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Abstract - This study addresses a routing problem at a last-mile
company in Vietnam. It proposes using a machine learning
technique-Nearest Neighbor Search-to identify the most similar
known solution, which is then used as the initial solution for a
branch-and-bound algorithm. Firstly, the machine learning
investigated a dataset of 500 pre-solved problems to find
solutions for new problems. Then, the solution found is fed to the
solver as a hint. The experimental results indicate that the
algorithm can retrieve solutions for similar cases in just a few
milliseconds. For entirely new problems, the method reduces
computation time compared to the traditional branch-and-bound
algorithm. This significant improvement in efficiency
demonstrates the method’s practical value in real-world logistics
operations. The combination of machine learning and classical
optimization in this approach shows promise for enhancing
decision-making processes in the logistics industry, particularly
in scenarios requiring rapid and reliable route planning.

Key words - Vehicle routing problem; branch-and-bound;
machine learning; advanced start; nearest neighbor search

1. Introduction

The Capacitated Vehicle Routing Problem (CVRP) is
one of the variants of the Vehicle Routing Problem (VRP),
which is widely applied in last-mile delivery [1-3]. As
shown in Figure 1, the CVRP shares the same concept as
VRP while considering the capacity of the fleet for serving
a set of customers, aiming to minimize the total route cost
while ensuring that each customer's demand is met without
exceeding vehicle capacities [4-7]. CVRP is beneficial for
last-mile delivery since it improves operational costs and
service quality [8-10]. Due to its importance, there is an
investment in skilled professionals to design intelligent
systems that can minimize both transportation and storage
expenses, as well as computational resources [2, 11]. As a
result, scholars have developed methods to address VRP
and its variants, such as Simulated Annealing [4], Data-
driven optimization [3], Local search [2], Integrated
machine learning for optimization [12], etc.

This study presents a framework combining historical
data with optimization techniques to improve the quality of
routing solutions and contextual relevance. The proposed
approach highlights the trade-off between computational
time and solution quality, offering practical benefits in
terms of both operational efficiency and cost reduction. Its
effectiveness is demonstrated through experiments on a
real-world dataset.

Tom tat - Nghién cuu nay tap trung Vao giai quyet bai toan
dinh tuyén tai mot cong ty giao chang cubi ¢ Viét Nam. Phuong
phap duoc dé xuét sir dung mot k¥ thuat trong hoc may — Tim
kiém lan can gén nhit (Nearest Neighbor Search) — dé xac dinh
161 giai phu hop nhét tir cac bai toan twong tu d3 bidt, 1am co
s& tim kiém t6i wu trong giai thuat phan nhanh va chan. Dau
tién, hoc may dugc st dung dé phan tich va khai thac b¢ dir
liéu gdm 500 bai toan da giai l[am co s6 dbi chiéu nham tim
klem loi glal gan nhat cho bai todn méi. Loi giai nay dugc cung
cap cho phin mém tbi wu nhu goi ¥ ban dau. Thyc nghiém cho
thay thudt toan co thé xac dinh 101 giai cho bai toan tuwong ty
chi trong vai mili gidy. Pdi v&i cac bai toan méi, phuong phap
dé xuét giup tiét kiem thoi gian giai so v6i giai thuat phan
nhanh va chin truyén théng. Nhitng két qua nay cho thiy thuat
toan d& xuét c6 hidu qua cao va tinh ung dung tbt trong giai
quyét cac bai toan thuc tién.

Tw khpa - Bai toan dinh ,tuyén; phén‘nhénlr‘n va chén; hoc may;
khoi dau nang cao; tim kiém lan cén gan nhat

Figure 1. Vehicle routing problem

The key contributions of this study are as follows:

- A historical dataset of problem instances and
corresponding solutions from a last-mile delivery company
is constructed, serving as a reusable knowledge base for
future routing tasks.

- A novel framework is proposed that incorporates a
machine learning model and a Nearest Neighbor Search
algorithm to retrieve relevant problem instances from the
database based on similarity to a new problem.
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- An advanced start strategy is employed to enhance the
quality of initial solutions, which are then used to update
and enrich the knowledge database.

2. Background
2.1. Capacitated Vehicle Routing Problem

The Vehicle Routing Problem (VRP), a well-known
NP-hard problem, was first introduced by Dantzig and
Ramser [13]. Solutions to the VRP and its variants are
generally categorized into two types: exact and
approximate, which can be seen in selective research.

Tiwari and Sharma [2] addressed vehicle routing
problems with capacity constraints. This study compares
heuristic algorithms-Intra-Route Local Search, Inter-Route
Local Search, and Tabu Search-showing that while Tabu
Search performs best on larger problem instances, local
search methods are more efficient for smaller instances.
ilhan [4] proposed an enhanced simulated annealing
algorithm incorporating crossover operators (ISA-CO) for
the CVRP problem. Tested on 91 benchmark instances,
ISA-CO outperformed several state-of-the-art methods
across many cases, demonstrating its effectiveness.
Altabeeb et al. [14] addressed a CVRP by using a
Cooperative Hybrid Firefly Algorithm (CVRP-CHFA) that
incorporates multiple firefly populations. Experimental
results on 108 benchmark instances demonstrate that
CVRP-CHFA outperforms several existing hybrid firefly
algorithms and delivers competitive performance
compared to current methods. Chi et al. [15] investigated
the 3D Loading Capacitated Vehicle Routing Problem
under a relocation-ban constraint, proposing two improved
relocation strategies to balance transportation cost and
operational complexity. Using a mixed-integer linear
programming model and an enhanced branch-and-price
algorithm, the study demonstrates that allowing necessary
relocations improves volume utilization by an average of
3.75% (up to 36.48%) and reduces total transportation cost
by an average of 4.86% (up to 13.08%) in large-scale
benchmark instances.

Luo and Li [16] presented a deep reinforcement
learning framework combining a residual graph
convolutional encoder and multiple attention-based
decoders to solve CVRP. By using numerous decoder
strategies and achieving solution quality, the framework
was efficient in solving large-scale instances, the
CVRPLIB benchmarks, and a real-world Jingdong
Logistics distribution problem. Hao et al. [17] addressed
capacitated vehicle routing problems with time windows
(CVRPTW) on a road network. The objective is to
minimize total operational costs while meeting delivery
time constraints. A novel three-stage algorithm combining
dynamic programming and a modified insertion heuristic
efficiently solves the model. Numerical experiments
demonstrate significant cost savings and improved energy
efficiency from platooning, validating the practical
benefits of the proposed approach. Liu et al. [18] proposed
an Adaptive Genetic Algorithm with Elastic Strategy
(AGA-ES) to effectively solve dynamic -capacitated
vehicle routing problems (DCVRPs), adapting to changes

such as node increases, decreases, and road condition
variations. Experimental results show AGA outperforms
traditional methods on static CVRPs. At the same time,
AGA-ES successfully handles dynamic demands,
demonstrated through benchmark datasets and a real-world
case with 100 SF express stations in Xi’an. Kyriakakis et
al. [19] proposed a Hybrid Tabu Search - Variable
Neighborhood Descent (HTS-VND) algorithm for the
Cumulative Capacitated Vehicle Routing Problem with
Time Windows (CCVRPTW) and its variant without time
windows (CCVRP). Tested on 92 CCVRP instances, HTS-
VND matched the best-known solutions in 84 cases and
found new best solutions in two. For 56 CCVRPTW
instances, HTS-VND outperformed two benchmark
algorithms, achieving the specified number of vehicles in
41 instances and providing new solution cost data not
previously reported.

2.2. Advanced Start for Vehicle Routing Problem

In combinatorial optimization problems like the VRP,
the quality of the initial solution plays a critical role,
especially in metaheuristic and hybrid approaches. An
“advanced start” refers to generating a more informed or
higher-quality initial solution to accelerate convergence
and improve final solution quality. Unlike random or
greedy starts, advanced starts incorporate domain
knowledge, heuristic logic, or data-driven strategies [20,
21]. Some scholars have reported such as Alesiani et al.
[22] proposed a Constrained Clustering Capacitated
Vehicle Routing Solver (CC-CVRS). This method reduces
problem complexity by transforming the CVRP into a soft-
clustered version while preserving original constraints,
enabling faster solutions with small optimality gaps.
Experimental results show that CC-CVRS can solve large
instances in seconds, making it suitable for near real-time
applications or as a warm-start strategy for exact solvers.
Alkaabneh et al. [23] addressed the inventory routing
problem for perishable goods to maximize supplier profit
while minimizing fuel, inventory holding costs, and
greenhouse gas emissions. A Benders decomposition-
based exact method is proposed, enhanced by acceleration
techniques including valid inequalities and a GRASP-
based warm-up strategy. Computational results on large-
scale instances demonstrate both high solution quality and
efficiency, with 2—11% fuel savings when using a detailed
fuel consumption model compared to traditional distance-
based models. Aguayo er al. [24] explored the Vehicle
Routing Problem with Transfers (VRP-T), an extension of
the Split Delivery VRP (SDVRP), where customer
locations can also serve as transfer points for exchanging
loads between vehicles. A two-index mixed-integer
programming (MIP) model, supported by a heuristic
warm-start approach, is developed to solve the problem.
Computational results show that allowing transfers can
reduce routing costs by up to 50% and is at least as
effective as split deliveries in minimizing costs and vehicle
usage. Najy et al. [25] investigated the integration of
collaborative truck—drone delivery into the Inventory
Routing Problem (IRP), proposing a novel IRP with
Drones (IRP-D) model. A mixed-integer linear
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programming formulation and a branch-and-cut exact
solution method are developed and supported by a heuristic
based on the classical IRP. Computational results
demonstrate that the proposed heuristic performs
effectively both independently and as a warm-start for the
exact solver, highlighting the operational benefits of
incorporating UAVs into inventory routing. Fragkogios et
al. [26] addressed the Multi-Trip Time-Dependent Vehicle
Routing Problem with Time Windows (MTTDVRPTW)
by proposing a reduced-size reformulation solved through
an accelerated Benders decomposition algorithm. The
method incorporates novel valid inequalities and a warm
start strategy to tighten bounds and reduce infeasibility in
the master problem. Computational results demonstrate
that the proposed approach outperforms non-decomposed
models and existing heuristics in both efficiency and
solution quality.

Despite the progress, several gaps remain. First, there
is a lack of generalized frameworks for generating
advanced starts across VRP variants. Second, data-driven
methods remain underutilized, especially for large-scale or
dynamic VRPs. Lastly, many advanced start strategies are
still designed manually, suggesting potential for more
automated or adaptive systems in future research.

3. Methodology
3.1. Mathematical model

This section presents a typical CVRP that is used in this
research [27]. There is a set of customers V = {1, 2,..., n},
and a depot node 0. The nodes generate a complete graph
G=(V U {0}, E).

Parameter:

- djj: cost (or distance) from node i to node j;

- ¢: cost per km;

- Tr: cost per truck;

- Dj: demand of customer I;

- Q: capacity of each vehicle;

- K: number of vehicles (optional, assume enough
vehicles).

Decision Variables:

- xij € {0,1}: 1 if the arc from node i to node j is used,
0 otherwise;

- ui: Load or position the vehicle in the route upon
arriving at customer I,

- To manage the complexity of the study, the following
simplifying assumptions have been made;

- Each customer’s order must be delivered by a single
vehicle; no splitting of deliveries is allowed;

- Once delivery routes are assigned, they remain
unchanged; any new orders will be scheduled in future
delivery cycles.

The model does not account for pickups, product
returns, or customer complaints.

- Variations in load size, vehicle capacity, and
warehouse constraints are not considered;

- Backhauling activities are excluded from the analysis;

- The study assumes a deterministic setting, with no
random or uncertain factors involved.

Objective
Minimize:
i=n j:n j:n
cx Z Z djjxx; +Trx Z Xoj
i=0 j=0 =1
Subject to:
Each customer is visited exactly once:
|
inJ:l Vi=1,.,n (D
=0
1=n
Z xii=1 Vi=1,.,n )

i=0
Vehicle flow conservation at the depot:
j=n

D xpK 3

=1
i=n

> xosK “)
i=1
Subtour elimination (MTZ constraints):
wi-uy+Qxx;<Q-D; Vi#£j,i,j€{l,...n  (5)

Di<u<Q ViE{l..n}  (6)
Binary constraints:
xij €{0,1} Vi j €{0,...,n} (7

3.2. Nearest Neighbor Search

Nearest Neighbor Search (NNS) is one of the
fundamental techniques in machine learning used to
identify data points in a high-dimensional space closest to
a given query point. The main idea is to measure the
similarity or distance between data points using metrics
such as Euclidean distance or cosine similarity [28].

Let X = {x), x2,..., x,} < R be a dataset of n points in a
d-dimensional Euclidean space, and let g be a query point
in RY,

The goal of Nearest Neighbor Search (NNS) is to find:

x*:argmin(x[EX)dist (q, x;)

Where dist: R? xRY Ry is a distance metric. Common

choices include:

Euclidean distance:
12

d
. 2
dist(q, x)=lla-xill:=| Y (4 = xy))
j=1

Cosine distance:
<qsxi)

llqll>11xill
Manhattan distance:

d
dist(q, x)=lla-xilli= ) la-x;]
=1

dist(q, x;)=1-
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3.3. Advanced start methodology

When solving Mixed Integer Programming (MIP)
problems, optimization solvers such as Gurobi or IBM
CPLEX can leverage user-provided initial solutions-
commonly referred to as MIP starts, warm starts, or
advanced starts. These inputs consist of partial or complete
sets of variable assignments representing candidate
solutions, which may originate from prior problem
instances or domain-specific heuristics. While MIP starts
may correspond to feasible solutions, feasibility is not a
strict requirement; solvers can also utilize incomplete or
infeasible MIP starts to guide the initial stages of the search
process and potentially accelerate convergence.

Start of the process

Define Problem Instance

k.

Generate Initial Solution
Q
@@ Nearest Neighbor Search
4 find the similar problems
Validate Initial Solution
2 - Check feasibility
= - Ensure variable names match model
£ - Ensure domains respected
]
2
3
2
=]

No

Inject into CPLEX

Use MIP start API:
- IloCplex.addMIPStart(...)
- Specify StartEffort:
e.g., Repair, CheckFeas, NoCheck

l

Solve problem by advanced start

CPLEX uses warm start to:
- Begin from initial incumbent
- Reduce root node search effort
- Potentially skip some branching

l

Output & Analysis

- Compare runtime vs cold start
- Save new incumbent
- Optionally reuse in next solve

Figure 2. Advanced start methodology

Figure 2 illustrates a workflow that integrates Nearest
Neighbor Search (NNS) as a mechanism for knowledge
reuse in solving MIP problems. The process begins with
the arrival of a new problem instance, typically
characterized by a set of customers and their associated
demands. Subsequently, an initial feasible solution is
retrieved from a repository of previously solved,
structurally similar problems. This candidate solution
undergoes a rigorous validation stage to confirm its
feasibility, ensure full compliance with the variable naming
conventions of the model, and verify adherence to the

prescribed variable domains and integrity conditions.
Solutions that fail validation are either refined or replaced
through iterative regeneration, with the database being
updated accordingly. Once validated, the solution is
checked by the user; if they are accepted, this solution will
become the solution for the new problem; otherwise, the
solution is injected into CPLEX using the MIP start
interface (e.g., IloCplex.addMIPStart(...)), accompanied
by an appropriate StartEffort parameter setting (e.g.,
Repair, CheckFeas, or NoCheck), which governs the extent
of feasibility checks and repair operations performed by the
solver. CPLEX then initiates the branch-and-bound search
from the provided incumbent solution, thereby reducing
root node processing time, decreasing the number of
explored nodes, and potentially bypassing certain
branching decisions. The final stage involves performance
analysis, wherein solution quality and runtime are
compared against baseline cold-start runs. Improved
incumbents are archived for potential reuse in subsequent
problem instances, thereby creating a feedback loop that
continuously enhances the solver’s starting point for
related optimization tasks.

4. Computational results

The Vehicle Routing Problem (VRP) model was
implemented using the IBM Decision Optimization
CPLEX Modeling for Python (DOcplex) library. The
Nearest Neighbor Search (NNS) algorithm was developed
and executed using Python within a Jupyter Notebook
environment. All computational experiments were
conducted on a machine equipped with an Intel Core i7
155H processor, 32 GB of RAM, and running the Windows
11 operating system.

4.1. Data
Table 1. Customer information
Customer ID Latitude Longitude Demand (kg)
1 10.85769 106.7412 60
2 10.87105 106.7092 150
3 10.92364 106.77 150
4 10.9671 106.734 90
5 10.8634 106.7616 30
19 10.8803 106.7266 10
20 10.84095 106.7972 20

This study investigates a transportation network
belonging to a logistics company in Ho Chi Minh City,
Vietnam. The company offers warehousing and
distribution services to 20 customers across the city, as
shown in Table 1. The distance matrix between the depot
(located at 10.8230989, 106.6296638) and customer
locations is computed using their geographic coordinates
(latitude and longitude) obtained from Google Maps, as
shown in Figure 3. The company operates 5 trucks, each
with a 720 kg capacity, capable of making deliveries
throughout the city during both peak and off-peak hours.
Each day, the planning team at the warehouse processes
customer orders and assigns delivery routes to the trucks.
Drivers then load the products, organized per customer
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using the Last-In-First-Out (LIFO) principle, and deliver.
According to the manufacturer's specifications, the
operating cost is 8,000 VND/km. The fixed cost of using a
truck is 500,000 VND.

of 70.5 kg, minimum demand of 10 kg, and maximum
demand of 130 kg.

A new problem instance to be solved shares similar
statistical features-mean demand of 56.5 kg, minimum of

Depot| 1 2 3 4 5 | ...119] 20 10 kg, and maximum of 120 kg-but with a total demand of
Depot 0.0 93| 6.7 155 11.1| 116 ... | 8.8 109 1130 kg and only 2 required vehicles. CPLEX also solves
1 9.8] 0.0 5.8 99| 141 63| ... 5.0/ 84| it without an initial solution — Coldstart.
2 72| 58] 00| 10.8] 13.0 78 ... 42| 122 Table 2. Sample case used to illustrate the methodology
3 12.0, 9.9 10.8] 0.0 82| 8.7 ... 8.7 11.6 .
4 0.6 14.1] 13.0] 82[ 0.0] 119] ... | L6 17.6] | Lnifialdata
5 10.1] 63| 7.8] 87/ 11.9] 0.0/ .. | 63 66 C= 10, €1, €2, €3, ¢4, €5, C6, €7}
D= [0 150 150 140 120 90 100 60]
19 93] 50] 42| 87/ 116 63[ ... | 00] 109 Retrieval
20 11.4) 84| 12.2] 11.6] 17.6/ 6.6] ... | 10.9] 0.0 _ {co, c1, €2, C3, C4, Cs, C6, €7}
Figure 3. Distance matrix (km) _ [0 140 130 100 90 80 100 100]
4.2. Result

This section illustrates the principle of Nearest
Neighbor Search through a simple example to identify the
most similar problem instance in a database. The database
is represented by a data matrix, where each row
corresponds to a problem instance and includes attributes
such as total demand, the number of vehicles used, and so
on. A new problem instance, denoted as vector A, contains
the same type of information. The objective is to compare
vector A with the existing entries in the data matrix to
identify the closest match based on a similarity metric.

A=[Total demand, number of used vehicle, customer
demand]

To perform this task, the KNeighborsClassifier from
the scikit-learn library in Python is employed with k = 1,
and the distance metric is Euclidean distance, effectively
retrieving the single most similar case.

To illustrate the methodology, an application example
of the advanced start methodology is presented in Table 2.
Then the route turns to mathematical solutions.
The following notation is used: C'is the list of customers,
D is customer demand, B is the routing set, and R is
the solution obtained after the Retrieval step. Assuming
that the capacities of the vehicles are respected and equal
to 720 kg.

To prepare the database, a number of problems are
generated using random demand values D ~ U (10, 150).
Each instance is solved to obtain its optimal solution.
Besides, the author also utilizes available problems and
solutions that are used in the company. All is then stored in
the database to support a case-based reasoning approach.
Such a database consists of 500 problems. We have a test
with 20 problems, and our method can define a solution for
almost all new problems.

In this work, an initial problem instance retrieved from
the database has the following characteristics:

- Problem 1-Advanced start 1: Total demand of 1930
kg, number of required vehicles equal to 3, mean demand
of 96.5 kg, minimum demand of 30 kg, and maximum
demand of 150 kg.

- Problem 2- Advanced start 2: Total demand of 1410
kg, number of required vehicles equal to 2, mean demand

= r1: [e0 —C2 — ca— ¢5— 71— €],

r2: [0 —c1 — €3 — c6— €]

Table 3. Advanced starts and Coldstart for VRP

Time Objective (VND)
(secs) Advanced Advanced Cold start
start 1 start 2
0 2,388,000 1,816,000 2,792,000
1,888,000 1,816,000 1,848,000
5 1,872,000 1,816,000 1,824,000
10 1,864,000 1,816,000 1,824,000
100 1,864,000 1,816,000 1,824,000
500 1,824,000 1,816,000 1,816,000
1000 1,824,000 1,816,000 1,816,000
1500 1,824,000 1,816,000 1,816,000
2000 1,824,000 1,816,000 1,816,000
3000 1,824,000 1,816,000 1,816,000
3600 1,824,000 1,816,000 1,816,000

Table 3 compares three solution approaches-Advanced
Start 1 and 2, and Coldstart (running without an initial
solution)-based on their objective values (in VND) over
time. Among the three, Advanced Start 2 demonstrates the
best performance, immediately achieving the optimal
objective value of 1,816,000 VND at time 0 and
maintaining it throughout the 3600-second interval. In
contrast, Advanced Start 1 starts from a higher value of
2,388,000 VND but shows rapid improvement, reaching
the optimal value by 500 seconds. Meanwhile, Coldstart
begins with the worst initial solution (2,792,000 VND) and
requires the same amount of time, about 500 seconds, to
reach the optimal value, making it the slowest in
convergence. Overall, providing a good initial solution
makes it the most efficient method for applications
requiring quick, high-quality solutions.

Figure 3 demonstrates the benefits of using an
advanced start approach to optimize a Vehicle Routing
Problem (VRP) in the first 100 out of 3600 seconds. By
leveraging the similarity between these instances, the
advanced start method enables a more efficient and
potentially faster solution process for the new problem.

Even though advanced start methods -effectively
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improve the running time for optimization problems [29-
31], however, this method is highly problem-dependent
[32-36]. Because decision makers often use solutions from
similar problems as starting points, the solver can quickly
find an initial feasible solution. However, it may then take
a long time to improve this solution, or fail to do so, for
several reasons: the current solution might be only locally
optimal while better solutions exist elsewhere; it might
already be the best possible, but the solver needs time to
confirm this; or there may be room for improvement, but
the time limit for each iteration is too tight to allow further
progress.

% 10° Performance Over Time
i T :

2.8,

—6— Advanced start 1
27 —&— Advanced start 2 5
= Coldstart

Objective-VND
NONON NN
N W j (5] (2]

N
S
I

0 20 40 60 80 100
Time (seconds)

Figure 3. Benefits of an advanced start

5. Conclusion and future direction

This paper introduced an advanced start framework for
solving a vehicle routing problem using data from a real
case study in Vietnam. The problem includes many
practical attributes and constraints, making it difficult to
solve directly with a standard MIP solver, which often
requires long computation times and yields solutions of
low quality. To address this, we proposed a framework that
combines machine learning and case-based reasoning to
retrieve the most similar historical problems from a
database, generate high-quality initial solutions, and then
improve them by warm-starting the MIP solver. We
demonstrated this approach on four real-world instances,
and the results show that the proposed model outperforms
both the direct MIP approach and the use of the machine
learning model alone.

One limitation of the current method for future work is
that it does not yet handle problems of varying sizes, such
as differing numbers of customers. Therefore, future
research will focus on extending the framework to handle
problem instances with greater diversity in size and
complexity. In addition, this study used only a single MIP
solver with default parameter settings. Since various
commercial MIP solvers are faced with difficulties when
dealing with larger CVRP instances (e.g., 50+ customers),
another promising direction is to explore the performance
of metaheuristics, such as genetic algorithms, simulated
annealing, or tabu search, with customized parameter
settings, further to enhance solution quality and efficiency
for different problem instances.
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