number of snapshot N 32
Distance between antennas d /2
True DoA 6 15, 30, 45
Signal to noise ratio SNR -10-20dB

Figure 3 compares DoA estimation techniques for angle
0 = 459 in systems with 4-bit ADCs and M = 8, 64 at
SNR = 20dB. The results indicate that ESPRIT fails to
provide reliable DoA estimates in systems employing low-
resolution ADCs. Heavy quantization causes severe
distortion of both phase and amplitude information, which
undermines the algorithm’s assumptions. Since ESPRIT
depends on accurate characterization of the signal subspace
and the rotational invariance property between subarrays,
coarse quantization prevents the estimated covariance
matrices from preserving the true spatial relationships
among antenna elements. Moreover, the covariance matrix
R4 tends to be ill-conditioned under coarse quantization,
which severely affects eigenvalue and eigenvector
analysis, thereby reducing ESPRIT's accuracy. Bartlett,
SPICE, and MUSIC exhibit spectrum energy concentrated
at the angles of arrival. As the number of antennas
increases, these methods yield increasingly accurate
estimates.

0 —— MUSIC (Est: 44.87°)
—©- SPICE (Est: 44.87°)

—5 1 -+ Bartlett (Est: 44.87°)
ESPRIT (Est: 4.44°)

—10 = Theta True
o "

—15 4

—20 7

Spectrum (dB)

—25 4

—30 4

35 4

—40 -

T T T T T T T
=75 —50 —25 0 25 50 75

Angle (degrees)
a)M=8
01 —— MUSIC (Est: 44.87°)
—©- SPICE (Est: 44.87°)
—5 1 --+- Bartlett (Est: 44.87°)
ESPRIT (Est: -29.82°)
—10 | = Theta True

—15 4

—20

Spectrum (dB)

s | g

| H
l'«.a-l@!kq)ﬂ-awq.\ﬂ-ui !
30 1 BT yilite
'k{f‘ﬂ‘- li ’ !_;ngbl'\q
I i 98
—35 7 \
$ 9
_a0d o .
7':'5 7é0 7‘25 tl) 2‘5 5‘0 7‘5
Angle (degrees)
b) M=64

Figure 3. DoA estimation techniques with arrival angle
8 = 45° in 4-bit ADC system with M =8.
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Figure 4. RMSE is a function of the number of quantized bits
with SNR = {0, 20}dB, 6 = 30°

Figures 4 and 5 compare DoA estimation algorithms
with respect to quantization bits and SNR for angle
0 = 30%n ADC systems. In both figures, SPICE and
Bartlett provide more accurate estimates than MUSIC, as
they are less sensitive to loss of phase/amplitude
information. Figure 5 also presents the CRLB together with
the evaluated estimation methods. As the SNR increases,
the RMSE decreases, reflecting improved estimation
accuracy. Under coarse quantization, MUSIC exhibits
inferior performance compared to Bartlett and SPICE.
Nevertheless, at high SNR and in scenarios where
quantization is less severe, MUSIC can be advantageous
due to its superior angular resolution, particularly when
combined with algorithmic enhancements. Furthermore,
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the persistent performance gap between DoA estimation
methods in low-resolution ADC systems and the CRLB
highlights opportunities for developing improved
techniques to narrow this gap, representing an open avenue
for future research.

Performance with 1-bit ADCs (M=128, N=32)
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Figure 5. Evaluation of DoA Estimation Techniques in
SNR with b= 3 bit, § = 30°
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Figure 6. Performance loss as a function of SNR
Figure =~ 6  depicts the performance loss
CRLB
n, = 101log,, 2 (dB)theo SNR versus SNR for

CRLBoo
different quantization bit values b in the ADC system.
From the figure, it can be seen that the performance loss
factor 7, increases with SNR for a fixed number of
quantization bits. For 1-bit ADCs, the performance loss is
more than 2 dB compared to other cases across all SNR
values. In the low-SNR regime, 2-bit ADCs can be used,
while in the high-SNR regime, ADCs with higher
quantization bits (4 or 5 bits) are recommended. Thus, for
most applications with moderate SNR, 2- or 3-bit ADCs
are optimal.

6. Conclusion

In this paper, we review common DoA estimation
algorithms and derive the Cramér—Rao lower bound
(CRLB) for systems employing low-resolution ADCs.
Simulation results demonstrate that MUSIC, SPICE, and
Bartlett methods exhibit degraded accuracy under coarse
quantization, indicating room for further enhancement.

Moreover, the findings suggest that employing ADCs with
2-3 quantization bits offers an effective balance between
estimation performance and hardware efficiency.
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